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Scientific Summary

Just like electromagnetic waves, gravitational waves generated by binary black hole merg-
ers are also subject to lensing by galaxy mass lens, called macrolens which can lead to
the formation of multiple images/signals of the source. These signals on possible detec-
tion by the current gravitational wave detectors like aLIGO have exciting applications in
the intrinsic and extrinsic parameter investigation. However, error in the same is heavily
dependent on a clean environment devoid of systematic errors induced due to lensing by
stellar mass objects, called microlensing. Therefore, this thesis aims to investigate and
quantify the impact of a population of microlenses on the macrolensed signal from type 1
macroimage, which is signal from one of the images very likely to be formed in the event
of macrolensing .

To achieve this, a code for simulating the population of microlenses around the Type
1 macroimage, extending the available code for microlensing by for single microlens has
been developed. Drawing inspiration from existing literature, influence of microlensing
has been analysed by varying several parameters, including surface density of microlenses,
source position, stellar initial mass function (IMF), total mass, and mass ratio of the bi-
nary system producing gravitational waves. The analysis extensively explores the impact
of these parameters and quantifies microlensing effects by calculating mismatch and effec-
tive micro-amplification, which serve as quantifiable indicators of the variances introduced
by microlensing in the estimation of intrinsic source parameters and the measurement of
luminosity distance from gravitational wave signals respectively.

The findings from mismatch analysis show that when the macroimage magnification is
small, population of microlenses are less likely to impact measurement of intrinsic source
parameters. Effective micro-amplification analysis shows that microlensing always leads
to net amplification of the original macrolensed waveform from type 1 macroimage and
hence microlensing can introduce error in the cosmological investigations in strong lensing
studies. Among all the parameters investigated, the most significant contributor to mi-
crolensing effects is the source position (macroimage magnification), and large microlens-
ing effects can also be expected for high surface density of microlenses, low-mass binaries,
and a mass ratio of source binary being unity for a relevant IMF for masses of microlenses.

Beyond code development and independent research, this work serves as a noteworthy con-
tribution to the existing literature due to its comprehensive and systematic quantification
of the effect of microlensing. The detailed analysis of each parameter space presented in
this work can be directly applied to existing literature studies on strong lensing and can
serve as a foundation for further investigations into microlensing effects.
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Summary for a General Audience

Gravitational waves are disturbances that propagate through the very fabric of spacetime,
much like the ripples that radiate across a pond when a pebble is tossed in. However,
these spacetime waves are generated by the motion of celestial objects, such as two stars
orbiting each other and gradually losing energy in the form of these gravitational waves
during their orbital dance. As these gravitational waves journey toward us, they can en-
counter and be influenced by various celestial objects along their path, including galaxies
and stars. This phenomenon is known as gravitational lensing. The effect of this bending
by the galaxies often leads to multiple images of the source as we look in the sky. These
images are what we detect using the relevant instrument.

However, this phenomenon of gravitational lensing by galaxies is also influenced by the
stars, like Sun that lie closeby to the galaxies. These stellar objects can impact the signals
from lensing by galaxies detected by our instruments, potentially introducing complexities
in the analysis of these signals. Therefore it is essential to investigate how a population of
these stellar objects stars affects the lensed signal from the massive galaxies. To achieve
this objective, a code has been developed specifically for simulating the presence of a
population of these stellar objects (ranging from 0.08 to 1.5 times the mass of the sun)
in close proximity to the massive galaxy (mass ∼ 1010 times the mass of sun). This code
builds upon existing methods used to model gravitational lensing caused by a single star.
Additionally, two key parameters have been used to systematically quantify the impact
of microlensing, changes in which affect the measurement of the parameters one can infer
from the Gravitational wave observations. Within the setup of this work, for the signal
which is weakly magnified due to lensing by the galaxy lens, it has been found that the
population of these stellar mass objects are less likely to significantly impact the mea-
surement of the parameters such as mass and spin of the source producing gravitational
waves in the observation. However, the effective amplitude of the original gravitational
wave signal lensed by the galaxy is likely to be amplified due to the presence of a pop-
ulation of these stellar mass objects, which holds significant importance in cosmological
investigations associated with lensing studies.

In addition to the coding related aspect, this research also contributes to the existing
literature by systematic quantification of the lensing effects of a population of these stellar
mass objects. The insights derived from this thesis and the code developed possess the
potential for application in existing literature studies and in the extended exploration of
the effect.
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CBC Compact Binary Coalescence.

Cumulative Distribution Function CDF.

EM Electromagnetic.
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Freq Frequency.

GR General Relativity.

GW Gravitational Wave.

IMF Initial Mass Function.
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Power Spectral Density Power Spectral Density.
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Chapter 1

Introduction

According to the theory of General Relativity, the compact concentrations of energies
should curve spacetime and when these energy concentrations change the shape, it gener-
ates distortions, in the form of oscillations in spacetime. These propagating disturbances
in the fabric of spacetime are called gravitational waves. These waves are expected to
have a wide range of frequencies, from ∼ 10−18 Hz to 104 Hz for ripples in the cosmic
background to the creation of neutron stars in supernova explosions respectively, as ex-
plained in (1). Herman Bondi gave the first precise mathematical explanation of these
waves in 1962 (2) and Hulse and Taylor provided first indirect evidence for the existence
of these waves with the discovery of the binary pulsar PSR 1913+16 in 1974 (3). The
year 2015 marked the first ever detection of the gravitational waves by aLIGO (4). Since
then, the worldwide network has identified over 80 black hole mergers, along with some
neutron star mergers and potential black hole - neutron stars mergers (5). The frequency
range for the operation of aLIGO spans from 10 Hz to 104 Hz (6).

Another consequence from the theory is the concept of gravitational lensing, which posits
that the light rays are deflected when they propagate through a curved space time. Be-
cause of this bending there can be multiple ways for the light to travel from the source to
the observer, which creates one or several deformed or magnified image(s) of the source
(7). An intervening mass acts as a lens and deflects the light from the source, called a
gravitational lens. The gravitational waves, like the electromagnetic rays are subject to
gravitational lensing (8) (7) (9).
For the purpose of this study, two types of gravitational wave lensing, depending on the
source and properties can be distinguished : Strong Lensing and Microlensing (10).
In strong lensing, the lens is a large mass (typically a galaxy/galaxy cluster ∼ 1010M⊙
(11)) and the lensing produces mulitple images of the source, with the typical image sepa-
rations in of the order of arcsec (12). 1.The lens associated with the strong lensing is called
macrolens and the corresponding images produced due to lensing are called macroimages
and the corresponding image magnification due to lensing is called macro-magnification.
In comparison to strong lensing, the microlensing is caused by the objects in the mass
range 10−6 ≤ m/M⊙ ≤ 106 (13). The microlenses embedded in a galaxy can have angular
separation between the images of the order of microarcsec (12)(thus small as compared
to strong lensing). The lens associated with the microlensing lensing is called microlens,

1In some special cases the alignment of the source and the lens will be such that light will be deflected
to the observer in a ring called ”Einstein ring.”

1



CHAPTER 1. INTRODUCTION 2

the corresponding images produced due to lensing are called microimages and the corre-
sponding image magnification due to lensing is called micro-magnification.

With the growing number of gravitational wave detections, the detection of lensed gravi-
tational waves is a possibility (14). The likelihood of approximately one strongly lensed
event per year at aLIGO design sensitivity, as reported by (15), (16), and (17). The
latest 03a run suggests one in approximately every thousand events to be lensed (18).
Numerous compelling scientific scenarios have been suggested for these strongly lensed
events. For instance, these strongly lensed events are more effective in the localisation
studies than unlensed events (the events not subjected to lensing), however the error in
localisation studies involving the gravitational waves is heavily dependent on a clean envi-
ronment devoid of errors induced due to microlensing by stars (19)(14) (20). The impact
of microlensing is significant, as a substantial portion of the error in localization studies
is attributed to this phenomenon (19). Due to diffraction effects (as will be discussed
later), the microlensing leads to frequency dependent modulations in the amplification
and phase shift of the signal (8),(12). If the signal-to-noise ratio (SNR) is higher than 30,
we can distinguish the effects of microlensing on parameter estimation with reasonable
accuracy as discussed in (21). For such high SNR, microlensing can thus change the esti-
mated values of binary parameters such as the spin and mass, as illustrated in (8). Thus
it becomes interesting to study and quantify the effect of microlensing on strongly lensed
signals.

Most of the microlensing studies have been considering a single point mass lens affecting
the macrolensed signal (8), (21),(22), however in realistic scenario the strongly lensed
signal will be affected by a population of microlenses (12) (23) (24).
The population of microlenses was studied the first by (12). In this study, the authors
discuss the effect of microlensing for the surface stellar density 12M⊙pc

−2 and for very
high image magnification due to strong lensing, the conditions that make microlensing
inevitable as will be explained later in the study. These conditions may however not al-
ways hold as the image magnification due to strong lensing or the surface densities might
not be very high, or atleast be different.
A detailed study of the effect of a population of microlenses on the strongly lensed sig-
nal in the aLIGO/Virgo frequency band has been conducted in (23), where the authors
examined a broad range of parameter space associated with the effect of microlensing
on the strongly lensed signal. It was investigated how various factors such as macro-
magnifications, stellar densities, IMFs, source properties, etc affect microlensing. The
investigation in the study has been conducted for the specific values of densities, strong
lensing magnification and the strong lens properties, which can be found around type 1
macroimage. (one of the multiple images formed by the macrolensing; more about it can
be found in section 3.6.)
The foundation established by the existing literature for the corresponding study of mi-
crolensing by a single microlens [(22), (8)] and a population of microlenses [(12), (23)]
play a key role in shaping both the structure and the goal of the thesis as discussed in
the next section.



CHAPTER 1. INTRODUCTION 3

1.0.1 Goal of this Thesis

The goal of this thesis is to analyse and quantify the impact of microlensing by a popula-
tion of microlenses on a strongly lensed gravitational wave signal from type 1 macroimage.
The thesis is an independent study inspired by the exploration of the parameter space
previously undertaken in (23). The investigation encompasses several critical parameters
namely the surface density of microlenses around the Type 1 macroimage, variations in
the source position, the Stellar IMF (Initial Mass Function), total mass and mass ratio of
the binary producing gravitational waves. Through systematic analysis of these factors,
this thesis aims to deepen our understanding of the effect of these parameters in the mi-
crolensing of Type 1 macroimage.

For the purpose of the thesis I develop a code to simulate the population of microlenses
around type 1 macroimage (3.6), since minima represent one of the most frequently ob-
served types of lensed images in galaxy-scale lenses (23),(12), using the available code for
microlensing by a single microlens (git repository - (25)). In addition to this, I also build
upon the two parameters to quantify the effect of microlensing: the micro-amplification
(the net signal amplification due to microlensing) and mismatch (to quantify the net
observational difference in the signal waveform due to microlensing,5.3). A portion of
the research procedure will also involve the utilization of LensingGW (11): a PYTHON
package for lensing of gravitational waves.

In addition to the methodology, a significant distinction from (23) arises from the compre-
hensive analysis of the mismatch and micro-amplification associated with each parameter
under consideration.

The structure of the thesis is as follows: Chapter 2 provides an introduction of a few pre-
liminary concepts essential to understand the developments present in this work. Building
on the same, Chapter 3 focuses on conceptual and mathematical description of the phe-
nomenon of gravitational lensing for the electromagnetic radiation, as the concepts for
the same also apply in the lensing of gravitational waves. Likewise, Chapter 4 provides
a comprehensive understanding of the phenomenon of gravitational waves including their
mathematical description, astrophysical sources, detection mechanism and importantly
elucidates the key concepts related to the macrolensing and microlensing of gravitational
wave signals. Chapter 5 is dedicated to describing the general lensing setup, the parame-
ters employed for quantification of microlensing effects and the methodology employed for
the same. The subsequent Chapter 6 is devoted to presenting and analysing the results
where the impact of microlensing caused by a population of microlenses will be studied
and analysed for the relevant parameters in consideration. This work finishes with a con-
clusion in chapter 7, along with an outlook on the future for research on microlensing of
gravitational waves by a population of microlenses.



Chapter 2

Some Introductory Concepts

2.1 Goals of this Chapter

The objective of this chapter is to revisit fundamental principles, establishing a necessary
foundation for comprehending the content of this thesis. While these principles would
not be the central focus, they play a crucial role in grasping the more significant concepts
that follow.

2.2 An introduction to General Relativity

Developed by Albert Einstein in the early 20th century, General relativity is a fundamental
theory of gravity that is based on the principle of equivalence which states that the effect
of gravity is indistinguishable from the effect of acceleration. Matter causes spacetime to
curve and the space time causes matter to move. (we will also see this mathematically
later in the section). The theory has been successful in explaining a wide variety of
phenomenon including gravitational lensing and gravitational waves which are the focus
of this thesis. This section is largely based on (9), (7) and (26) and I invite the interested
reader to have a look into the reference for more details.
The theory defines the concept of spacetime - a four dimensional continuum that combines
three axes of space and one axes of time. An event in the space time is defined by the
coordinates

xµ = (x0, x1, x2, x3), (2.1)

where x0 = t is the time coordinate and xi are the spatial coordinates ranging from 0 to
N where the dimensions of the spacetime are given as N+1. The units c= 1 and G= 1
units will be used throughout the thesis unless explicitly specified.
The notion of distance in the spacetime is defined by the metric tensor gµν ,

ds2 = gµνdx
µdxν , (2.2)

where ds2 represents the spacetime interval and dxµdxν represent the infinitesimal changes
in the spacetime coordinates, where the summation convention is used (the repeated in-
dices µ and ν) are summed over. The components of gµν depend on distribution of matter
and energy in the spacetime which affects the curvature of spacetime. The metric tensor
can vary throughout the spacetime which allows for the description of events such has

4
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gravitational lensing and waves.
In addition to the metric tensor, there also exists an inverse metric satisfying the equation
which allows to raise and lower indices in the tensor equation. The inverse metric can
also be deifned as gµα gµβ = δβα where δ is the Kronecker delta.
Through the utilization of the metric tensor, we can categorize trajectories in spacetime
into three types: the time-like trajectories distinguished by ds2 < 0, space-like trajectories
featuring ds2 > 0 and finally, null trajectories characterized by ds2 =0, Notably, phenom-
ena such as light propagation and the transmission of gravitational wave radiation align
with null trajectories.

For the Minkowski space (the space with no curvature/flat space), the metric is given as

ηµν = diag(−1, 1, 1, 1). (2.3)

The metric around a spherically symmetric mass (such as a black hole or a star) is given
as the Schwarzchild metric,

gµν = diag

(
−
(
1− 2M

r

)
,

(
1− 2M

r

)−1

, r2, r2 sin2 θ

)
(2.4)

where M is the mass of the gravitational source and r, θ and ϕ are the spatial coordinates.
The curvature of the spacetime is related to the metric and this relationship is captured
in a tensor called Riemann Tensor. The spacetime is flat if the Riemann tensor is null.
Thus, for the Minkowski spacetime the curvature is 0 or the space is flat. Using the
Riemann Tensor, Ricci Tensor and Ricci scalar are defined as

Rµν = Rα
µαν

R = gµνRµν

(2.5)

The relation between the matter and the spacetime is given by Einstein equation as

Gµν + Λgµν = 8πTµν , (2.6)

where Lambda is the cosmological constant is a special term that Einstein added to his
theory to describe a possible energy inherent to space itself. Gµν is called the Einstein
tensor, representing the curvature of spacetime in differentiated form) and Tµν is the
stress energy tensor representing the sources of gravity. This simple equation tells how a
gravitational field represented by the curvature of spacetime is produced by the sources
of gravity. In vacuum Tµν = 0. Solving the equation above allows the determination of
the metric or the spacetime.

2.3 Cosmological Dynamics : The Cosmological Mod-

els, Redshift and Distances

This section will focus on describing some cosmological concepts namely some cosmological
models, redshift and the concept of distances. This section is based on (27), (9) and (7).
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2.3.1 Cosmological Models and Friedmann Equations

The cosmological principle asserts that the universe is homogeneous (the same in all
positions) and isotropic (the same in all directions). The homogeneity, ensures consistency
in the metric throughout the manifold (manifold is a space that, on a local level, resembles
Euclidean space, but globally, it might have a more intricate and curved structure), while
isotropy dictates that the spatial configuration remains consistent from any viewpoint
One of the most significant implications of this principle and the Einstein’s equation is
the understanding that the universe is expanding. The cosmological constant Λ plays
a role in this expansion, counteracting the attractive force of gravity and causing the
universe to accelerate. The spacetime metric for the expanding universe can be written
as

ds2 = −dt2 + a(t)2
(

dr2

1− kr2
+ r2dθ2 + r2 sin2 θ dϕ2

)
, (2.7)

which is called the Friedmann-Lemâıtre-Robertson-Walker (FLRW) model where a(t) is
the scale factordefined as a(t = t0) = 1 for t0 being present time. k is the curvature
parameter where k = −1, 0, 1 for open, flat, and closed universes respectively, and t, r, θ,
and ϕ are the spatial coordinates.

Using FLRW metric and making appropriate assumptions for Tµν , the Einstein equations
can be written to obtain the Friedmann equations as (restored G,c units being used here)(

ȧ

a

)2

=
8πG

3
ρ− k

a2
+

Λ

3

ä

a
= −4πG

3
(ρ+ 3p) +

Λ

3

(2.8)

where the scale factor in the Friedmann equations is related to the Hubble parameter as

H(t) =
ȧ(t)

a(t)
. (2.9)

Friedmann model is uniquely determined by four parameters, known as the cosmological
parameters, given as

H0 =
ȧ(t0)

a(t0)
, ΩM =

8ρ

3H2
0

, ΩΛ =
Λ

3H2
0

, Ωk = − k

a(t0)2H2
0

, (2.10)

where and the value of Hubble parameter at the present time H0 is called the Hubble
constant, ΩM quantifies the fraction of the critical density contributed by matter, ΩΛ

represents the fraction contributed by the cosmological constant, and Ωk accounts for the
contribution of spatial curvature to the total energy density of the universe.

