KU LEUVEN

FACULTY OF SCIENCE

Hunting the internal magnetic
field of the 8 Cep HD 192575

Jelle VANDERSNICKT

Supervisor: Prof. Dr. Conny Aerts Thesis presented in

Institute of Astronomy, KU Leuven fulfillment of the requirements

Mentor: Vincent Vanlaer

Institute of Astronomy, KU Leuven for the degree of Master of Science

in Astronomy & Astrophysics

Academic year 2024-2025



© Copyright by KU Leuven

Without prior written permission from both the supervisor(s) and the author(s), copying,
reproducing, using, or realizing this publication or parts thereof is prohibited. For re-
quests or information regarding the copying and/or use and/or realization of parts of this
publication, please contact KU Leuven, Faculty of Science, Celestijnenlaan 200H - box
2100, 3001 Leuven (Heverlee), Telephone +32 16 32 14 01. Prior written permission from
the supervisor(s) is also required for using the (original) methods, products, circuits, and
programs described in this work for industrial or commercial purposes, and for submitting
this publication for scientific awards or contests.



Preface

The completion of this thesis signifies the end of a major chapter in my life. This work
is the result of a six-year long journey at KU Leuven, where I've learned a lot about the
Universe and myself. I am immensely proud of what I have accomplished during this
time, and I am grateful for every opportunity along the way. There are many people to
thank for their support along the way.

This thesis would not have been possible without the guidance of my supervisors, Prof.
Dr. Conny Aerts and Vincent Vanlaer. Their expertise and support have been invaluable
throughout this process. Special thanks to Vincent for making time every single week to
discuss my progress and answering my questions. I left our meetings every time with a
clearer view of the work and I can only hope that some of your mathematical prowess
and scientific rigor have rubbed off on me. I am also grateful to Prof. Dr. Conny Aerts
for her guidance and for the opportunity to work on this project. You allowed to present
my work at the group meetings multiple times and meet other researchers in the field. I
am very thankful that you shared the results of my work with the community halfway
through the project, showing great confidence in my abilities. I am very much looking
forward to continuing working together with both of you next year, as I will join the group
as a PhD student.

To my friends, I am incredibly grateful for your support and encouragement throughout
all these years. We have had a lot of fun over the years, and I am looking forward to
many more adventures in the future.

Ik wil ook graag mijn ouders bedanken voor hun onvoorwaardelijke steun. Jullie gaven me
de kans om mijn dromen keer op keer na te jagen, startende met mijn keuze om fysica te
studeren en jullie zorgden ervoor dat ik elke kans met beide handen kon grijpen. Zonder
jullie was ik nooit geraakt waar ik nu sta, met diplomas in de hand en een PhD in het
vooruitzicht. Jullie steun bracht mij de laatste jaren in Canada voor mijn uitwisseling en
in Hawaii voor mijn internship. Dit zijn ongeloofelijke avonturen die ik zal koesteren voor
de rest van mijn leven.

Jeroen, schattie, bedankt voor de fantastische drie jaar die we al samen hebben doorge-
bracht. Je steunt me door dik en dun, en zeker wanneer deze thesis me even zwaar viel
kon ik altijd op jou rekenen. Ik kan niet wachten op wat de toekomst ons nog zal brengen.



Scientific summary

Massive stars are the major engines of the Universe, driving the chemical and dynami-
cal evolution of their host galaxies. After their supernovae deaths, they leave behind a
compact object such as a neutron star or a black hole, the most extreme objects in the
galaxy and possible gravitational wave sources. However, there are still many questions
about the evolution and internal structure of massive stars. Asteroseismology is the most
powerful tool known to date to investigate the internal structure of stars. Nevertheless,
only a handful of massive stars have undergone detailed asteroseismic modelling.

This thesis aims to perform the first detailed magnetic asteroseismic modelling of a su-
pernova progenitor star, HD 192575. We build upon previous asteroseismic analysis of
the stellar structure models of HD 192575. By including the effects of misaligned rotation
and magnetic field, we strive to explain the frequency splittings of the oscillation modes
that have not yet been interpreted for this rotating massive pulsator.

We consider 600 stellar structure models calculated for a previous asteroseismic analysis
of HD 192575. We predict their frequency splittings and amplitudes due to the effects of
rotation and a magnetic field for different values of solid body rotation, magnetic field
strengths and misalignment. By repeating this process for each stellar model, we obtain a
grid of predicted splittings and amplitudes in which we search for the best fitting model.

We find that we can explain the observed frequency splittings using a misaligned magnetic
field and rotation axis. The obtained values of the magnetic field strength and rotation
rate depend heavily on the probing depth of the oscillation modes, making the correct
identification of the modes crucial. Depending on the stellar model used, we require a
magnetic field strength of a few kG near the surface and tens to hundreds of kG near the
core to explain the observed splittings.

This thesis presents the first detection and asteroseismic modelling of an internal magnetic
field in a massive star. We highlight how a misaligned magnetic field with respect to the
rotation axis allows us to include the amplitudes of the oscillation modes in the analysis,
a feat that is currently not possible otherwise.
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Summary for a general audience

Stars come in many sizes, from small stars like our Sun to massive stars tens or even a
hundred times more massive. These massive stars play an important role in the Universe.
They can produce elements from helium to iron and enrich the interstellar medium with
these heavier elements during both their relatively short lives (~ 10 million years) and
their explosive deaths as supernovae. After their deaths, they leave behind a neutron
star or a black hole, the densest objects known in the Universe. These heavy objects are
possible gravitational wave sources, which is a field of research that has gained a lot of
interest in recent years. Understanding the evolution of massive stars is thus fundamental
to many different fields of astrophysics.