The Friedmann equation 2.8 can be written in terms of cosmological parameters as

ΩM + ΩΛ + Ωk = 1 (2.11)

and the current estimates (28) show that

H0 = 69.7km/s ΩM ∼ 0.3, ΩΛ ∼ 0.7, Ωk ∼ 0 (2.12)
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which means that the the Universe is spatially flat and expanding. FLRW cosmology with
a cosmological constant, and no curvature, called the Flat Lambda CDM Model. Flat
Lambda CDM Model model with the appropriate values of current estimates listed above
will be used throughout in the thesis.

2.3.2 Cosmological Redshift

[The description of this section involves the terminology associated with light however the
concepts discussed are equally applicable to gravitational waves].

As the universe expands the wavelength λem of the emitted photon from a distant object
at time t is observed with a higher wavelength λobs at time t0. The relation between the
emitted and the observed wavelengths can be expressed in terms of the scale factor at at
emission a(t) and the observation a(t0) as,

ωobs

ωem

=
a(t)

a(t0)
(2.13)

The redshift, defined as the fractional change in wavelength, can also be expressed in
terms of the scale factors as,

z =
λobs − λem

λem

(2.14)

The redshift can also be expressed in terms of the scale factor as

z =
(a(t0)− a(t))

(a(t))
. (2.15)

As a(t0) = 1, the relation becomes

z =
1− a(t)

a(t)

a =
1

1 + z
.

(2.16)

2.3.3 Distances

The concept of distances may become rather complicated as a result of the expansion.
Here are a couple cosmologically relevant distances.

• Proper Distance: It is the distance between the two events measured using a refer-
ence frame in which they occur simultaneously. (or the distance between the two
objects measured at a particular instance of time). In a flat Universe, at the present
time, the proper distance is just comoving distance r0, which is the Eucledian dis-
tance. The proper distance at any time can be defined as dp(t) = a(t)r0 = r0/(1+z).
Both the proper distance and the comoving distance cannot be measured.

• Luminosity distance: This is the distance inferred from the luminosity of the object
and apparent brightness defined. It can be written in terms of comoving distance
and the redshift as dL = r0(1 + z).
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• Angular Diameter Distance: It is defined as the ratio of the physical size D of
an object to its angular size θ as DA = D/θ and is related to the comoving and
luminosity distance as
DA = dL

(1+z)2
= r0

1+z
.



Chapter 3

Gravitational Lensing : Basic
Concepts

3.1 Goals of this chapter

The objective of this chapter is to provide a theoretical overview of gravitational lensing
concepts. The explanations will be made in the context of light rays however the learnings
of this chapter will be directly applicable in understanding of the lensing of gravitational
waves as we will see in chapter 4. The chapter commences with an explanation of the
fundamental configuration of gravitational lensing and introduction to lensing equation.
Subsequently, it delves into various concepts such as deflection angle, lensing potential,
magnification, time delay, types and number of images formed by lensing. Finally, the
chapter covers some of the significant lens models relevant to the thesis. Overall, this
chapter aims to equip the reader with a solid theoretical foundation of the gravitational
lensing. This chapter is largely based on (29), (13) and I invite the interested readers to
have a look at these references for more details.

3.2 Introduction to Basic Lensing Configuration and

Lens Equation

This section focuses on the mathematical description of the phenomenon in the flat space.
For more details, please refer to (9), (29).

Figure 3.1 shows a typical lensing configuration with the source, lens and the observer.
The thin lens approximation is assumed to hold, meaning that the dimensions of the
lens are small compared to the distances between the source, lens, and observer. This
assumption allows us to consider lensing to occur in the plane of the lens, known as
single-plane lensing. We assume the source to lie in the source plane and the lens to lie
in lens plane where the images form as a result of lensing. The axis that crosses O and
L is chosen as the reference axis for measuring angles and the angular positions on both
the lens and source planes. The source’s displacement from the line of sight (O-L axis) is

given by η⃗ and it is placed at an angular position β⃗. The relation between the two can
be expressed as η⃗ = DS β⃗. The angular position of the source in the source plane due to
lensing is given by θ⃗, and the impact parameter of the light ray (lensed image of source)

9
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Figure 3.1: A sketch of lensing configuration, by (30) where observer, source and the
lens at located at points O,L and S, in their respective planes. The lensing configuration
is described by the source displacement from the line-of-sight η⃗, the angular diameter
distance from the observer to the source DS, to the lens DL, and from the lens to the
source DLS, as well as by the relative position of the image in the image plane ξ⃗.

on the lens plane is ξ⃗ = DL θ⃗, Additionally, we define the deflection angle ̂⃗α as the angle
between the deflected light ray’s path due to lensing and the trajectory it would have had
it not been deflected. These angles using the angular distance between the apparent and
true source positions as can be related as

DS θ⃗ = DSβ⃗ +DLS
̂⃗α, (3.1)

where the reduced deflection angle is defined as

α⃗(θ⃗) =
DLS

DL

̂⃗α(θ⃗). (3.2)

Using the information above, the lens equation can be written as

β⃗ = θ⃗ − α⃗(θ⃗). (3.3)

Introducing the following dimensionless quantities: x⃗ = DLθ⃗
ξ0

, y⃗ = DLη⃗
DSξ0

, where ξ0 is the
length scale in the lens plane, the lens equation can be further modified as

y⃗ = x⃗− α⃗(x⃗). (3.4)

For simplicity reasons, one converts to the units standardized by the Einstein radius,
which is defined as

R0 = θEDL ,

θE =

√
4MLDLS

DLDS

,
(3.5)
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where ML is the total lens mass, θE is the Einstein angle while other symbols have their
usual meanings. The significance of the Einstein radius can be analysed as if the source
is directly behind the lens, i.e. β = 0, the image of the source is spread in a circular ring
called Einstein ring which makes an angle θ = θE.

3.3 Lensing Potential

To illustrate the impact of gravitational lensing, consider a perturbed FLRW metric
(1,(23))as the underlying background:

ds2 = −(1 + 2U)dt2 + a(t)2(1− 2U)dr⃗2 = gµνdx
µdxν (3.6)

where U ≡ U(r⃗) = −M/r is the gravitational potential of the lens, with r⃗ being the
spatial vector. It is assumed that U << 1, thus considering a weak field.
The expression for effective lens potential is given by projecting the three dimensional
potential U on the lens plane as (29)

Ψ̂(θ⃗) = 2
DLS

DLDS

∫
U(DLθ⃗, Z)dZ. (3.7)

The dimensionless lensing potential is defined as,

Ψ(x⃗) = 2
DLSDL

DSR2
0

∫
U(x⃗, Z)dZ, (3.8)

where again the integration is done outside the lens plane.
For a two-dimensional mass distribution, using the thin-lens approximation, the source
for the potential is the matter distribution described using the surface density

∑
(x⃗) as∑

(x⃗) =

∫
ρ(x⃗, Z)dZ, (3.9)

where ρ is the three-dimensional density.

It satisfies two important properties (29):

• The gradient of Ψ is equal to the scaled deflection angle:

∇⃗x⃗Ψ(x⃗) = α⃗(x⃗). (3.10)

• The Laplacian of Ψ is equal to the convergence

△x⃗Ψ(x⃗) = 2κ(x⃗), (3.11)

where convergence is defined as: κ(x⃗) =
∑

(x⃗)∑
cr

where
∑

cr = 1
4

DS

DLSDL
is the critical

surface density (more about convergence and critical density will be discussed in
the upcoming sections).
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3.4 Magnification

Gravitational lensing of the source can lead to the magnification/de-magnification or
distortion of the images of the source, due to different rays being deflected at different
distances from the lens, especially when the source has non-negligible apparent size1.
Liouville’s theorem says that the surface brightness of a ray in empty space is conserved,
thus the surface brightness is conserved along the ray and the gravitational lensing only
affects the direction and cross-section of a bundle of the light rays. The magnification
µ is defined as the ratio of the flux of lensed to the unlensed source. Since the surface
brightness is conserved, the magnification can be written as the ratio of the solid angle
subtended by the lensed image dΩL to the that of the unlensed source, dΩo as (7),

µ =
dΩL

dΩo

=
D2

SdAL

D2
LdAS

, (3.12)

where the ratio of the two solid angles is related to the ratio of infinitesimal area on the
lens plane dAL to the corresponding area on the source plane dAS. It can be shown that
(29),

dΩo

dΩL

=

∣∣∣∣det ∂y⃗∂x⃗
∣∣∣∣ (3.13)

and thus, the magnification is

µ =

∣∣∣∣det∂y⃗∂x⃗
∣∣∣∣−1

(3.14)

or,

µ(x⃗) =
1

(detA(x⃗))
, (3.15)

where

A(x⃗) =
∂y⃗

∂x⃗
, Aij =

∂yi
∂xj

(3.16)

is Jacobian matrix for the lensed equation 3.4 and yi and xi represent the ith component
of x⃗ and y⃗ on the lens plane.
Using the lens equation 3.4, and 3.10, A can be written as

Aij = δij −
∂2Ψ(x⃗)

∂xi∂xj

. (3.17)

For simplification, we write, ∂2Ψ(x⃗)
∂xi∂xj

as Ψij where xi denotes the i-th component of x⃗ on

the lens plane. The matrix notation plays a key role in the definition of magnification
using convergence and shear.
The shear matrix quantifies the distortion of the background source by representing the
projection of the gravitational tidal field. It is an anti-symmetric and trace-free matrix,
characterized by the isotropic component of the Jacobian as (29),

1the angular size of the source is smaller than the angular size over which the properties of the lens
change.
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(A− 1

2
trA.I)ij = δij −Ψij −

1

2
(1−Ψ11 + 1−Ψ22)δij

= −Ψij +
1

2
(Ψ11 +Ψ22)δij

=

(
−1

2
(Ψ11 +Ψ22) −Ψ12

−Ψ12
1
2
(Ψ11 +Ψ22)

) (3.18)

The vector γ⃗ = (γ1, γ2), is called shear, where γ1, γ2 are given as

γ1(x⃗) =
1

2
(Ψ11 −Ψ22)

γ2(x⃗) = (Ψ21 = Ψ12).
(3.19)

and the eigen values of 3.18 are

±
√

γ2
1 + γ2

2 = ±γ. (3.20)

As a result there is a coordinate rotation wirh angle ϕ, (29) such that(
γ1 γ2
γ2 γ1

)
= γ

(
cos(2ϕ) sin(2ϕ)
sin(2ϕ) cos(2ϕ).

)
(3.21)

The trace of the Jacobian matrix can be used to derive convergence κ as,

1

2
trA = [1− 1

2
(Ψ11 −Ψ22)]δij

= (1− 1

2
∆Ψ)δij

= (1− κ)δij.

(3.22)

Thus the Jacobian matrix A takes the form,(
1− κ− γ1 −γ2

−γ2 1− κ+ γ1

)
= (1− κ)

(
1 0
0 1

)
− γ

(
cos(2ϕ) sin(2ϕ)
sin(2ϕ) −cos(2ϕ)

)
(3.23)

From equation 3.23 it can be seen that the shear measures the anisotropic stretching of
the image (31) , on the other hand, the distortion due to convergence is isotropic, i.e.
constant in all the directions. This can also be well represented by Fig. (3.2). Using the
expressions for convergence and shear, we can write the magnification as,

µ = [(1− κ)2 − γ2]−1. (3.24)

Thus, gravitational lensing introduces convergence and shear at the location of the image,
which defines the magnification of the lensed image of the source.

The curves on the lens plane which satisfy detA = 0 are called critical curves, where the
magnification is ideally infinite. The critical curve mapped to the source plane (obtained
by mapping from x⃗ → y⃗, using the lens equation) are called caustics. These play an
important role in discussion of the types and number of images in 3.6.
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Figure 3.2: Illustraion of the effect of convergence and shear on the image of the source.
Fig. credits: (32)

3.5 Time Delay

In addition to the magnification, one of the most significant characteristic of the grav-
itational lensing is the introduction of a time delay in the arrival of the signal to the
observer. The time delay td has two components

td = tgeom + tgrav, (3.25)

where tgeom is the geometrical time delay due to lensed ray having different path length
as compared to the unlensed ray and tgrav is the potential or Shapiro time delay intro-
duced because of the slowing down of the radiation as it travels through the gravitational
potential of the lens ((9),(29))
For the lens at redshift zL, the time delay is defined as, (33)

td(x⃗, y⃗) =
(1 + zL)R

2
0DS

DLDLS

[
1

2
|x⃗− y⃗|2 −Ψ(x⃗)− ϕm(y⃗)] (3.26)

We also define Fermat potential Td(x⃗, y⃗) as,

Td(x⃗, y⃗) = [
1

2
|x⃗− y⃗|2 −Ψ(x⃗)− ϕm(y⃗)]. (3.27)

where ϕm(y⃗) in both the expressions is a constant independent of lens properties (23).
For the time delay between the lensed and the unlensed ray ϕm(y⃗) is zero.

The light rays travel along null geodesics. This important property has been be utilised
in the study of gravitational lensing as ’Fermat’s Principle’. The fermat’s principle as
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mentioned in the book (13) states that for all the null curves going from a source S to a
time-like observer 0, the light ray travels the path for which td is an extremum for all the
paths considered.

which implies,
δtd = 0 (3.28)

or,
∇⃗x⃗[td(x⃗, y⃗)] = 0 (3.29)

using Fermat’s principle and equation 3.26, one obtains,

(x⃗− y⃗)− ∇⃗Ψx⃗(x⃗) = 0 (3.30)

which after substituting to lens equation, 3.4 gives, 3.10.

3.6 Types and Number of Images formed by Lensing

From equation 3.29, it can be referred that the images of the source are located at the
stationary points of the time delay function 3.26.
To determine whether the image forms at the minimum, maximum or saddle point of the
time delay function, one has to compute the Hessian matrix of this surface given as,

Tij =
∂2td(x⃗, y⃗)

∂xi∂xj

. (3.31)

This matrix represents the local curvature of the time delay surface where the time delay
surface is given by equation 3.26. Lesser curvature in one direction implies the surface
is flatter or ”less bent” along that direction at the position of the image and results in a
larger magnification of the image for observers in the same direction.
Using equation 3.30 one can write,

Tij = (1 + zL)
DSDL

DLS

(δij −Ψij) ∝ A. (3.32)

Thus, the sign of the hessian matrix should be the same as the sign of A.
The three images can be distinguished (29):

• Type I Images: They appear at the minima of time delay surface, which requires the
Hessian matrix and hence A to be both positive, hence detA > 0 and trA > 0. Thus,
the magnification has a positive value which means that the image gets magnified.

• Type II Images: These appear at the saddle point of the time delay surface. This
requires the eigenvalues of A to have opposite signs, which implies, detA < 0. The
magnification is negative and the parity of the image is flipped as compared to the
source.

• Type III Images: These appear at the maxima of the time delay surface. This
requires detA > 0 and trA < 0. As detA > 0 , these images also have positive
magnification.



CHAPTER 3. GRAVITATIONAL LENSING : BASIC CONCEPTS 16

The upcoming paragraph gives a comprehensive description of the number and types of
images, relevant for this study. A detailed description is beyond the scope of this work,
however, I invite the interested to the references (29) and (13) for more details.

The properties of the time delay surface are closely related to respective alignment of the
source position and the lens position as it affects the time delay function as can be shown
in Figure 3.3 which demonstrates the profile of the time delay function for an axially
symmetric lens with a core having radius xc

2. The lens has a smooth surface density it
decreases faster than |x⃗|−1 as |x⃗| → ∞.

Figure 3.3: Profile of the time delay function for an axially symmetric lens with core. The
source and the lens are aligned with the reference axis passing through the lens center
in the leftmost plot and the source moving further away, increasing its distance from the
reference axis as we move from left to right in the panels. Fig. credits: (29).

• The Left Panel: The panel displays the curvature of the time delay surface in case of
the perfect alignment between the lens and the source. In this case, the maximum
occurs at the center of the lens (Type III Image) and the minima of the time delay
surface, i.e. the Type I Image exhibits an axial symmetry around the lens, forming
the famous Einstein Ring. The Type III image is typically de-magnified due to the
significant curvature of the time delay surface in this region.

• The Middle Panel: As the source moves away from the reference axis, the axial
symmetry in the time delay surface breaks and the surface deforms. This results in
the breaking of the ring to the form of Type I and Type II images at the minima and
saddle point of the function, respectively. This results in a total of three images.

• The Right Panel: As the source moves further away, the minima and saddle point
images approach each other. At a very far distance, they merge and disappear,
leaving only the minima, i.e. Type I image.

2An axially symmetric lens refers to a type of gravitational lensing system in which the mass distri-
bution causing the lensing effect possesses rotational symmetry around a specific axis, more about its
properties will be discussed in the next section
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In the absence of lensing potential, the time delay surface is a parabola having a single
minimum, thus a Type 1 image, which can be viewed as the extreme case of the right
panel in fig. 3.3. Thus, a Type 1 image always exists and the additional extrema (Type 2
and Type 3) always occur in pairs as illustrated by the central and the right panel of the
Fig. 3.3, consisting of a maximum and a saddle point and therefore, the total number of
images must always be odd.
As the detA < 0 for the saddle and detA > 0 for minima/maxima, the critical lines,
marked by detA = 0 act as boundaries that separate these pairs of multiple images. The
pair of extrema (Type 2 and Type 3) merge and vanish at the critical lines, creating
distinct regions with varying image multiplicities.
Similar to the critical curves it can also be demonstrated that the number of images
changes by two when a source crosses a caustic. It can also be shown that

∑
cr is the

critical surface density which is sufficient but not necessary to have multiple images (13).

3.7 Lens Models

The section will focus on the two lens models that will be used in the study :
The Point Mass lens model and the Singular Isothermal Lens Model. The discussion is
based on (13) and (29).

3.7.1 Point Mass

This lens model will be utilized to describe the microlenses. This lens model is axially
symmetric i.e. the surface density is constant for the change in the position angle with
respect to the center of the lens. Taking the axially symmetric model reduces the lens
equation to one dimensional model which further simplifies the analysis.
For a point mass lens of mass M , the deflection angle can be expressed as, (26)

̂⃗α(ξ⃗) = 4M
ξ⃗∣∣∣ξ⃗2∣∣∣ (3.33)

∣∣∣̂⃗α(ξ⃗)∣∣∣ = 4M

ξ
(3.34)

where the symbols have their usual meanings as explained.3

The lensing potential for the point mass lens is

Ψ(θ⃗) =
4MDLDLS

R2
0DS

ln|θ⃗| (3.36)

3As deflection angle depends linearly on mass M of the lens, the deflection angle of multiple lenses
can be superimposed as (29)

̂⃗α(ξ⃗) =∑
i

̂⃗α(ξ⃗ − ξ⃗i) = 4
∑
i

Mi(ξ⃗ − ξ⃗i)∣∣∣(ξ⃗ − ξ⃗i)
∣∣∣2 (3.35)

where Mi is the mass of each lens, and ξ⃗i represents the position of each point mass lens such that (ξ⃗− ξ⃗i)
is the impact parameter of each point mass lens.
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where R0 is the Einstein radius (3.5) of the point mass lens of mass M .
Calculating the reduced deflection angle by substituiting equation 3.10 in equation 3.2,
the lensing equation 3.4 can be written as (the vector notation can be dropped due to
axial symmetry),

β = θ − 4MDLS

DLDS

,

β = θ − R2
0

θ

(3.37)

where symbols have their usual meanings.
Converting to the units normalised by the Einstein radius, the equation 3.37 can be
written as,

y = x− 1

x
, (3.38)

solving which leads to the two solutions,

x± =
1

2
[y ±

√
y2 − 4]. (3.39)

This shows that the point mass lens forms two images of the source due to lensing inde-
pendent of the position y of the source. It does not form 3 images as discussed in section
3.6 as the deflection potential is singular at θ = 0 (equation 3.36) because of which the
time delay surface is not deformed continuously.
If y = 0, x± = ±1 which means that the image of the source is spread in a circular ring
called Einstein ring as discussed in 3.2. However if y >> 1, x+ → y and x− → 0, thus
reaching no lensing limit.
From (29), the magnification for the point mass (equation 3.15) is given as

µ± =
1

2
± y2 + 2

2y
√

y2 + 4
. (3.40)

This shows that the image x+ is always magnified (µ+ ≥ 1) while the image x− can be
magnified or de-magnified depending on the source position.
The total magnification due to lensing by point mass is

µ = µ+ + µ− =
y2 + 2

y
√

y2 + 4
. (3.41)

3.7.2 Singular Isothermal Sphere

Not only this lens model is simpler due to its axial symmetry, it is also widely used to
describe the rotation curves of the galaxies. This lens model will be used in the thesis for
the macrolens.
The surface density for this model is given as∑

(ξ⃗) =
σ2

2ξ
, (3.42)

where σ is the velocity dispersion of the particles of the gas4.
The einstein radius of the lens is given by equation 3.5, where M is taken to be the mass

4with the gas taken in thermal and hydrostatic equillibrium.
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of the SIS lens. The deflection potential of the lens is,

Ψ(x) = |x|. (3.43)

using which the lens equation 3.4 yields,

y = x− x

|x|
. (3.44)

The solutions of the lens equation above are dependent on y as follows:

• If y < 1, the lens equation has two solutions: x± = y±1 , occurring on the opposite
side of the lens center.

• If y > 1, there is only one solution : x = y + 1.

Again the number of images are not odd because as discussed in the section 3.7.1, there
is a singularity in surface density at ξ = 0 (equation: 3.42).
The images at x > 0 are Type 1 while those at x < 0 are Type 2 ((29), 3.6)
From (29) , the magnification for the point mass (equation 3.15) is given as

µ =
|x|

|x| − 1
(3.45)

For y < 1, the magnification of the two images x+ and x− is

µ+ = 1 +
1

y
, µ− = 1− 1

y
. (3.46)

If y → 1, the magnification of the image µ− → 0 and at y = 1 this image completely
disappears. However if y → ∞, i.e. for the source at large distance from the lens µ± → 1.



Chapter 4

Gravitational Lensing of
Gravitational Waves

4.1 Goals of this Chapter

Building upon the introduction of the concept of lensing of gravitational waves in Chapter
1, the objective of this chapter is a comprehensive understanding of the concept of grav-
itational lensing of gravitational waves. The chapter commences with discussion about
gravitational waves, including their mathematical description, astrophysical sources and
detection mechanism. Subsequently, the chapter delves into a theoretical discussion about
the concept of lensing of gravitational waves where we will discuss strong lensing and mi-
crolensing and derive the expression for amplification factor in the realm of wave optics
and geometrical optics.

4.2 Mathematical Description of Gravitational Waves

This section offers a concise mathematical description of Gravitational Waves. The devel-
opments in this chapter are based on (9) and the discussion in 2 and I invite the interested
reader to check the reference for more details.

The mathematical expression of these waves is obtained by perturbing the background
metric, ˜gµν which is a solution to the Einstein’s equations, as described by 3.6 by small
perturbation hµν (|hµν | << 1) as

gµν = ˜gµν + hµν , . (4.1)

This can be understood as as a two-index symmetric tensor hµν propagating in space de-
scribed by the metric ˜gµν . A simple explanation of these waves is obtained by considering
the gravitational field to be weak, such that we can view the perturbation in Minkowski
space as gµν = ˜ηµν +hµν . The gravitational field is not static and there are no restrictions
on the particle motion in the field (velocity of particle ∼ c). Using these approximations,
the linearized Einstein field equations can be obtained as Gµν = 8πTµν .

Using some mathematical manipulations such as gauge invariance and transformation
(similar to electromagnetism (9)) and taking the energy-momentum tensor equal to zero

20
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(Tµν = 0),the linearized field equations in vacuum are

□h̄µν = 0, (4.2)

where □h̄µν is the trace-reversed perturbation defined as h̄µν = hµν − 1
2
ηµνh and □ =

ηρ∂λ∂ρ is the D’Almbertian operator (9).
This a classical wave equation, very similar to the electromagnetic equation, with plane
waves as a solution:

h̄µν = Cµνe
ikσxσ

, (4.3)

where Cµν is the polarization tensor, giving the amplitude of the gravitational wave com-
ponents and kσ is the wave vector using which it can be deduced that these waves travel at
the speed of light. The time-like component of the wave-vector gives the frequency ω for
the oscillations of these waves. Applying the conditions for the transverse traceless gauge
(9), two degrees of freedom can be imposed on the perturbation tensor and it is denoted
by hTT

µν . By aligning the z-axis with the direction of propagation, both degrees of freedom
can be fully characterized by the amplitudes of the perturbation in the x−y plane. These
degrees of freedom are commonly referred to as ”plus” and ”cross” polarizations and the
gravitational wave solution is characterized as

hTT
µν (t, z) =


0 0 0 0
0 h+ hX 0
0 hX −h+ 0
0 0 0 0

 cos[ω(t− z)]. (4.4)

The line element ds2 can be written as

ds2 = −dt2+dz2+dx2[1+h+(cos[ω(t−z)])]+dy2[1−h+(cos[ω(t−z)])]+2dxdy[hX(cos[ω(t−z)])].
(4.5)

Therefore, for the gravitational wave travelling in z direction, h+ and hX represent the
plus and cross polarization or oscillations of gravitational wave in x and y direction which
can also be understood using a simple illustration in Fig. 4.1.

4.3 Gravitational Radiation from Sources

We will now focus our attention to the generation of gravitational waves by sources. The
explanation in this section is based on (9) and (35).

Using some mathematical manipulations such as gauge invariance and transformation (9),
the linearized Einstein’s equations coupled with the matter is obtained as

□h̄µν = −16πTµν , (4.6)

where Tµν is again the energy momentum tensor.
The solution to this equation is obtained using the Green’s function. The solutions are
called retarded or advanced depending upon whether they represent the waves travelling
forward or backward in time. The retarded Green’s function represents the accumulated
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Figure 4.1: Illustration of the h+ and hX polarization of the gravitational wave signal
h(t) with ω = 2π

T
propagating along z direction on a ring of freely falling particles. Figure

credits : (34).

effect of signals from the past on the point currently under examination. The expression
for the retarded Green’s function is as follows:

h̄µν(t, x⃗) = 4

∫
1

|x⃗− y⃗|
Tµν(t− |x⃗− y⃗|, y⃗)d3y (4.7)

where x⃗ = (x1, x2, x3) and y⃗ = (y1, y2, y3) are the spatial vectors, t = x0 and and
tr = t− |x⃗− y⃗|.

With the assumption that the source is isolated, slowly moving (the radiation travels much
faster than the objects or particles that emit it) and far away, the quadrupole moment
tensor Iij of energy density of the source is given as

Iij(t) =

∫
yiyjT 00(t, y⃗)d3y (4.8)

using which

h̄ij(t, x⃗) =
2

r

d2Iij
dt2

(tr) (4.9)

where r is the spatial distance from the source to the observer.
From the equation above, it follows that the gravitational wave generated by an isolated,
non-relativistic object is directly related to the second derivative of the quadrupole mo-
ment of the energy density.
Furthermore, the power radiated due to the emission of the gravitational wave, hence the
total gravitational luminosity can be written as

[
dE

dt
] =

1

5
<

...
Q

TT

ij

...
Q

TT

ij > (4.10)
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where
...
Q

TT

ij is the traceless part of Iij:

Qij = Iij −
1

3
δijδ

klIkl (4.11)

The learning above can be applied to study the gravitational wave radiation emitted due
to the orbital decay of the binary composed of compact objects such as neutron stars and
black holes (35).

4.3.1 Gravitational Waves from Compact Binary Systems

Compact binary systems consist of compact objects such as black holes or neutron stars,
orbiting each other due to their mutual gravitational attraction. An initial approach to
the emission of gravitational waves by binary systems involves assuming circular Keple-
rian orbits and utilizing the quadrupole approximation (equation 4.8) for the resulting
gravitational wave signal.

Considering the Newtonian approximation and the center-of-mass frame, for a binary
system made of two compact stars of mass m1 and m2, orbiting in the orbital radius R,
we define, M = m1 + m2 is the total mass of the binary, q = m2/m1 ∈ (0, 1] the mass
ratio, where m1 ≥ m2. The reduced mass µ is defined as µ = m1m2/M . The combined
kinetic and potential energy of the orbit, expressed as Eorbit = Ekin+Epot = −m1m2/2R.
Using Kepler’s law, the orbital frequency of the binary can be written as,

ω2
s =

M

R3
. (4.12)

The above energy relationship suggests that as the energy is lost to gravitational waves
(GWs), R must progressively decrease over time but we will assume that the transition
of the orbit is slow and adiabatic and thus binaries are slowly in ’inspiral’ towards each
other and hence this phase is called the inspiral.

The gravitational wave strain expressions for the plus and cross polarizations for binary
coalescence can be derived from equation 4.9 as (35)

h+(t) =
4

r
µω2

sR
21 + cos2θ

2
cos(2ωst),

hX(t) =
4

r
µω2

sR
2cosθsin(2ωst),

(4.13)

where r is again the distance between source and observer. From the equation above, it
can be deduced that the wavelength of the gravitational wave is twice the orbital period
of the binary or ωgw = 2ωs.

Another expression to describe the gravitational wave emission is the chirp mass defined
as,

Mc =
(m1m2)

3/5

(m1 +m2)1/5
. (4.14)

For the mass ratio q, the chirp mass can be expressed as

Mc =

(
q

(1 + q)2

)3/5

M. (4.15)
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Chirp mass is an important quantity as the frequency (fgw) of the gravitational wave
signal can be expressed using the same as (35)

f−8/3
gw (t) =

(8π)8/3

5
(Mc)

5/3(tc − t), (4.16)

where tc is the coalescence time for the binary, meaning that chirp mass is an observable
quantity.

From equation 4.17, the total power radiated by the emission of gravitational waves from
binary as they are inspiraling towards each other is given by (35)

P =
dE

dt
=

32

5

(
Mcωgw

2

)10/3

, (4.17)

where E is the radiated energy and other symbols have their meanings as mentioned
above.
The emission of gravitational waves results in the loss of energy, leading to a gradual
decrease in the orbital radius over time (Eorbit ∝ −R−1). According to Kepler’s third
law, a decrease in the orbital radius (R) corresponds to an increase in the orbital angular
frequency (ωs). Conversely, an increase in ωs leads to an increased power radiated (eq.
4.17), causing further reduction in R. This self-reinforcing process eventually leads to the
coalescence of the binary system after a sufficiently long time-scale.
From the equations provided above, we observe that as the the binary system approach
for coalescence, both the amplitude and frequency of the waveform increase. This phe-
nomenon is commonly known as ”chirping” 1.
Inserting the numerical reference values in the equation 4.16, will help us in giving more
intuitive understanding of the time scales involved. The reference chirp mass for the bi-
nary has been chosen to be 1.21 M⊙, with mass of each object to be 1.4 M⊙ and τ is the
time until coalescence (35).

fgw(τ) = 134Hz

(
1.21M⊙

Mc

)5/8 (
1s

τ

)3/8

τ = tc − t

τ = 2.18s

(
1.21M⊙

Mc

)5/3 (
100Hz

fgw

)8/3

(4.18)

The detection of radiation at different frequencies can be analyzed. At 10 Hz, we get the
radiation emitted about τ ∼ 17 mins before coalescence. At 100 Hz, the radiation from
the last two seconds leading up to the merger is captured, and at 1 kHz, the radiation
from the last few milliseconds is obtained. When the gravitational wave frequency (fgw)
is 1 kHz, the separation R between the two 1.4 M⊙ bodies is estimated to be ∼ 33 kilo-
meters (eq. 4.12). Such a small separation can only be achieved by extremely compact
objects like black holes or neutron stars. Thus in the aLIGO frequency band, we focus on
the gravitational wave radiation from compact binary objects (particularly binary black
holes) for the thesis (1).

1because, when translated into air pressure waves, it resembles the sound produced by a bird’s chirp
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Also, the number of cycles Ncycles that can be detected by the instrument having the
frequency sensitivity from flow to fhigh, given as

Ncycles =
1

32π8/3
(Mc

−5/3)(f
−5/3
low − f

−5/3
high ) (4.19)

Thus, a low mas binary with say 25+25 M⊙ will have more detectable cycles as compared
to a higher mass binary with 100+100 M⊙.

In the inspiral phase above, the calculations are performed in flat space-time back-
ground. However for the binary systems consisting of black holes and neutron stars,
the Schwarzchild geometry exists and because of this, there is a minimum radial distance
beyond which stable circular orbits are not permitted. Thus, there exists an Innermost
Stable Circular Orbit (ISCO) located at risco, beyond gravitational fields are strong and
cause the objects to plunge into each other. In Schwarzchild geometry,

risco = 6M (4.20)

The orbital frequency at risco is given by

fisco =
1

6
√
6(π)

1

M
(4.21)

which is about twice the orbital frequency at the ISCO. This expression is valid for non-
spinning and non-eccentric black hole with equal mass binaries. fisco is always inversely
proportional to the total mass of the binary and decreases non-linearly with increasing
mass ratio (36),(37).

Till now we did not take the cosmological expansion into account in our analysis, however
taking cosmological expansion into account, for a source at redshift z, we have the following
modifications:

• The chirp mass is replaced by

Mc = (1 + z)Mc. (4.22)

• The observed frequency is redshifted with respect to the source frequency as

fobs = fs/(1 + z). (4.23)

• The factor 1/r in equation 4.13 in the amplitude is replaced by luminosity distance
dL as 1/dL.

This loss of energy in the inspiral phase (equation:4.17) causes the orbit to shrink over
time, a process known as inspiral, whose physics has been explained above. Eventually,
the binary system reaches a critical point where the objects merge together, resulting in a
violent event known as a merger. This phase is separated with the inspiral phase by fisco
and relatively brief compared to the inspiral phase. The merger phase is not adiabatic
and full GR equations must be solved in order to provide the representation of the sys-
tem dynamics. Following the merger, the newly formed object undergoes a phase called
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ringdown, during which it settles into a stable state, emitting gravitational waves which is
described by the calculations of the quasi-normal modes (38), (39) 2. The ringdown phase
is characterized by a rapidly decreasing amplitude (as shown in fig. 4.3) as the energy
of the system is quickly dissipated. This phase is even shorter than the merger phase.
The merger and the ringdown phase are roughly separated by a frequency frd called the
ringdown frequency. Fig. 4.2 illustrates the waveform during the binary coalescence and
fig. 4.3 plots the absolute value of the gravitational wave strain as a function of frequency
for the different phases of the binary coalescence.

Figure 4.2: An illustration of the subsequent phases of binary coalescence: Inspiral,
Merger and Ringdown. The blue curve represents the change in the gravitational wave
strain amplitude h+,x(t) varying with time. Fig. credits : (40).

While it is beyond the scope of this thesis to provide an exact calculation of the quasi-
normal modes, an important thing is to note that the ringdown frequency also depends
inversely on the total mass M and increases with increasing mass ratio of the binary (42),
(36).

4.4 Detection

While electromagnetic radiation is detected via its interaction with matter, gravitational
waves are detected by the distortion they create in the fabric of spacetime itself. Grav-
itational wave detectors, such as the Advanced Laser Interferometer Gravitational-Wave
Observatory (aLIGO), function as Michelson-Morley interferometer (43), (6) and is de-
signed to detect the gravitational waves in the frequency range from 10 Hz to 10 kHz
(1). The basic layout of a michelson interferometer is displayed in Fig. 4.4. The main
components include a laser source, a beam-splitter, mirrors and a detector. The process
begins with a laser beam that travels through a beam-splitter, splitting it into two similar
beams. These beams then proceed in the two equal-length perpendicular arms towards
the mirrors (each 4km for aLIGO (6)), where they are reflected. The laser beams retrace
their paths and travel back to the beam-splitter, where they recombine and travel to

2the characteristic oscillations that occur in a physical system after it has been perturbed and then
allowed to evolve towards equilibrium
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Figure 4.3: The absolute value of the fourier transform of the gravitational wave strain
amplitude |h(f)| plotted as a function of frequency for a 25+25 M⊙ binary (blue solid
line). Corresponding fisco ∼ 87Hz and frd ∼ 354Hz have also been marked (blue dotted
line and the green solid line). The gravitational waveform has been generated using
IMRPhenomXPHM (41) waveform model as explained in section 5.3

the detector to create an interference pattern. When no gravitational waves is passing
through Earth, the laser beams recombine in phase, resulting in constructive interference
and a bright signal at the detector. However, when a gravitational wave passes through, it
causes a slight stretching and squeezing of spacetime, altering the lengths of the arms and
introducing a phase shift between the beams. This leads to destructive interference and
a dimmer signal at the detector. The length variations caused by gravitational waves are
incredibly small. For two masses separated by a distance L, the change in their distance
is approximately:

δL

L
∼ h (4.24)

where h is the gravitational wave strain. For a black hole binary, each of 10 M⊙, sepa-
rated by the cosmological distance of 100 Mpc, h ∼ 10−21 (7).
These variations are comparable to just a thousandth of the width of a proton, resulting
in a phase shift of the laser beams on the order of a trillionth of their wavelength, De-
tecting such minute changes requires a high level of sensitivity and noise reduction in the
detectors (7).
Several developments have been made to the initial design of LIGO, resulting in aLIGO
(6). These advancements aim to improve sensitivity, stability, and instrumentation. No-
tably, aLIGO is designed to provide a significant increase in strain sensitivity, with a
factor of 10 improvement over a wide frequency range. Additionally, aLIGO extends the
lower end of the frequency band to 10 Hz, compared to the previous limit of 40 Hz. These
enhancements enable aLIGO to detect even fainter gravitational wave signals and capture
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Figure 4.4: The diagram for a basic Michelson Interferometer. The Michelson Interferom-
eter operates by splitting a single light beam from the laser into two using a beam-splitter.
These two beams travel perpendicular paths, bounce off mirrors at the ends, and then
recombine at the detector (shown in black). This simplified depiction outlines aLIGO’s
operational concept, but the actual design is intricately detailed in (6). Fig. credits :
(44).

events at lower frequencies, expanding the capabilities of the observatory for studying the
universe as also explained in (6).

Power Spectral Density

Despite the efforts to reduce noise, the output of the detector contains a significant amount
of noise. The form of the gravitational wave signal, h(t), must be known with an accu-
racy similar to the normal changes of the noise in order to recover a signal considerably
smaller than the noise. To investigate it, we follow the discussion in (45). The output of
the detector can be described as s(t) = h(t) + n(t), where h(t) represents the expected
gravitational wave signal and n(t) denotes the detector noise.
The power spectral density (PSD) of the detector output characterizes the distribution
of average power of a signal in the frequency domain. Making some relevant assumptions
3, the noise can be fully characterized using the one-sided noise power spectral density

3To simplify the analysis, it is commonly assumed that the noise in the GW detector is stationary
and follows a Gaussian distribution with a mean of zero as explained in (45).
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(PSD) S(f) as,

< ñ(f)ñ∗(f
′
) >=

1

2
δ(f − f ′)S(f). (4.25)

where < .. > represents an ensemble average over multiple noise realizations, ñ(f) is the
fourier transform of n(t) and ∗ denotes the complex conjugate while δ(f − f ′) denotes
delta function.
As the detector input and output are both real function, ñ(−f) = ñ∗(f) which implies
that S(f) is an even function.
Using Fourier transform and the property of even functions, PSD can be derived as :

|n(t)|2 =
∫ ∞

0

dfS(f) (4.26)

where |n(t)|2 is the mean square noise amplitude. Thus, the power spectral density (PSD)
possesses a favorable characteristic in which its integration across all positive frequencies
yields the average square amplitude of the noise within the detector.
Taking n(t) to be dimensionless, the PSD should have the units for Hz−1. A related
quantity is the amplitude spectral density (ASD), which is the square root of the PSD
and gives the amplitude of the signal as a function of frequency. It has the units Hz−1/2

and is the most frequent plotted quantity in literature. The figure 4.5 plots the ASD for
various LIGO runs.

Figure 4.5: The plot shows the Amplitude Spectral Density (ASD) versus frequency for
various LIGO runs, namely 01, 02, 03. The curve also plots the ASD for aLIGO and A+
upgrades. Fig credits: (46).

The sensitivity of earth-based detectors is limited with the lower limit imposed by seismic
noise, the upper limit by ”shot noise” (basically not having enough photons to sample
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the interferometer path difference at high frequencies). Further sensitivity upgrades to
the current gravitational wave observatories and building of new observatories (47), (48)
(49), (50) will help in increasing the detection probability of the lensed gravitational waves
(12).
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4.5 Lensing of Gravitational Waves : A Theoretical

Approach

The gravitational waves and electromagnetic waves (EM) differ in their nature and main
characteristics. While the electromagnetic radiation is produced by the motion of micro-
scopic charges and are oscillations in the electromagnetic field, the gravitational waves
are ripples propagating in the fabric of spacetime. The EM waves, produced by the mo-
tion of large number of microscopic charges are incoherent superposition of waves with
dipolar structure, while the gravitational wave radiation, produced by the bulk motion
of the masses give rise to coherent superposition of waves with quadrupolar structure as
elucidated in (51). A notable benefit of gravitational waves in comparison to electro-
magnetic waves lies is that while electromagnetic waves can be subject to alterations due
to interstellar gas or medium gravitational waves remain impervious to such interstellar
conditions during their propagation.

Furthermore, regarding the lensed electromagnetic rays, the process of detection involves
categorizing the lensed photons based on their respective angular orientations. The degree
of accuracy achievable is constrained by the angular resolution capabilities of the optical
detector. However for the gravitational waves, in addition to the completely different
detection methodology with interferometer length difference measurement (as explained
above in section 4.4), lensed events are statistically distinguished as identical events using
GW templates and Bayesian analysis techniques (52), (19), (53) and the precision of this
distinction is limited by the time resolution of the interferometer (54).

We focus on Gravitational Lensing of gravitational waves by CBCs with aLIGO. Just like
electromagnetic radiation, the gravitational waves are also lensed by the intervening mass
(7). The physics of lensing remains the same as we already discussed in Chapter 3, but
only in certain approximation called Geometrical Optics approximation.
In this approximation, the lensed gravitational waves can be understood as propagating
towards us along specific, discrete ray-like trajectories, i.e. all the wave effects such as
diffraction are neglected. Geometrical Optics is valid for wavelength λ << Rs where
Rs = 2M , the Schwarzschild radius of the lens 4. This can also be written as ftd >> 1.
This is generally true in the case of lensing by electromagnetic waves (23).

Within the frequency range of aLIGO, (10 Hz to 10 kHz), the wavelength of gravitational
waves is significantly smaller than the size of a galaxy, as established by (55). As a result,
geometric optics appropriately elucidates the behavior of the gravitational waves lensed
by massive galaxy lenses (mass ∼ 1010 M⊙). Thus, geometrical optics is valid for the
strong lensing of gravitational wave signals. The associated lens is called ’macrolens’ and
the corresponding images are called ’macroimages’. The lensing setup for the macrolens,
involving the source position in the source plane, macrolens position and mass in the lens
plane and the observer is hence called the macromodel setup. In case of strong lensing,
the signal gets scaled by a factor

√
µ (4.5.1 and (22)) where µ is the magnification due to

strong lensing, called macro-magnification, as introduced in 1.

4it can be seen as the length scale of the lens, for more please refer to (7)
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However in the case of lensing of gravitational waves by objects in the mass range 10 to
104 M⊙, (this mass range is for the isolated point mass (8)) in the aLIGO frequency band,
the wavelength of gravitational waves is comparable to the Schwarzschild radius associ-
ated with the mass of the lens, λ ≥ Rs (ftd ≤ 1) (23),(8) which leads to the diffraction
effects because of which the gravitational waves can no longer be considered as rays and
the wave effects must be taken into account in the analysis. The associated lenses are
called ’microlens’ and the corresponding images are called ’microimages’.

4.5.1 Gravitational Lensing of Gravitational Waves:
Considering Wave effects into account

As already discussed, the wave effects are needed to be taken into account for studying
the effects of microlensing. In this and the consecutive sections we will delve deeper into
the intricacies of microlensing of gravitational waves and thus, the wave optics.
The gravitational wave radiation emitted from the source is in principle coherent as the
different radiation bundles emerge from the same source. The need of the wave optics can
be understood as the two images are situated very close to the critical curve, their mutual
time delay is very small (13). If this time delay happens to be shorter than the coherence
time of the radiation, it is reasonable to anticipate the occurrence of interference. This
is the regime of interest for this thesis as elaborated in 6. Thus this section will focus on
deriving the equation for the amplitude of the lensed wave and the form it takes in both
the wave optics and geometrical optics limit.

Derivation of Amplification Factor

This derivation is based on (56), (22) and (12). I invite the interested reader to look at
these references for more details.
We consider a point source of radiation, emitting gravitational waves of frequency ω,
which pass by a thin lens and reach the observer. For simplicity, consider the space-time
to be Minkowskian with the inclusion of a minor perturbation resulting from the potential
of the lens, where the influence of the gravitational potential is localised within a small
region around the lens. The amplitude of the perturbation is ϕ(r⃗, t) = ϕ̃(r⃗)e−iωt and the
propagation equation for the same as be written as

(∇2 + ω2)ϕ̃ = 4ω2Uϕ̃. (4.27)

We consider a set of spherical coordinates (r, θ,Φ) with the origin centered on the source
and the polar axis pointing towards the lens in order to characterize this system. The
wave amplitude without lensing is calculated as ϕ̃0(r) = Aeiωr/r (56).
Assuming the lensing to be taking in a plane, the equation above can be solved using
Kirchoff’s integral (57) (33)).
As per (56), the amplification factor is defined as the ratio of the lensed and unlensed
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amplitude as,5

F (r⃗) =
ϕ̃(r⃗)

ϕ̃0(r⃗)
(4.28)

Using thin-lens approximation, the possible paths from source to observer could be re-
stricted such that only the which go straight from the source to a deflection point (within
the tiny region of U(r⃗) ̸= 0) again go straight from to the observer contribute to the final
expression, compared with the huge distances from the lens to the lens and the source
from the observer. Thus performing the computations and taking relevant approxima-
tions, following diffraction integral formula is obtained for Amplification factor F (f) (
using the normalized units x⃗, y⃗ as introduced in section 3.2) (13):

F (f) =
DsR

2
E(1 + zL)

DLDLS

f

i

∫∫
R2

d2x⃗e2πftd(x⃗,y⃗). (4.29)

As the function F (f) is complex-valued, the total amplification, |F |, and phase shift, θ ,
can be obtained as F (f) = |F |eiθf and using the dimensionless frequency, w = 8πML(1+
zL)f (22), and taking the Inverse Fourier transform, we obtain F (t) as, (12)

F (t) =

∫
dxdyδ(Td(x⃗, y⃗)) (4.30)

The derived form for F (f) or F (t) above represents the amplification factor that corre-
sponds to the interferences between the microimages, taking into account the effects of
diffraction.
If h(f) represents the unlensed waveform, the lensed waveform hL(f) is then (11)

hL(f) = F (f)h(f) (4.31)

Amplification factor in Geometrical Optics Limit: In the limit of Geometrical
Optics, the integral 4.29 is a highly oscillatory (as f >> t−1

d ) and is only contributed by
the stationary points of the time delay function td (56), which are the positions of the
images as discussed in section (3.5). Thus, corresponding F (f) can be written as

F (f) =
∑
j

|µj|1/2eiπ(2ftd,j−nj), (4.32)

where j denotes the image position, µj is the image magnification and nj are respective
Morse indices for the images, being 0, 1

2
, 1 for Type 1, Type II and Type III image respec-

tively, corresponding to the overall phase shift of nπ ((33), (58)).
This means that the gravitational lensing introduces an extra phase of e−iπ/2/e−iπ for
Type II/Type III image with respect to Type 1 image (59). The corresponding phase
shifts can used for the identification of strongly lensed gravitational wave signals (59)
(60).
Similar to the wave optics, the corresponding lensed waveform is given as 4.31 where F (f)
for this case corresponds to the geometrical optics regime.

5this means that in no lensing limit |F | = 1



Chapter 5

Lensing Configuration and Analysis
Techniques

5.1 Goals of this Chapter

Building upon the understanding of lensing of gravitational waves in the previous chap-
ter, this chapter starts with outlining the lensing configuration setup to simulate the
population of microlenses around type 1 macroimage, providing a detailed description of
its components. Then we focus on the relevant expressions for quantitatively analysing
the impact of microlensing on type 1 signal which are effective micro-amplification and
mismatch. This will finally build up in elucidating the methodology employed for the
relevant procedure which involves explaining the utilization of the software LensingGW
and the calculation of the amplification factor F (f).

5.2 Setup of the Lensing Configuration

The basic setup is done using the same lensing configuration as described in section 3.2.
To summarize the system consists of a source, lens and observer plane, (with the re-
spective objects being in their respective plane) and the thin lens approximation and the
single-plane lensing are assumed. The FlatLambdaCDM model is assumed throughout
the analysis (1 and (28)).

The source plane consists of a binary black hole and is located at the redshift zS = 1.
For simplicity, this work only considers gravitational waveforms from binary black hole
systems that have non-spinning components and no orbital eccentricity, in the aLIGO
frequency band (4.3.1). The lens plane is located at the redshift zL = 0.5 and consists of
a macrolens of mass 1e10 M⊙. The SIS profile has been adopted for the macrolens (3.7.2).
The einstein radius for the same is labelled as θSIS. In the source plane, the source is
positioned at an angular separation of ηSIS = xθSIS, referred to as the macro-impact
parameter. This parameter signifies the location of the source relative to the center of
the SIS macromodel.

With the basic description for macromodel (4.5) complete, following will be the charac-
teristics for the distribution of the microlenses in the setup:

34
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• The masses of the microlenses have been taken to be in the range [0.08 to 1.5] M⊙.
The lower limit of 0.08 M⊙ was chosen because it is the minimum mass required
for star formation as per literature (61),(62), (63). The upper limit of 1.5 M⊙ is
set because massive stars (> 1.5M⊙) will complete their life in ∼ 1.5 Gyr and by
restricting the lens masses to this value, the evolutionary effects on the stars during
the light travel time from the source to the lens plane could be ignored. In addition,
limiting the mass range in this way improves the computational efficiency of future
calculations.

• The microlenses are assumed to be all Point Masses (as discussed in section 3.7.1)

• The stellar masses for the distribution were drawn from the IMF.
For ξ(m) = dN

dm
, specifying the the number of stars N formed initially in the mass

range m to m + dm (64) and the total number of lenses to be ntot, the IMF is
defined as a probability density function (PDF) p(m) = ξ(m)/ntot, (equation 5.1)
which follows

1 =

∫ m2

m1

p(m)dm, (5.1)

where m1 and m2 are upper and lower mass limit.
A number of investigations have been made to see if a single IMF can be used to
characterize all early-type galaxies and if it changes with redshift, however there is
currently no agreement on a universal form of IMF that can describe all early-type
galaxies and the evolution of IMF with redshift, as highlighted in (23). However,
Chabrier IMF is most commonly used to fit early-type galaxies, including those
studied through strong lensing (65) (66) and is well established in the literature
for modeling low mass stars (67) (68). Therefore, it is assumed to be universal for
analysis in the thesis unless stated explicitly (68) (69)). The functional form of the
Chabrier IMF (as PDF) is given by the formula below (70):

pchabrier =

{
N1

1
m
e−

1
2(

log10m−log100.079
0.69 )

2

,m < 1M⊙
N2m

−2.3, m ⩾ 1M⊙
(5.2)

where N1 and N2 are normalization constants. The masses of microlenses from the
IMF have been derived as follows:
One normalisation constant is used to make the distribution continuous and the
other was used to make the integral of probability density equal to one. The cu-
mulative distribution function (CDF) is then defined for the probability density
function and the Brent’s method (71) has been used to invert the CDF which yields
mass samples from the probability density function. Fig. 5.1 shows the probability
density function for the IMF for the mass range taken.

To strike a balance between the maximum number lenses that can be simulated and
computational efficiency, 200 lenses have been considered for the analysis throughout
the study 8.6 1

1The investigation of a particular study case was also done using 300 lenses. As the overall trend
remains the same, we choose to use 200 lenses throughout the study. The computational time increases
by 3+hrs for 300 lenses as compared to 200 lenses.
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Figure 5.1: For an illustrative sample of 3000 masses drawn from Chabrier IMF, the
blue line plot in shows the probability density function (eq. 5.2) and the histogram bins
represent the probability density for the mass range m to m+ dm.

Figure 5.2: An illustrative sample of 3000 masses drawn from Chabrier IMF, distributed
in using a sample surface density of 27 M⊙/pc

2 around the Type 1 macroimage. The
masses of the individual lenses are represented in solar masses (M⊙) and are depicted
with the color plot. The Type 1 macroimage is taken to be located at the center with the
Right Ascension and Declination [RA,DEC] in radians ∼ [8.86e-07 and -4.23e-22].
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Figure 5.3: The uniformity of the distribution of the lenses can be well illustrated by
plotting a histogram of the radial distance (in parsecs) from the center of macroimage
position. As expected, the number of lenses increase with increasing the radial distance
due to increase in the circumference as we move to larger radial distance.

• The distribution of the microlenses will be done around Type 1 macroimage. The
type 1 macroimage is formed close to the critical curve and microlenses from the
galaxy halo or intracluster medium play a significant role in terms of their net
microlensing effect at close proximity to the critical curve (12),(72); (73), as also
elucidated in section 6.2.2). Fig 5.2 and 5.3 shows a sample of 3000 masses drawn
from the Chabrier IMF, uniformly distributed around Type 1 macroimage located
at the center.

Figure 5.4 is a good conceptual illustration of the lensing configuration. However, in
contrast to a single microlens surrounding the macroimage, the aim is to investigate
multiple microlenses around type 1 macroimage.

This basic setup will be used throughout the thesis, with some modifications to study
different parameter spaces. These changes will be explained when discussing the specific
analyses. The implementation of microlensing setup described above for a population
of microlenses is the key contribution to the existing code (git repository - (25)) for the
microlensing by a single microlens.

5.3 Quantification of the effect of Microlensing

From the figure 5.4 it is evident that the presence of microlenses impacts the lensed grav-
itational wave signal from the macroimage. Subsequently, our attention turns towards
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Figure 5.4: A visual representation of the microlensing of gravitational waves by a single
microlens from (22). The source, lens and observer are shown in their respective planes.
In the geometrical optics regime, the gravitational waves from the source can be treated
as rays. In the absence of the microlens, lensing by macrolens can be treated in the
geometrical optics regime. These rays being lensed by the macrolens (big black dot in
the lens plane), take discrete paths, passing through the macroimage positions (blue dots
in the lens plane) and arrive at the observer. However, in the presence of a microlens
(small black dot on lens plane located at a distance ηm from the macroimage (called
micro-impact parameter), the beam (shown in dotted lines) might split and pass through
various points on the lens plane, corresponding to microimage positions (red dots). The
microimage also occur at stationary points of time delay function (22)

quantifying the influence exerted by microlensing on the Type 1 macroimage.

The quantification of the effect of microlensing involves distinguishing the impact of mi-
crolensing from the macrolensing. Thus, for the same the lensing from the macromodel
is considered first and then the consider the lensing by both the macrolens and the mi-
crolenses is considered together.
We can work in the geometrical optics regime for the macromodel due to the considerable
mass of the lens as discussed in section 4.5. Given that the lensing by the macromodel
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produces type 1 macroimage corresponding to the image magnification
√
µ, the lensed

waveform hL,macro including the effect of macrolensing by Type 1 macroimage on the
intrinsic waveform h(f) is: (22)

hL,macro =
√
µh(f), (5.3)

For SIS lens model, for type 1 macroimage, if ηSIS < 1θSIS, then the corresponding
F (f) =

√
µ (for detailed derivation, please refer to (74))).

Similarly, the waveform, hL,full including the effects of both Type 1 macrolensing and
microlensing due to a population is

hL,full = F (f)h(f). (5.4)

From 5.4 it can be seen that microlensing introduces frequency dependent modulations
in the signal in both the phase and the amplitude (8), (12), (21).

The gravitational waveform h(f) for the binary black hole is generated via IMRPhenomX-
PHM model (41), implemented via the PYCBC package (75). This model approximates
the strain signal for specific binary masses (M⊙) in the defined frequency range (aLIGO
band 1). Additionally, the PYCBC package calculates the Power Spectral Density (PSD)
aligned with aLIGO’s design sensitivity within this range (4.4).
The waveform of the binary system is characterized by both intrinsic parameters, encom-
passing the masses of the two binary black holes, and extrinsic parameters, which include
the luminosity distance (dL) of the source (35).

Using the information above, two important parameters: Effective Micro-magnification
and Mismatch can be defined for quantification of the effect of microlensing on the
macrolensed waveform(see ch 7 of (35) for the background expression development).

• Effective Micro-Magnification: The parameter indicates the change in overall
amplification of the signal due to microlensing. It is calculated as

µm =
(hL,full|hL,full)

(hL,macro|hL,macro)
(5.5)

where,

(a|b) = 4Re

∫ flow

fhigh

a(f)b∗(f)

Sn(f)
(5.6)

is the noise-weighted inner product of two waveforms a(f) and b(f), where ∗ denotes
the complex conjugate. It is integrated over the frequency range flow to fhigh and
weighted by the power spectral density Sn(f) of the detector (as discussed in section
4.4). By calculating the noise-weighted inner product of hL,full and hL,macro, the fre-
quency dependence is removed so that the amplitude change due to population of
microlenses can be measured.

For the type 1 macroimage, the amplitude of the gravitational wave is amplified by
a factor

√
µ, which we refer to as the macro-amplification value. The corresponding
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effective micro-amplification is given as
√
µ
m
.√

µ
m
> 1, signifies a net amplification and

√
µ
m
< 1 indicates a net de-amplification

of the macrolensed waveform (from type 1 macroimage) due to microlensing.
In the strong lensing studies, the macro-amplification of the lensed signal is used to
calculate the luminosity distance of the binary (19). This parameter holds significant
importance in cosmological investigations associated with strong lensing studies,
such as localization studies and the computation of the Hubble Constant. The
uncertainty in the measurement of dL propagates in proportion to the uncertainty
in √

µ (19). Consequently, any deviation of
√
µm from 1 introduces uncertainties in

√
µ, with the resultant error propagating in amplitude in proportion to

√
µm and

thereby influencing the accuracy of the luminosity distance measurement.

• Mismatch: The match indicates how similar the waveforms are when optimally
aligned in time and phase. 1 − match gives the mismatch, indicating the corre-
sponding differences in two waveforms. The waveform overlap is defined as:

O[hL,macro, hL,full] =
(hL,full|hL,macro)

(hL,full|hL,full)(hL,macro|hL,macro)
(5.7)

the match M [(hL,macro, hL,full] is defined as the waveform overlap maximized over
time and phase,thus mismatch is 1−M [(hL,macro, hL,full)]

M = 1− max(t,ϕ) O[hL,macro, hL,full] (5.8)

where again (a|b) is defined as the noise-weighted inner product of two waveforms
a(f) and b(f).

Due to the normalisation, the mismatch does not encode any information about the
macrolensing magnification µ and thus is a pure measure of the effect of microlens-
ing effects. As intrinsic parameters such as the mass and spin of the binary are
determined by GW phasing, it is likely for the microlensing to effect these parame-
ters. We will use the mismatch quantification in percentage in the thesis.
The value of 0% indicates the perfect coincidence between two waveforms while the
value of 100% indicates null correlation. Microlensing effects become detectable
when there is a significant waveform mismatch and the literature considers a cut-
off of around 3% for typical aLIGO events for the microlensing to be detectable
(24),(12), (23), (22). Such an analysis helps estimate the effects on inference of
gravitational wave source parameters.

5.4 Procedure for Lensing by Macromodel and Am-

plification Factor Calculation

The initial step in this procedure entails the computation of gravitational lensing caused by
the macromodel, a task accomplished using software package LensingGW. Subsequently,
the process for determining the amplification factor denoted as F (f) as per equation 4.30
will be elucidated.
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5.4.1 LensingGW: a PYTHON package for lensing of Gravita-
tional Waves

LensingGW (11) is a python package for lensing of gravitational waves. It works on a
forked version of Lenstronomy, which is a python package for gravitational lensing (76).
LensingGW is used in the thesis for calculating the lensing by the macromodel by facil-
itating the calculation of essential parameters such as image positions, time delays, and
corresponding image magnifications. The content of this section draws from the work pre-
sented in (11). Readers who wish to delve into further details are encouraged to consult
this reference.

Finding the image positions comes with a challenge as it requires one to solve equation
3.29 which is a system of non-linear, algebraic and coupled equation of two variables.
Furthermore, the gravitational potential might not be analytic. Thus, finding the com-
plete solution to these equations often relies on giving initial values to the algorithm (77),
which is not a known quantity. Without making any prior assumptions about the image
structure, LensingGW develops the methodology specifically designed to handle various
length scales in lens potential while maintaining fast performance.

The numerical solver of LensingGW involves a two-step procedure for finding the image
positions for the macromodel, as illustrated below:

• First it separates the lens system to identify macrolens in case microlenses are also
present in the model.

• The image plane is ray-shooted to the source plane via equation 3.29. The region
where the search is performed for the images is centered on the source position with
the size specified by the user. Pixels whose projected distances from the source
are local minima are iterated over through adaptive grids. The true solutions must
precisely reproduce the source position when ray-shooted. Hence, approximate so-
lutions should minimize the distance between their ray-shooted position and the
actual source position within a locally. The pixels that reach the desired precision
are saved as images while the remaining tiles that still contain candidate solutions
undergo further processing. These candidate solution tiles become the centers for
the next set of grids, with each grid twice the size of the original pixel. The tiling
and iteration process continues on the new grids until either no more candidate
regions are found or the pixel size reaches a safe threshold of 10−20 arcsec.2.

Fig. 3.1 shows an illustrative diagram for the procedure. The calculated image position
serves as an input parameter for calculation of the corresponding image magnification,
critical curves and caustics as per the discussion in 3.4. The time delay is calculated by
implementing equation 3.26. For more details into the code please see the reference (78).

2this is orders of magnitude below the typical separation between the microimages (11))
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Figure 5.5: An illustrative image of the iterative procedure of LensingGW. The arrows
show the image plane being divided into pixels and ray-shooted to the source plane via lens
equation with. The pixels whose projected distance from the source (star in the figure) is
local minima are iterated over through the adaptive grid method. The process terminates
when no more candidate regions are found or the minimum pixel size is reached. Fig.
credits (11).

5.4.2 Calculation of Amplification factor using Wave Optics

The calculation of amplification factor for equation 5.4 involves calculating the integral
in the equation 4.30. The calculation of this integral is done using a similar procedure
mentioned used in (12).

The git repository (25) uses the procedure in (12), which will also be used in the thesis for
the calculation of amplification factor. The integral is evaluated in the lens plane (x− y
plane). The lens plane is covered with a dense grid and for each point we calculate Td and
the histogram of these time delay values gives F (t), taking the inverse fourier transform
of its derivatives gives F (f). For simplicity we choose ϕm(y⃗) to correspond to time delay
of type 1 macroimage. It is important to note that the lensing potential for calculating
the amplification factor in equation 3.26 includes the effect of both the macrolens and the
microlensing population (23).
As we have a finite range for the computation of F (t), an important numerical step in
the process is applying apodization using cosine window function to the computed F (t).
It removes the oscillatory behaviour of finally computed F (f) at low frequencies (12).
This approach differs from the one opted in (23) and (79) in the direct computation of the
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area within constant time delay intervals, rather than using contour integrals to calculate
F (t) 3 The main advantage of this method over the traditional method used by (23) and
(79) is that it avoids the divergence of the contour integral at local minima/maxima of
time delay function, which otherwise would be needed to be handled separately as ex-
plained in (79).

Integration Window Size

The identification of the appropriate window size is also an important step in the process
for the calculation of amplification factor by multiple microlenses as it differs from the
same used for calculation of microlensing effects by a single microlens.

The calculation of the integral in eq. 4.30 requires calculating the area of the region
between two contour lines corresponding to consecutive values of time delay which theo-
retically would require using an area window in the lens plane that encloses all contour
lines with time delays close to the arrival time of the macroimage under consideration.
A broad window for integration would not be practical because we need a very fine res-
olution in time delay for computing microlensing effects (22). Thanks to the stationary
phase approximation, the integral in equation 4.30 is primarily influenced by the region
surrounding the macroimage, therefore the chosen integration area can be justified by
increasing it to double the area while maintaining the same resolution. As per (22) the
initial area coverage is sufficiently accurate, increasing the grid size will not meaningfully
change the outcome and extending the integration window further will likely yield a sim-
ilar result. However, if our original integration range is too narrow, widening the window
will produce a noticeably different and more precise amplification curve.

More about the characteristics of the amplification factor (along with the appropriate
integration window size) will described in the chapter 6 I proceed onto the investigation
of the parameter space.

3The contour integral methodology requires calculating amplification factor by summation over all
time delay contours, Ck as F (t) =

∑
k

∮
Ck

ds

|∇⃗x⃗td|
, where ds is the is the infinitesimal length along the

contour. The formula for which has a divergence at the image positions as per equation 3.29. For more
details please refer to (79), (23).



Chapter 6

Effect of Microlensing on signal from
Type 1 macroimage

6.1 Goals of this Chapter

Building upon the understanding from all the chapters above, the overall goal of this
chapter is to analyse the impact of microlensing by a population of microlenses on the
strongly lensed gravitational wave signal from type 1 macroimage. Detailed analysis of the
variation amplification factor and systematic investigation of the variation of mismatch
and effective micro-amplification will be performed for the parameters in consideration.
The chapter will conclude with a general discussion of results.

6.2 Investigation of the Parameters

It will be analysed how microlensing on signal from type 1 macroimage is affected due to
variation of the following parameters:

• Surface density of microlenses around the Type 1 macroimage

• Source position

• Stellar IMF

• Total mass of the binary producing Gravitational waves

• Mass ratio of the binary producing Gravitational waves.

The basic setup is the same as described in section 5.2 and the respective setup details
will be described as the particular parameter is considered for the investigation.

6.2.1 Effect due to variation in density of microlenses around
the Type 1 macroimage

Note: The section will commence with the setup of the problem for studying the parame-
ter in interest. We will then explore the solution of the macromodel for this specific setup,
utilizing LensingGW which will be fundamental in the final calculation of amplification

44
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factor. Next, we will delve into the behavior of amplification factor, F (f) with frequency.
Understanding the macromodel solution and the amplification factor curve will be crucial
in gaining a comprehensive understanding of the variation of all parameters under con-
sideration. After this, we will finally investigate the effect due to the variation density
of microlenses around the Type 1 macroimage utilizing effective micro-amplification and
mismatch.

Setup

The configuration of the lensing arrangement follows the methodology discussion in Sec-
tion 5.2, accompanied by forthcoming explanations of the specifications for studying the
variation with density. The macro-impact parameter is chosen to be ηSIS = 0.1θSIS as
not only it is close to the typical value found in the literature around type 1 macroimage
(23), it also aids in computational efficiency 1. The mass of the binary producing the
gravitational wave is considered to be 30+30 M⊙ in the source plane as there is an excess
of mergers with the mass of primary black hole close to 30 M⊙ (80). This corresponds to
60+60 M⊙ in the detector frame following the equation (4.22).2. All discussions in this
and upcoming sections will correspond to the computations in the detector frame, i.e.
taking the effect of redshift into account.

The masses of microlenses are drawn from the Chabrier IMF. The typical value of the
stellar densities found around the Type 1 macroimage are found to be varying from 30
M⊙/pc

2 to 107 M⊙/pc
2 (72), (23). 25 random mass distributions are drawn from the

Chabrier IMF and for each distribution the amplification factor F (f) was calculated for
the following densities: [30, 50, 70, 90, 107] M⊙/pc

2.

The distribution of microlenses around Type 1 macroimage requires obtaining the posi-
tion of the type 1 macroimage. For obtaining the position, the macromodel setup will be
considered and the image position is obtained using LensingGW as discussed below.

Output from LensingGW: Lensing due to Macromodel

As per the discussion in section 3.7.2, the lensing as per the macromodel configuration
described in section 5.2 leads to the formation of two macroimages, (as the source is taken
to be placed at 0.1θSIS from the macrolens center/galactic center), as shown in the fig 6.1.

The type 1 macroimage (the image on the right size in Fig. 6.1 is recognised by identifying
the minima of the time delay function and following are the key numerical outputs for
the same obtained as a result of lensing by the macromodel:

• Macro-Magnification: 10.99

• Image Position (Right Ascension (RA), Declination (DEC), relative to galaxy cen-
ter): (8.85e-7, -4.23e-22) radians

1The computational time increases exponentially as we decrease the value of ηSIS = 0.1θSIS
2the effect of redshift in the chirp mass also reflects in the total mass with the individual masses in

the source frame multiplied by (1+z), where z is the redshift of the source.
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Figure 6.1: The figure shows the macroimages ’+’ recovered by LensingGW for a Macro-
model setup consisting of a SIS lens of mass 1e10 M⊙. The coordinates are relative
to the galaxy center or macrolens center (blue diamond) at [0,0]. The off-axis source
(ηSIS = 0.1θSIS) is shown as a red dot, while the critical curve (det A= 0 as discussed
in 3.4) is shown in black line. The critical curve mapped to the source plane generates
point caustic at coordinates [0,0] marked by orange dot. The lensing by the macrolens
produces two images with the image on right being the type 1 image recognised by finding
the minima of the time delay surface.

The information obtained in the output above is used in the final calculation of the am-
plification factor for the complete lens model using wave optics. The image position
serves as a crucial parameter for placing lenses around the type 1 macroimage, while
the macro-magnification (µ) is reserved for subsequent evaluation to determine the mis-
match/effective micro-amplification.

Amplification Factor

After the macromodel solution, the value for the amplification factor was calculated using
the procedure described in section 5.4.2. An important thing in the process was determi-
nation of the integration window size as explained in 5.4.2. Taking inspiration from the
existing code (git repository - (25)) resolution size was chosen to be sufficiently smaller
than the typical separation between the multiple microlenses in the lens plane. Following
the discussion in section 5.4.2, it was found that an integration area slightly extending
beyond the area encompassed by the distribution of microlenses around macroimage is
sufficient for the computations throughout the thesis. To validate the selection, the inte-
gration area was expanded to twice the original dimensions (keeping the resolution same
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3) Upon doing so, it was ascertained that the outcomes did not significantly improve the
accuracy. This demonstrated that the original integration area was adequate for the cal-
culation and amplifying it further would not meaningfully improve the accuracy. It has
been graphically illustrated in 8).

Figure 6.2: The figure shows the amplitude of the amplification factor |F | normalised by
the strong amplification

√
µ varying with frequency for different densities of microlenses

around Type 1 macroimage. The values of density are taken to be [30, 50, 70, 90, 107]
M⊙/pc

2. The solid black line illustrates the |F | being equal to the strong lensing ampli-
fication value

√
µ. The ASD for aLIGO is plotted in grey along with the corresponding

value of strain. The curves approach strong lensing amplification value at low frequencies
and microlensing effects start dominating from higher frequencies.

Variation of Amplification Factor vs frequency

Before proceeding further, it is important to understand the variation of F (f) curve with
frequency for any particular density, say 107 M⊙/pc

2, that will remain universal for all
the densities in consideration in this section and upcoming discussions (refer 8.2 for plots
for different densities and mass distributions) 4. The discussion in this section has been
inspired from (8), (23), (12).

Fig. 6.2 shows that the curve approaches the strong lensing value, 1 at low frequencies
(f << t−1

d ), (where |F | approaches √
µ). At low frequencies, we approach no-microlens

limit as the wavelength of the gravitational wave signal is very large as compared to the
scale of the population of lenses, called Rs (λ >> Rs). Thus, at very low frequencies,

3This increased the computation time four folds
4The computational time in generating single F (f) vs f curve is approximately 5 hours.
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Figure 6.3: The figure shows the phase of the amplification factor args|F | varying with
frequency for different densities of microlenses around Type 1 macroimage. The values
of density are taken to be [30, 50, 70, 90, 107] M⊙/pc

2. The solid black line corresponds
to the phase shift 0 associated to the Type 1 macroimage. The ASD for aLIGO is
plotted in grey along with the corresponding value of strain. The cuves approach strong
lensing phase shift at low frequencies and microlensing effects start dominating from
higher frequencies.

the signal is only amplified by the macroimage’s magnification. The is essentially due to
diffraction effects as any obstacle whose size is significantly smaller than the wavelength
of a wave will have a negligible effect on the propagation of that wave and is called ’wave
optics suppression’. Similarly, for the curve showing the phase shift, we recover a phase
shift of 0 corresponding to type 1 image (as discussed in section 4.5.1.
As we go to higher frequencies, λ ≤ Rs (f ≥ t−1

d ) the effects for microlensing start domi-
nating and the curve shows stronger distortions as can be seen in Fig. 6.2 and 6.3). This is
due to the formation of many microimages at significant time delays with respect to type
1 macroimage (as per (23)). The microimages as formed from the low mass microlenses
have low time delay values as expected from equation 3.26, thus as the frequency increases,
more and more microimages satisfy the criteria f ≥ t−1

d and thus a greater number of
microimages begin to contribute to F (f) which leads to both the amplitude and phase of
the amplification factor becoming more random and chaotic.

Not shown in the curves above, at very high frequencies, λ << Rs, we approach geo-
metrical optics limit. Approaching this limit, both amplitude and phase variation curves
(6.2 and 6.3) show rapid oscillations around the geometrical optics limit and the average
magnification over frequency becomes independent of frequency, as expected from the
formula 4.32 (also represented in Fig. 1 of (23))
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Variation with the Density

Now that we know about the characteristic of curve, we can study the variation of the
curve with the density. First a description of how density variation affects F (f) will be
provided which will be followed by the mismatch and effective micro-amplification calcu-
lation for different densities.

Amplification Factor variation with Density

For a particular mass distribution drawn from the Chabrier IMF, as the density is in-
creased, we see that there are stronger modulations in both the phase and amplitude
(Fig. 6.2 and 6.3). The modulations also start from the lower frequencies for higher
densities. This behavior can be explained by the fact that as the density of microlenses
increases, it leads to the formation of a larger number of significantly amplified microim-
ages, especially those with large time delays (or microlensing can start dominating from
even lower frequencies), as per (23). This can be understood referring to equation 3.36.
The lens potential due to a microlens is given as Ψ(x) ∼ mkln|xk − x0|, where mk and
xk denote the mass and potential of kth microlens located around point x0. Therefore,
if there are N microlenses of mass m located close together around some point x0, such
that |xk − x0| << 1 , then the net effect of those microlenses will be similar to that of
a single microlens of mass Nm located at x0 (23). In other words, when microlenses are
clustered closely together, they effectively act as one larger lens with a mass equal to the
sum of the individual microlens masses and thus produces microimages with larger time
delays and amplification (23).
It can also be seen that the curves approach to the strong lensing amplification value at
low frequencies and the phase shift corresponding to the Type 1 macroimage independent
of the density due to wave optics suppression. The results obtained above are qualita-
tively inline with the results obtained in the study (23). 5

Effective Micro-Amplification and Mismatch v/s Density

More insight can be obtained by analysing the variation of effective micro-amplification
and the mismatch with the density. The calculation of effective micro-amplification and
mismatch is carried out as detailed in section 5.3. The value of the macro-amplification
was obtained as an output from LensingGW as discussed in section 6.2.1 and will be
utilized for the caluclation.

Fig. 6.4, 6.5 show the variation of effective micro-amplification with density. It can be

5As shown in Figures 6.2 and 6.3, the plots are generated for a particular sample of masses drawn
from the Chabrier IMF. The apparently systematic variation in the curves with increasing density is
an artifact that results from using the same mass distribution for each curve. Since the same set of
masses simply comes closer together with increasing density, the relative positions and contributions of
the individual masses remain similar, leading to a more systematic pattern. However, when different mass
distributions are used for different densities, the variation in the curves does not appear as systematic as
expected. While using different mass distributions at different densities results in less systematic variation
in the curves due to the sensitivity of the results to the specific masses and their positions within each
sample, the overall trend of amplification and time delays increasing with density persists. It can be well
illustrated by section 8.2
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Figure 6.4: The figure shows the effective micro-amplification variation with the density of
microlenses around Type 1 macroimage for the particular setup. The values of density are
taken to be [30, 50, 70, 90, 107] M⊙/pc

2. The grey plots show the same calculated for the
25 random mass distributions drawn from the Chabrier IMF for the particular setup. The
effective micro-amplification increases with increase in density for all the distributions.
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Figure 6.5: The figure shows the box plot corresponding to figure 6.4 for the variation of
the effective micro-amplification with density with the corresponding mean values com-
puted for the respective densities. A box plot consists of a rectangular box that spans the
interquartile range (IQR), which encompasses the middle 50% of the data. The orange
line inside the box represents the median value, dividing the data into two equal halves.
The whiskers extend from the box to indicate the range of the remaining data, typically
reaching up to 1.5 times the IQR from the quartiles. Any data points beyond this range
are considered outliers and are plotted individually as circles in the figure. The box plot
also depicts increasing trend of effective micro-amplification with increasing density.
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Figure 6.6: The figure shows the mismatch variation with the density of microlenses
around Type 1 macroimage for the particular setup. The values of density are taken to
be [30, 50, 70, 90, 107] M⊙/pc

2. The grey plots show the same calculated for the 25
random mass distributions drawn from the Chabrier IMF for the particular setup. The
mismatch shows a complicated trend with increase in density.

seen that the effective micro-amplification increases in proportion to the density, which
means that as the density of microlenses increases, the waveform from the macroimage
is amplified in a corresponding manner by the microlenses. Fig. 6.5 shows the box plot
corresponding to the mean values of the amplification factor. The overall increase is ∼
0.21 as the value of density increases from 30 to 107 M⊙/pc

2. This trend is expected
as the value of the amplitude of amplification factor increases with increase in density
from Fig. 6.2. As the value of the effective micro-amplification is always greater than 1
it indicates that there will be the net-amplification of the macrolensed waveform (from
type 1 macroimage) due to microlensing as the density increases.

From Fig. 6.6, it can be seen that the mismatch however does not increase in proportion to
the increase in density and rather follows a complex trend sensitive to the particular mass
distribution. The mismatch variation is expected to be different as compared to micro-
magnification due to sensitivity of the calculation to both the amplification effects and
phase shift effects caused by microlensing 5.3. Fig. 6.7 shows that the average mismatch
increases as the density increases from 30 to 70 M⊙/pc

2 however the increasing trend
settles from 70 M⊙/pc

2 to 90 M⊙/pc
2 after which it increases again for 107 M⊙/pc

2. The
overall increase in the value of the mismatch is ∼ 0.06 % as the density increases from 30
to 107 M⊙/pc

2. The complex behavior observed in microlensing can be attributed to the
findings of a study on microlensing by a single microlens (22).
As shown in Fig. 6.8, this study demonstrates that the mismatch value is highly sensitive
to the location (the micro-impact parameter and the relative angle) of the microlens with
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Figure 6.7: The figure shows the box plot corresponding to figure 6.6 for the variation of
mismatch with density with the mean values of the mismatch computed for the respective
densities. The basic description of the box plot is the same as in the caption of fig. 6.5. The
box plot also depicts the complicated behaviour of mismatch with the increase in density,
however higher mismatch can be expected for very high densities ( ∼ 107 M⊙/pc

2) as
compared to very low densities (∼ 30 M⊙/pc

2).
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Figure 6.8: The figure, sourced from the literature (22), illustrates a contour plot depict-
ing the mismatch resulting from microlensing by a single microlens around the Type 1
macroimage. In this study, the macromodel employs the same parameters as those used
in the thesis. However study uses different binary mass in the source plane. The plot
spans various mass values and micro-impact parameter values represented as ηm[θm] in
the horizontal and vertical axis respectively. The upper panel corresponds to a relative
angle of 135 degree measured with respect to the straight line from the SIS lens center
to macroimage position in the simulation, while the lower panel corresponds to a relative
angle of 180 degrees. The study illustrates the sensitivity of the mismatch to the location
of microlens around type 1 macroimage as the mass of a single microlens increases.
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respect to the type 1 macroimage position. Thus, as the densely clustered microlenses
behave as a single larger lens, overall higher mismatch can be expected as the effective
mass increases but the increase is highly sensitive to the location of microlenses around
type 1 macroimage. As per the results, the mismatch is expected to increase for very high
densities such as 107 M⊙/pc

2 as compared to very low densities, 30 M⊙/pc
2.

The mismatch however very well below 3 % threshold.

In the literature (22), it has been reported that for the case of a single microlens (mass ≤
10M⊙), the effective micro-amplification shows minimal deviation from unity(

√
µ ∼ 10),

and the mismatch between the waveforms is at a sub-percentage level (as also demon-
strated in Fig. 6.8.)



CHAPTER 6. EFFECTOFMICROLENSINGON SIGNAL FROMTYPE 1MACROIMAGE56

6.2.2 Effect due to Variation with the Source Position

In this section, the focus will be on studying the effect of varying the source position
(or macro-impact parameter). It is an important parameter to be investigated as the
variation of the same results in the variation in the value of the macro-amplification as
can be seen in the section 3.7.2, equation 3.46). As macro-amplification value is often
utilised in strong lensing studies such as (14), therefore graphs in this section will be
plotted with respect to the same (

√
µ).

Setup

The configuration of the lensing arrangement follows the methodology discussion in Sec-
tion 5.2, accompanied by forthcoming explanation of the ensuing specifications for study-
ing the variation with the source position.
For the investigation, the source position has been varied to the different values as
ηSIS = [0.03, 0.1, 0.8]θSIS (common values for lensing of type 1 macroimage as per (23)).6.
The mass of the binary producing the gravitational wave is considered to be 60+60 M⊙
in the detector plane as taken in 6.2.1. The study has been done for the 10 random mass
distributions from the Chabrier IMF for each source position for the density 90 M⊙/pc

2.

Output from LensingGW: Lensing due to Macromodel

The software LensingGW is used to calculate lensing by the macromodel corresponding
to each source position. The relevant numerical outputs from the software (along with
the corresponding macro-amplification value) to the corresponding source positions are
listed in the Table 6.1. The type 1 image is again recognised by the minima of the time
delay function.

Source Position
[ ηSIS [θSIS] ]

Macro-magnification
[µ]

Macro-amplification
[
√
µ ]

Image Position
[RA, [radians]]

Image Position
[Dec, [radians]]

0.03 34.33 5.86 8.29e-07 -2.43e-21
0.1 10.99 3.32 8.85e-07 -4.23e-22
0.8 2.25 1.50 1.44e-06 -4.23e-22

Table 6.1: Output from LensingGW for the lensing by macromodel for varying source
position ηSIS. The macro-magnification and type 1 macroimage position (relative to the
galaxy center) are obtained for each macromodel lensing setup.

The following outputs obtained are used in the calculation of the amplification factor,
effective micro-amplification and mismatch. In addition to the numerical outputs, the
corresponding critical curves obtained for each setup will play a significant role in further
analysis.

Variation with the Source Position

The impact of source position variation on F (f) will be discussed first, following which
the effects on the mismatch and effective micro-amplification for different source positions

6The computational time increases exponentially with the decrease in the value of ηSIS
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Figure 6.9: The figure shows the amplitude of the amplification factor |F | normalised
by the respective macro-amplification

√
µ varying with frequency for different source

positions [ηSIS = [0.03, 0.1, 0.8]θSIS] and hence macro-amplifications [µ = 34.33,11.00,2.25
for a particular density 90 M⊙/pc

2. The solid black line illustrates the |F | being equal
to the strong lensing amplification value

√
µ. The ASD for aLIGO is plotted in grey

along with the corresponding value of strain. The amplitude of the amplification factor
increases strongly as the macro-amplification value is increased.

will be examined.

Amplification Factor variation with Source Position

For a typical density say, 90 M⊙/pc
2 around Type 1 macroimage, Fig. 6.9 and 6.10

show the amplitude and the phase shift for the amplification factor F (f) for different
source positions for a particular mass distribution drawn from Chabrier IMF. The discus-
sion will remain universal for all the mass distributions in consideration (refer 8.3).

From the Fig. 6.9 and 6.10, it can be clearly seen that both the phase and amplitude
show strong deviation as the macro-amplification value is increased (or the source is moved
closer to the lens center). The modulations also start from the lower frequencies.
As the macro-magnification value µ increases, the type 1 image gradually approaches
the critical curve of the lens, as observed in Fig. 6.11. This phenomenon has been ex-
tensively studied in (12) and it has been established that this leads to a compression of
the fixed area in the image plane by a factor of µ, resulting in the formation of over-
lapping microcaustics in the source plane. This overlapping effect becomes increasingly
significant as one approaches the critical curves of the macromodel (12). The presence
of small overlapping caustics can mimic the effect of a much larger microlens in terms
of time delays (12). In other words, as per (12), a microlens of mass m embedded in a
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Figure 6.10: The figure shows the phase of the amplification factor args|F | varying
with frequency for different source positions [ηSIS = [0.03, 0.1, 0.8]θSIS] and hence macro-
magnifications [µ = 34.33, 10.99, 2.25] for a particular density 90M⊙/pc

2. The solid black
line corresponds to the phase shift 0 associated to the Type 1 macroimage. The ASD for
aLIGO is plotted in grey along with the corresponding value of strain. The modulations in
phase of the amplification factor are significant for higher values of macro-amplification.
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macromodel with magnification µ behaves like a microlens with an effective mass of mµ,
thereby producing images with large relative time delays 3.5. This implies that microlens-
ing can start dominating from lower frequencies and generate larger microlensing effects. 7

Effective Micro-amplification and Mismatch v/s Source Position

From the figures 6.12 and 6.13 it can be seen that the effective micro-amplification in-
creases strongly as the macro-amplification increases. This trend is expected as the am-
plitude of amplification factor shows strong modulations with increase in the macro-
amplification, fig 6.9. Fig. 6.13 shows that overall increase is ∼ 0.41 as the value of
macro-amplification increases from 1.50 to 5.86. As the value of the effective micro-
amplification is always greater than 1 it indicates that there is a the net-amplification of
the macrolensed waveform (from type 1 macroimage) due to microlensing as the macro-
amplification is increased. The result for the micro-amplification is in qualitative agree-
ment with the literature (23).

Fig. 6.14 6.15 show that the mismatch increase steeply as compared to effective micro-
amplification. The box plot in Fig. 6.15 shows that there is approximately an increase of
∼ 0.45% as the macro-amplification increases from 1.5 to 5.86. The mismatch variation
is stronger as compared to micro-magnification which is again a consequence of the sen-
sitivity of the calculation to both the amplification effects and phase shift effects caused
by microlensing 5.8. The mismatch however is below the detection threshold of 3%.

7The computational time for the simulations corresponding to ηSIS = 0.03θSIS is 12+ hrs for a single
F (f) vs f plot
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Figure 6.11: The basic description of the both the upper and lower panel is the same as
the caption of figure 6.1. The source position is ηSIS = 0.1θSIS in the upper panel while
the same is ηSIS = 0.03θSIS in the lower panel. It can be seen as the the source position
is varied from ηSIS = 0.1θSIS to ηSIS = 0.03θSIS the type 1 macroimage (on right in both
the plot panels) approaches the critical curve of the lens.
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Figure 6.12: The figure shows the effective micro-amplification variation with the macro-
amplification for 10 random mass distributions corresponding to each macro-amplification.
Red, blue and green dots correspond to macro-amplifications [

√
µ = 1.50, 3.32, 5.86]

and hence source positions [ηSIS = [0.8, 0.1, 0.03]θSIS]. The effective micro-amplification
increases with increase in macro-amplification for all the mass distributions.
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Figure 6.13: The figure shows the box plot corresponding to figure 6.12 for the variation
of effective micro-amplification with macro-amplification with the corresponding mean
values for the macro-amplification. The basic description of the box plot is the same as
in the caption of fig. 6.5. The box plot also depicts increasing nature of effective micro-
amplification with increase in macro-amplification.
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Figure 6.14: The figure shows the mismatch variation with the macro-amplification for
10 random mass distributions corresponding to each macro-amplification. Red, blue
and green dots correspond to macro-amplifications [

√
µ = 1.50, 3.32, 5.86] and hence

source positions [ηSIS = [0.8, 0.1, 0.03]θSIS]. Mismatch increases with increase in macro-
amplification for all the mass distributions.

Figure 6.15: The figure shows the box plot corresponding to figure 6.14 for the variation
of mismatch with macro-amplification with the corresponding mean values for the macro-
amplification. The basic description of the box plot is the same as in the caption of fig. 6.5.
The box plot also shows the increase in mismatch with increasing macro-amplification.
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6.2.3 Effect due to Variation in Stellar IMF

Note: The literature presents a range of macro-amplification values corresponding to
different densities around type 1 macroimage and thus for further investigation of the
current scenario and all the upcoming parameters in interest, we set specific values for
both macro-amplification (source position) and density for systematic investigation.
In particular, the literature highlights that a macro-amplification value near 3.32 corre-
sponds to a density of approximately 90 M⊙/pc

2 for type 1 macroimages (23). Therefore,
the particular values for the macro-amplification and density will be adopted for the fur-
ther parameter investigation in the thesis8.

Setup

The configuration of the lensing arrangement follows the methodology discussion in Sec-
tion 5.2, accompanied by forthcoming explanation of the ensuing specifications for study-
ing the variation with the IMF. For a fixed source position, specifically ηSIS = [0.1]θSIS,
the amplification factor F (f) is calculated for density of 90 M⊙/pc

2 for Chabrier, Kroupa
and Scalo IMF. For the analysis 10 random mass distributions are drawn from the each
of the IMFs and for each distribution, we calculate the amplification factor F (f). The
mass of the binary producing the gravitational wave is considered to be 60+60 M⊙ in the
detector plane as taken in 6.2.1.

Different IMFs

Very similar to Chabrier IMF, the Kroupa IMF (67) has been found to be suitable for
describing the early-type galaxies and low mass stars in previous studies (81), (64). The
functional form of the Kroupa IMF is given as (70):

pkroupa =

{
N1Km

−1.3, 0.08 < m < 0.5M⊙
N2Km

−2.3, 0.5 ≤ m < 1M⊙
(6.1)

where N1K and N2K are the normalisation constants for Kroupa IMF.

Another IMF is Scalo IMF which is recognized as a more suitable representation of the
mass distribution for massive stars with m ≥ 1M⊙ (82),(83). The functional form for the
same is given as (83)

pscalo =

{
N1Sm

0, m < 1M⊙
N2Sm

−2.7, m ≥ 1M⊙
(6.2)

where N1S and N2K are the normalisation constants for Scalo IMF.

The corresponding masses from each IMF have been generated following similar procedure
in section 5.2 for Chabrier IMF. Fig. 6.16 shows the line plot for the probability density
function for Chabrier, Kroupa and Scalo IMF.

8The literature lists different values of macro-amplification corresponding to different densities, this
pair of values has been chosen as the best match for observational probability and the corresponding
computational time.
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Figure 6.16: The figure shows the probability density plots corresponding to equations
5.2,6.1 and 6.2 for Chabrier, Kroupa and Scalo IMF respectively. Chabrier and Kroupa
IMF have a higher probability density for lower mass lenses as compared to Scalo IMF.
Chabrier and Kroupa IMF also show similar probability density form as plotted.

While the Chabrier and Kroupa IMFs are found suitable for modelling low mass stars,
they also exhibit similar line plots as shown in Fig. 6.16 (indicating nearly equal prob-
abilities of finding mass within a given mass range). Therefore, to explore the effects of
significant deviations in the functional forms of the IMF, the Scalo IMF (82) is employed
alongside the Chabrier and Kroupa IMFs for analysis purpose in this section.

Output from LensingGW: Lensing due to Macromodel

The parameters of the macromodel are the same as discussed in section 6.2.1. Thus, using
software LensingGW, the same macro-magnification, image positions are obtained for the
macromodel lensing setup which will be used in the calculation of the amplification factor
and the study of mismatch and effective micro-amplification.

Variation with IMF

First, the impact of variation of IMF on the amplification factor F (f) for a specific density
is discussed after which the effects on mismatch and and effective micro-amplification is
considered.

Amplification Factor Variation with IMF

For a single mass distribution drawn from of each of the IMFs: Chabrier, Kroupa and
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Scalo, Fig.6.17 and 6.18 show the amplitude and the phase corresponding to the amplifi-
cation factor F (f). The discussion will remain universal for all the mass distributions in
consideration for all the IMFs (refer 8.4).

Figure 6.17: The figure shows amplitude of the amplification factor |F | normalised by the
strong amplification

√
µ varying with frequency for Chabrier, Kroupa and Scalo IMFs.

The solid black line corresponds to the phase shift 0 associated to the Type 1 macroimage.
The ASD for aLIGO is plotted in grey along with the corresponding value of strain.

From the Fig. 6.17 and 6.18, it can be seen that Scalo IMF has larger variations from
lower frequency and there is a overall significant deviation in amplitude and phase at with
frequency as compared to both Chabrier and Kroupa IMF.
This is because the Kroupa and Chabrier IMFs are more bottom heavy, i.e. probability
density of drawing lower masses is higher as compared to the Scalo IMF, as depicted
in Figure 6.16. This implies that, for the same density, the time delay of microimages
tends to be relatively small for Chabrier/Kroupa as compared to Scalo IMF and thus,
the distortions caused by microlensing occur at later stages in F (f). An important thing
to note is that although overall deviations are strong for Scalo IMF, the amplitude of
the amplification factor can also decrease for certain frequency ranges in comparison to
Kroupa and Chabrier IMF as seen in Fig. 6.17.
From 6.16 it is not ultimately clear if Chabrier or Kroupa is bottom heavy in comparison
to each other. The differences in the phase and amplitude of the amplification factor is
because of the sensitivity to the distribution of the microlenses and therefore mismatch
and effective micro-amplification calculations will better illustrate the differences in the
two IMFs, if any.

Effective Micro-Amplification and Mismatch v/s IMF

The top panel in Fig. 6.19 shows the effective micro-amplification variation for 10 random
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Figure 6.18: The figure shows the phase of the amplification factor args|F | varying with
frequency for Chabrier, Kroupa and Scalo IMFs. The solid black line corresponds to the
phase shift 0 associated to the Type 1 macroimage. The ASD for aLIGO is plotted in
grey along with the corresponding value of strain.

mass distributions drawn from all IMFs in consideration. For some of the distributions,
Scalo IMF shows low effective micro-amplification as compared to Chabrier/Kroupa IMF.
This can be expected as for some frequency ranges, the amplitude of amplification fac-
tor is less as compared to Chabrier/Kroupa IMF and this might dominantly affect the
inner product calculation in equation 5.5 to produce lower output. The bottom panel
in the same figure plots the corresponding mean values, which shows that the mean ef-
fective micro-amplification and the mismatch are almost indistinguishable for Chabrier,
Kroupa, with the difference in Scalo IMF of approximately ∼ 0.02. The effective micro-
amplification is greater than 1 for all the IMFs.

Similarly, as per the top panel for Fig. 6.20, Scalo IMF is expected to produce higher
mismatch as compared to Kroupa and Chabrier IMF. This increase can be attributed to
the strong phase modulations as compared to Chabrier/Kroupa IMF. There is a differ-
ence of 0.08 % in the mean value of mismatch between Scalo and Chabrier/Kroupa IMF.
This difference is well below the detection threshold of 3 %. This result is qualitatively
consistent with the literature (23).
Due to the reasoning given in 5.2 and the result above, the Chabrier IMF will be utilized
for the subsequent analysis as well.



CHAPTER 6. EFFECTOFMICROLENSINGON SIGNAL FROMTYPE 1MACROIMAGE68

Figure 6.19: The upper panel shows the effective micro-amplification value for 10 random
mass distributions for each IMF for the setup explained and the lower panel shows the
box plot with the corresponding mean values for each IMF. The red, green and yellow
boxes for the box plots correspond to Scalo, Kroupa and Chabrier IMF. The box plots
exhibit substantial overlap when considering various IMFs. The basic description of the
box plot is the same as in the caption of fig. 6.5.
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Figure 6.20: The upper panel shows the mismatch value for 10 random mass distributions
for each IMF for the setup explained and the lower panel shows the box plot with the
corresponding mean values for each IMF. The red, green and yellow boxes for the box
plots correspond to Scalo, Kroupa and Chabrier IMF. The box plots exhibit a substantial
overlap for Chabrier and Kroupa IMF. The basic description of the box plot is the same
as in the caption of fig. 6.5.
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6.2.4 Effect due to Variation in total mass of the Binary pro-
ducing Gravitational waves

In this section, the focus will be on studying the effect of varying the total mass of the
binary producing Gravitational waves. It is an important parameter to be investigated
as the frequency evolution of the gravitational wave signal depends on the total mass of
the binary as illustrated in equation 4.16 and 4.15. The total mass corresponds to the
detector plane mass.

Setup

The configuration of the lensing arrangement follows the methodology discussion in Sec-
tion 5.2, accompanied by forthcoming explanations of the ensuing specifications for study-
ing the variation with the total mass of the binary producing gravitational waves. For
the investigation, the total mass of the binary has been varied for the typical density 90
M⊙/pc

2 and ηSIS = [0.1]θSIS, as discussed in the preceding section. The study has been
done for the 25 random mass distributions from the Chabrier IMF. The mass ratio has
been fixed to 1 for simplicity in the analysis.

Output from LensingGW: Lensing due to Macromodel

The parameters of the macromodel are the same as discussed in section 6.2.1. Thus, using
software LensingGW, the same macro-magnification, image positions are obtained for the
macromodel lensing setup which will be used in the calculation of the amplification factor
and the study of mismatch and effective micro-amplification.

Amplification Factor Variation

The amplification factor F (f) is independent of the total mass of the binary producing
the gravitational waves (4.29), thus the F (f) as computed in section 6.2.1 for the density
90 M⊙/pc

2 is used for the analysis. Fig. 6.22 shows the corresponding amplitude and
phase variations of F (f) for 25 random mass distributions.

Effective Micro-Amplification and Mismatch v/s Total Mass of the Binary

The discussion about the mismatch has been inspired from the literature (23) and (24).

As discussed earlier in Section 6.2.1, the graphs illustrating the variation of the ampli-
fication factor with frequency indicate that microlensing effects tend to increase as the
frequency increases. With f(t), fisco and frd inversely dependent on the mass of the bi-
nary as discussed in section 4.3.1, the signals from the smaller mass binaries span higher
frequencies. However, it is also important to note that smaller mass binaries have longer
gravitational waveform as compared to the large mass binaries, corresponding to equation
4.19. Thus, the mismatch ultimately depends on the length of the signal and how it is
affected by the modulations in F (f).
Fig. 6.21 shows the mismatch variation with the total mass of the binary for 25 random
mass distributions for the particular setup and also displays the mean plot for the same.
It can be seen that the mismatch is larger for the binaries having lower total mass as
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compared to those with higher mass. The mean increase is ∼ 0.15% for the highest
and the lowest values of mismatch. However, we do not observe a consistent increase
in the mismatch initially as we lower the binary mass. This can be explained from the
preceding discussion. Despite smaller mass binaries spanning higher frequencies, their
longer waveforms can lead to a reduction in mismatch if distortions in F (f) are not
significant at low frequencies, leading to a larger part of the signal being unaffected by
the microlensing.

Figure 6.21: The figure shows the mismatch variation with the total mass of the binary
producing gravitational waves. The grey plots show the mismatch calculated for 25 ran-
dom mass distributions drawn from the Chabrier IMF for the particular setup. The blue
plot displays the mean variation plot for the distributions with the red point marking the
maximum mismatch for the corresponding total binary mass (45 M⊙). The variability in
the mean values is proportional to the scatter of the distributions.

On an average, the maximum mismatch is observed for the total mass around 45 M⊙
and the minimum is for total mass ∼ 200 M⊙. The maximum mismatch for the mean
distribution can be thus be explained by examining the gravitational waveform of a bi-
nary system corresponding to highest and lowest mismatch and comparing it with the
amplitude and phase curves of the amplification factor F (f).
From Fig. 6.22 it can be seen that the wave optics suppression (|F |/√µ ∼ 1) occurs
at the low frequencies and the microlensing effects start dominating from the higher
frequencies, as explained in section 6.2.1. Figure 6.23 depicts the gravitational waveform
for two binary systems: with total mass 45 M⊙ and 200 M⊙ respectively. Notably, the
gravitational waveform for the more massive binary is shorter compared to that of the
less massive binary. In contrast, the less massive binaries exhibit a frequency range that
covers a region with relatively stronger microlensing effects and thus, there is a higher
mismatch for the lesser total binary mass.
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Expressed mathematically, the calculation of the mismatch entails the assessment of the
inner product, outlined by equation 5.8. Extended the signal’s duration in within the
frequency domain leads to more evidence of deviations from an unlensed waveform, re-
sulting in greater mismatch. Moreover, as microlensing-induced modulations increase
with increasing frequencies, the inclusion of signals spanning higher frequency ranges can
correspond to increase in mismatch. These results for the mismatch shows qualitative
agreement with the literature (23).
The mismatch however always remains below the detection threshold of 3%. However, for
the high mass microlenses (0.08 M⊙ to 28 M⊙) and high macro-amplification (

√
µ ∼ 10)

literature reports the mismatch to reach the detection threshold. It is expected as the
large mass microlenses produce a large time delay (as discussed in section 6.2.1).

Fig. 6.24 shows the effective micro-amplification variation with the total mass of the
binary for 25 random mass distributions for the particular setup and also displays the
mean plot for the same. The effective micro-amplification value is always above one
which means that there is always net-amplification of the waveform as the total binary
mass is varied. The mean increase is ∼ 0.02 for the corresponding highest and the lowest
mean values of effective micro-amplification. However, interestingly for the particular
case, the maximum of the effective micro-amplification, occurs at relatively high mass as
compared to the mismatch. This is again because the micro-amplification captures the
net amplitude increase due to microlensing and the mismatch relates to the changes in
both the amplitude and the phase as per the formulae discussed in section 5.3. Thus,
net amplitude amplification can still be expected for the higher mass binaries, where the
mismatch comparatively the lowest.
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Figure 6.22: The top panel shows the amplification factor |F | normalised by the strong
amplification

√
µ and bottom panel shows the phase args|F | of the amplification factor

varying with frequency for 25 random mass distributions drawn from the Chabrier IMF for
the particular setup. The solid black line corresponds to the |F | being equal to the strong
lensing amplification value

√
µ in the top panel and the phase shift 0 in the bottom panel.

The ASD for aLIGO is plotted in grey along with the corresponding value of strain. The
stronger distortions due to microlensing effects in both the amplitude and phase occur at
higher frequencies as elucidated in section 6.2.1.
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Figure 6.23: The absolute value of the Fourier transform of the gravitational wave strain
amplitude |h(f)| plotted as a function of frequency in both the panels of the figure. the
gravitational wave form generated using IMRPhenomXPHMwaveform model as explained
in section 5.3. Compared to the waveform for the binary with a total mass of 45 M⊙,
the waveform for the binary with a total mass of 200 M⊙ is shorter in terms of frequency
span.
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Figure 6.24: The figure shows the effective micro-amplification variation with the to-
tal mass of the binary producing gravitational waves. The grey plots show the same
calculated for the 25 random mass distributions drawn from the Chabrier IMF for the
particular setup. The blue plot displays the mean variation plot for the distributions
with the red point marking the maximum effective micro-amplification (at 132M⊙) for
the corresponding total binary mass. The variability in the mean values is proportional
to the scatter of the distributions.
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6.2.5 Effect due to Variation in the Mass Ratio

In this section, the focus is on studying the impact of varying the mass ratio of the binary
system on the production of gravitational waves. As mentioned earlier, the frequency
evolution of the gravitational wave signal is influenced by the mass ratio of the binary
system as illustrated in equation 4.16 and 4.15.

Setup

The configuration of the lensing arrangement follows the methodology discussion in Sec-
tion 5.2, accompanied by forthcoming explanations of the ensuing specifications for study-
ing the variation with the mass ratio of the binary producing gravitational waves. For
the investigation, the mass ratio of the binary has been varied, q = m2/m1 ∈ (0, 1], for
the typical density 90 M⊙/pc

2 and ηSIS = [0.1]θSIS, as discussed in the preceding section.
The study has been done for the 25 random mass distributions from the Chabrier IMF
for the density 90 M⊙/pc

2. The mass of the binary producing the gravitational wave is
considered to be 60+60 M⊙ in the detector plane as taken in 6.2.1.

The discussion for the output from LensingGW and the amplification factor remain the
same as discussed in the preceding section (6.2.4)

Effective Micro-Amplification and Mismatch v/s the Mass ratio of the Binary

Figure 6.25: The absolute value of the Fourier transform of the gravitational wave strain
amplitude |h(f)| plotted as a function of frequency for a 60+60 M⊙ binary with the
masses reported in detector plane. The gravitational wave form generated using IMR-
PhenomXPHM waveform model as explained in section 5.3. The length of the waveform
before the ringdown frequency, marked by the sudden decline in waveform similar to fig.
4.3, increases as the mass ratio increases.
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Figure 6.26: The figure shows the mismatch variation with the mass ratio for total binary
mass 120 M⊙. The grey plots show the mismatch calculated for the 25 random mass
distributions drawn from the Chabrier IMF for the particular setup. The blue plot dis-
plays the mean variation plot for the distributions. The variability in the mean values is
proportional to the scatter of the distributions.

Figure 6.27: The figure shows the effective micro-amplification variation with the mass
ratio for total binary mass 120 M⊙. The grey plots show the effective micro-amplification
calculated for the 25 random mass distributions drawn from the Chabrier IMF for the
particular setup. The blue plot displays the mean variation plot for the distributions.
The variability in the mean values is proportional to the scatter of the distributions.
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Figure (6.25) shows the variation in the gravitational waveform as the mass ratio of
the binary increases for the binary mass chosen for the analysis. The length of the
signal before ringdown increases as the mass ratio increases. As the amplitude of the
gravitational waveform decreases very sharply after the ringdown, the ringdown phase
does not contribute much to the mismatch (23). Therefore, similar to the discussion in
section 6.2.4 signal length increasing before the ringdown can lead to higher mismatch
however the increase is not expected to be coherent because of the competition between
the signal length and the modulations in F (f).
Fig. 6.26 shows the the mismatch variation with the mass ratio of the binary for 25
random mass distributions are drawn from the Chabrier IMF for the particular setup and
also displays the mean plot for the same. Except for very low mass ratio (∼ 0.1), the
mismatch increases with increase in mass ratio, however the mean increase is of the order
of 0.001%, corresponding to the minimum mean value mismatch and value at q = 1. 9.
The mismatch however always remains well below the detection threshold of 3%. These
results for the mismatch show qualitative agreement with the literature (23). However, for
the high mass microlenses (0.08 M⊙ to 28 M⊙) and high macro-amplification (

√
µ ∼ 10)

literature (23) reports the mismatch to reach the detection threshold which is expected
as the higher mass microlenses produce larger time delay (as discussed in section 6.2.1).

Fig. 6.27 shows the effective micro-amplification variation with the mass ratio for 25
random mass distributions for the particular setup and also displays the mean plot for the
same. The effective micro-amplification shows an increase with the mass ratio, indicating
increasing amplification due to microlensing. As the effective micro-amplification value is
always greater than 1 it means that the macrolensed waveform (from type 1 macroimage)
is effectively amplified due to microlensing for the variable mass ratio. The mean increase
is ∼ 0.2 for the highest and the lowest values of effective micro-amplification. However,
the relationship between the mismatch and effective micro-amplification is not identical as
effective micro-amplification measures the net waveform amplification due to microlensing
and the mismatch is an overall measure of microlensing effects as also illustrated in the
sections above. 10

9the discussion above suggests that for very low mass ratio, (∼ 0.1) there is a greater length of signal
being affected by microlensing despite overall shorter waveform as compared to other q values

10The same F (f) plots were used for the investigation in Fig. 6.27 and fig.6.24. In terms of the
signal length, the effective micro-amplification clearly increases with increase in signal length with Fig.
6.27 while similar is not the case in fig.6.24. This demonstrates the sensitivity of the effective micro-
amplification calculation to the binary waveform used for the computation for particular F (f).
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6.3 General Discussion of Results

As the effective micro-amplification value is always greater than one, the lensing by a
population of microlenses always leads to net amplification of the macrolensed waveform
(from type 1 macroimage) for all the parameters considered. Thus, microlensing effects
are expected to introduce differences in the luminosity distance in the strong lensing
studies (19) and the error propagation in the measurements is proportional to effective
micro-amplification value. As the mismatch is less than the threshold of 3 % for all the
cases in consideration, microlensing by the population of lenses will not affect the mea-
surement of intrinsic source parameters.

Amongst all the parameters, the microlensing effects are the most sensitive to the variation
of the source position (macro-amplification value). As mismatch is a directly inferable
quantity from observations, its known values within the detectable limit may facilitate
the constraint on macro-amplification, both due to the strong variations in mismatch and
absence of overlap in the dispersion regions depicted by the box plots in fig. 6.15 (however
the extent of the same requires additional research).

Overall, large microlensing effects be expected for the high density of microlenses, high
macro-amplification, low mass binaries and equal mass ratio of the binary - taking relevant
IMF (Chabrier or Kroupa in this study) for the given mass range of microlenses. An
example demonstrating this can be presented as follows:
As discussed in section 6.2.4 we study the effective micro-amplification and mismatch
variation with the total mass of binary (q = 1). In this analysis, the only difference
with the setup in section 6.2.4 is that the macro-amplification is now set to 5.86 (or the
source position is ηSIS = 0.03 as presented (6.2.2) and the density of 107 M⊙/pc

2 is
considered. While the particular density and macro-amplification values adopted may
not be commonly reported in the literature for Type 1 macroimages, this case suitably
illustrates the phenomenon under investigation.
Fig. 6.28 shows the effective micro-amplification and mismatch variation with the total
binary mass for the particular setup. Following the discussion in section 6.2.4, it can
be seen that the mismatch reaches the detection threshold of 3% close to total mass 18
M⊙ while the effective micro-amplification values are comparatively larger than those
studied previously, reaching a maximum at total mass of 32 M⊙. As per the results, the
significant impact to the increase in the mismatch and micro-amplification is attributed
to the increased macro-amplification. The maximum mismatch value corresponds to the
total mass of the binary in the source plane to be 9 M⊙. Even if there is a non-zero
probability for the case corresponding to µ ∼ 34 and density = 107 M⊙/pc

2, the total
mass for which the mismatch reaches the detection threshold corresponds to 4+4 M⊙
binary in the source plane which is very less probable to be observationally detectable as
this is well below the observed peak for the binary component masses in the source plane
close to 30 M⊙.
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Figure 6.28: The upper panel shows the effective micro-amplification a with the total
binary mass and the lower panel shows the corresponding mismatch for the particular
setup. In both the panels, the grey plots show the same calculated for the 10 random
mass distributions drawn from the Chabrier IMF for the particular setup. The blue
plot is the mean variation plot for the distributions, with the red point marking the
maximum effective micro-amplification and mismtach respectively for the corresponding
total binary mass. The variability in the mean values is proportional to the scatter of
the distributions. The mismatch reaches the detection threshold of 3% while the effective
micro-amplification values are comparatively larger than those studied previously during
the parameter investigation.
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Conclusion and Future Work

7.1 Conclusion

With this thesis, the impact of microlensing by a population of microlenses on the signal
from type 1 macroimage has been analysed. After grasping the relevant theoretical un-
derstanding, the first step was developing a code for the lensing by multiple microlenses
building upon the existing code for lensing by a single microlens. Following this, the study
of the variation of amplification factor and the quantification of mismatch and effective
micro-amplification for all the relevant parameters in consideration is performed. Rele-
vant comparison with the existing literature has also been made when possible and it has
been found that the results are in qualitative agreement with the literature.

The study concluded that microlensing will not affect intrinsic source parameter esti-
mation and can still effect the luminosity distance measurement in the strong lensing
studies for the taken setup. Overall, larger microlensing effects can be expected for
the high density of microlenses, large image magnification due to strong lensing (high
macro-amplification), low mass binaries and mass ratio being unity - taking relevant IMF
(Chabrier/Kroupa in this study) for the given mass range of microlenses. Amongst all the
parameters investigated, the highest contribution to the microlensing effects is expected
from the increase in the macro-amplification value or decrease in the macro-impact pa-
rameter of the source.

In addition to the code development and independent investigation, this work is an impor-
tant contribution to the existing literature with the comprehensive and systematic analysis
of both the mismatch and effective micro-amplification for a population of microlenses.
The mismatch quantification emphasises that if a type 1 macroimage is detected for low
macro-amplification (

√
µ ≤ 3), it can be used as a reference GW signal for intrinsic pa-

rameter estimation. While the effective micro-amplification will have its corresponding
error budget in the strong lensing studies such as (19), the significance of the error con-
tribution is dependent on the significance of the other error measurements. Furthermore,
effective micro-amplification quantification also shows that microlensing by a population
of microlenses always results in the net amplification of the original macrolensed waveform
for all the parameters considered.

It is important to note that the conclusions related to the detection probability of mi-
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crolensing effects are valid in the limit of the setup in consideration, however the physics
of nature of the variation of the amplification factor F (f), mismatch and effective micro-
amplification can be applied to the different setup in consideration.

7.2 Future Work

The first direction of the work should be the code optimization for the message passing in-
terface as it will significantly decrease the computational time for the simulations. Follow-
ing this, it will be interesting to investigate the simulations leading to large microlensing
effects and studying the corresponding observational probability for such events. Within
the detectable limits, mismatch can help in constraining the corresponding parameter
space values, nonetheless, a comprehensive understanding of its extent will necessitate
additional research.

Furthermore, there lies an exciting opportunity to conduct a more comprehensive explo-
ration of all the parameters that have been fixed in the setup. A particularly fascinating
avenue lies in studying the impact of redshift on both the source and lens plane as it
affects the time delay (as per equation 3.26) and the chirp mass of the binary (as per
equation 4.18). Additionally, the investigation could extend to understanding how the
increased sensitivity of detectors influences the outcomes. Existing studies suggest an
increased likelihood of detecting microlensed induced signals with advanced detectors like
the Cosmic Explorer and the Einstein Telescope, as highlighted by (12).

The application of effective micro-amplification analysis in this work can be instrumental
in refining error estimations for luminosity distance in the context of strong lensing stud-
ies such as (19). The conclusions from the analysis related to mismatch can be utilized
in the GW paramter estimation studies from the lensed signal.
Although we focused on the microlensing effects on type 1 macroimage, the insights from
this thesis and the code developed have the potential for broader applications including
the analysis of lensed signal from type 2 and type 3 macroimages.

Lastly, in the midst of these academic pursuits, it is also essential to pause and reflect
on the grandeur of the universe itself—a captivating mosaic of beauty and wonder that
continues to inspire our quest for knowledge.
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Appendix

8.1 Contribution to Software Lenstronomy

During the course of investigating macromodel-based lensing phenomena, it was ascer-
tained that the caustic count provided by the software LensingGW (11) exhibited inac-
curacies. LensingGW works on a forked version of the Lenstronomy software (76), which
is responsible for caustic count computation. The identified issue was subsequently com-
municated to the original author of Lenstronomy. I contributed to the resolution if this
issue by reporting the bug on the GitHub platform. The author duly acknowledged my
participation in rectifying the matter, as evidenced by the attached documentation 8.1

Figure 8.1: Bug Report Credit Lenstronomy
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8.2 Amplification Factor Graphs for the Variation

with Density for different distributions

Following the setup description in section 6.2.1, graphs below (Fig. 8.25) show the am-
plitude of the amplification factor |F | normalised by the strong amplification

√
µ = 3.32,

corresponding to source position ηSIS = [0.1]θSIS and the corresponding phase args(F )
varying with frequency, for different densities of microlenses around Type 1 macroimage.
The values of density are taken to be [30, 50, 70, 90, 107] M⊙/pc

2. One row represents the
corresponding plots for one mass distribution drawn from Chabrier IMF. The solid black
lines illustrate the plotted values approaching strong lensing limit. The ASD of aLIGO is
plotted in grey along with the corresponding value of strain.
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Figure 8.25: 24 panels above show the amplification factor graphs for the variation with
density for different mass distributions. One row represents the corresponding plots for
one mass distribution. The remaining description of the plots is the same as discussed in
the start of this section.
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8.3 Amplification Factor Graphs for the Variation

with Source Position for different distributions

Following the setup description in section 6.2.2, below are the graphs for the amplitude |F |
normalised by the strong amplification

√
µ and the corresponding phase args(F ), varying

with frequency for source positions [ηSIS = [0.03, 0.8]θSIS] and hence macro-amplifications
[
√
µ = 5.86, 1.50] for a particular density 90 M⊙/pc

2. The solid black lines illustrate the
plotted values approaching strong lensing limit. The ASD of aLIGO is plotted in grey
along with the corresponding value of strain. The same colors are representative of the
same mass distribution in a row.

The plots below (fig. 8.26) show the normalised amplitude |F |/√µ and phase args(F )
variation with frequency for the source position ηSIS = [0.8]θSIS for remaining 9 random
mass distributions drawn from the Chabrier IMF.

Figure 8.26: Amplification Factor Graphs for ηSIS = [0.8]θSIS for different distributions.
The remaining description of the plots is the same as discussed in the start of this section
and the paragraph above.

The plots below (fig. 8.27) show the normalised amplitude |F |/√µ and phase args(F )
variation with frequency for the source position ηSIS = [0.03]θSIS for remaining 9 random
mass distributions drawn from the Chabrier IMF.
The corresponding plots for normalised amplitude |F |/√µ and phase variation args(F)
for the amplification factor F (f) for the source position ηSIS = [0.1]θSIS and are already
presented in the section 8.2.
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Figure 8.27: Amplification Factor Graphs for ηSIS = [0.03]θSIS for different distributions.
The remaining description of the plots is the same as discussed in the start of this section
and the paragraph above
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8.4 Amplification Factor Variation Graphs for the

Variation with IMF for different distributions

Following the setup in section 6.2.3 below are the graphs for the amplitude |F | normalised
by the strong amplification

√
µ and the corresponding phase args(F ), varying with fre-

quency for Kroupa and Scalo IMF. The solid black lines illustrate the plotted values
approaching strong lensing limit. The ASD of aLIGO is plotted in grey along with the
corresponding value of strain. The same colors are representative of the same mass dis-
tribution in a row.

The plots below (fig. 8.28) show the amplitude and phase variation of Amplification factor
for remaining 9 random mass distributions drawn from Scalo IMF.

Figure 8.28: Amplification Factor Graphs for Scalo IMF for different distributions. The
remaining description of the plots is the same as discussed in the start of this section and
the paragraph above.

The plots below (fig. 8.29) show the amplitude and phase variation of Amplification factor
for remaining 9 random mass distributions drawn from Kroupa IMF.

Figure 8.29: Amplification Factor Graphs for Kroupa IMF for different distributions. The
remaining description of the plots is the same as discussed in the start of this section and
the paragraph above

The corresponding plots for Chabrier IMF are already presented in the section 8.2.
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8.5 Amplification Factor Variation Graphs for Inte-

gration Window Size

Following (fig. 8.32) are the graphs for the amplitude |F | normalised by the strong am-
plification

√
µ and the corresponding phase args(F ), varying with frequency for different

window sizes for different setups used throughout the thesis. The solid black lines illus-
trate the plotted values approaching strong lensing limit. The ASD of aLIGO is plotted in
grey along with the corresponding value of strain. The original window size used through-
out the thesis is plotted in orange and the corresponding plot for double the window size
is in blue. The overlap of the amplification factor curves for the original and the doubled
window size for all the cases below illustrate that the original window size is sufficient for
the computation throughout the thesis.

The plots below show the amplitude and phase variation of Amplification factor for the
setup described in section 6.2.1 for density = 107 M⊙/pc

2. (Thus corresponding density
and source position are 107 M⊙/pc

2, ηSIS = [0.1]θSIS).

Figure 8.30: Amplification Factor Graphs for ηSIS = [0.03]θSIS for different distributions

The plots below show the amplitude and phase variation of Amplification factor for the
setup described in section 6.2.2 for density = 90 M⊙/pc

2 and source position = ηSIS =
[0.1]θSIS.

The plots below show the amplitude and phase variation of Amplification factor for Scalo
IMF for the setup described in section 6.2.2. (Thus corresponding density and source
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position are 90 M⊙/pc
2, ηSIS = [0.1]θSIS)

Figure 8.32: The three panels above show amplification factor graphs for different window
sizes for respective setups described.
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8.6 Variation with the number of lenses

Following (8.33) are the graphs for the amplitude |F | normalised by the strong amplifica-
tion

√
µ and the corresponding phase args(F ), varying with frequency for the setup used

in section 6.2.1, but now for 300 lenses (in place of 200 lenses used originally).
The corresponding trends for the variation of the phase and amplitude can be described
using the same reasoning as discussed in section 6.2.1 therefore, 200 lenses have been used
throughout the thesis for the computational efficiency.

Figure 8.33: Box plot for the variation of effective micro-amplification and mismatch for
300 lenses.

8.7 Link for the main code scripts used for the com-

putation throughout the thesis

The main code scripts used for the computation are available in attached link:
url: https://colab.research.google.com/drive/1Hw5J9fLL865FusKeha7Mf61nORuUwtrB?
usp=sharing

https://colab.research.google.com/drive/1Hw5J9fLL865FusKeha7Mf61nORuUwtrB?usp=sharing
https://colab.research.google.com/drive/1Hw5J9fLL865FusKeha7Mf61nORuUwtrB?usp=sharing
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