Asteroseismology studies the variations in brightness of stars over time. These variations
are caused by internal waves in the star and are periodic in nature, similar to how earth-
quakes cause waves in the Earth. These starquakes can be studied to learn about the
star’s internal structure and evolution. Even though massive stars are major players in
the Universe, only a handful of them have been studied in detail using asteroseismology.

This thesis offers the first in-depth magnetic asteroseismic analysis of a massive star,
HD 192575. This star has been observed for a long time with NASA’s space mission
TESS and shows patterns in its starquakes that are currently not fully understood. We
hypothesise that this pattern is caused by the presence of an internal magnetic field, in
addition to the effects of rotation. Using previous models of the internal structure of the
star, we include the effects of rotation and an internal magnetic field to try and match
the observed frequency patterns to those predicted by the theoretical model.

We find that the observed patterns can be explained using a misaligned magnetic field
with respect to the rotation axis. That is, the axis around which the star rotates is
at an angle with the central axis (between the south and noth pole) of the magnetic
field. The derived rotation rates are similar to previous estimates, while the magnetic
field strengths are in line with to those expected from theory. This is the first instance
of an asteroseismic analysis of a massive star which includes the effects of a magnetic
field in addition to rotation. This opens the way for using asteroseismology to study the
internal magnetic fields of massive stars, which are thought to play an important role in
the evolution and end product.
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Commonly used symbols and

ACronyimns
Acronyms
B Cep star [ Cephei star
CMB Convective boundary mixing
g-mode Gravity mode
MESA Modules for Experiments in Stellar Astrophysics
MLT Mixing length theory
p-mode Pressure mode
SPB star  Slowly Pulsating B-type star
TESS Transiting Exoplanet Survey Satellite
ZAMS Zero age main sequence
MAMS Middle age main sequence
TAMS Terminal age main sequence

Units and constants

d Days (8.64 - 10%s)
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Symbols
B Magnetic field vector
f Cyclic frequency of the oscillation mode
l Angular degree of the oscillation mode
Lgor  Stellar luminosity
m Azimuthal order of the oscillation mode
Myr  Stellar mass
n Radial order of the oscillation mode
P Pressure
r Radial coordinate
Ryor  Stellar radius
Tog Effective temperature
y,m Spherical harmonic of angular degree | and azimuthal order m
I6; Obliquity angle between the magnetic field and rotation axes
0 Polar coordinate
&, 0w Displacement vector of the oscillation mode
& Radial component of the displacent vector
&n Horizontal component of the displacement vector
p Density
[0) Longitudinal coordinate
o Gravitational potential
w Angular frequency of the oscillation mode
Q Rotation frequency of the star (often in units of the critical Keplerian frequency )
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Chapter 1

Introduction

Stars are energetic, dynamic, and lively objects. Astronomers have tried to understand
the story of stars and other celestial bodies for thousands of years. With the advent of the
camera and the computer, we have been able to record the light of stars with incredible
precision and study them in great detail. Not only did we learn about the incredibly long
timescales on which the stars evolve, but we also discovered that they are not as static
as they seem. Many stars show periodic brightness variations on timescales of minutes,
hours, days, or months: scales that are very familiar to us. These variations, which are
caused by oscillations in the entire interior of the star, depend on the internal structure
and composition of the star.

Asteroseismologists use these oscillations to study the internal structure of stars. Similar
to a musical instrument, each star has its own unique oscillation frequencies, depending
on its structure. Just as a violin sounds different to a cello, a young massive star will
oscillate at different frequencies than an old low-mass star.

1.1 Massive stars and their oscillations

Stars come in a wide range of masses, from small low-mass stars like our Sun to large
stars that are tens of times more massive. For example, Betelgeuse in the constellation of
Orion has about 15 times more gas than the Sun. These massive stars are the fundamental
engines of the Universe, emittting radiation and matter into their surroundings and driving
the chemical and dynamical evolution of the Universe during their lifetimes. Massive stars
(M Z 8 M) are the most powerful engines of the Universe, with surface temperatures up
to tens of thousands of Kelvin. Due to their large mass, they can burn heavy elements
in their core. This makes them the main source of chemical enrichment in the Universe
(Kobayashi et al., 2020). They eject their material through strong stellar winds (Bjorklund
et al., 2023) and through powerful supernova explosions at the end of their lives (Wang
and Burrows, 2024).

While only a small fraction of stars are massive, they are the most luminous stars in the
Universe (Salpeter, 1955). As massive stars are short-lived compared to their low-mass
counterparts, their presence in a galaxy is a good indicator of star formation activity
(Schneider, 2015). Additionally, their hot surface temperatures make them a source of
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strong ionizing radiation, which can heavily affect the surrounding interstellar medium
and lead to the formation of HII regions (Strémgren, 1939).

Massive stars die impressive deaths, exploding as supernovae and leaving behind compact
objects such as neutron stars or black holes. Most massive stars are born in a multiple
system (Sana et al., 2014, Villasenor et al., 2021, Banyard et al., 2022) and their internal
processes have a strong influence on the evolution of the binary, especially in a contact
system (Vandersnickt and Fabry, 2025). As compact objects in a multiple system can
create gravitational waves, massive binary systems are considered to be one of the main
progenitors of gravitational wave sources (Marchant et al., 2016). In short, massive stars
play a vital role in the Universe, and better understanding their structure and evolution
is fundamental to many aspects of astrophysics.

The internal structure of stars is mainly determined by the gravitational attraction of their
own mass, counteracted by the pressure gradient throughout their structure (Kippenhahn
et al., 2013). When these forces are in balance, the star is in hydrostatic equilibrium. The
pressure inside the star is maintained by the heat generated in the core, which is the
result of nuclear fusion reactions. In a massive star, the energy transport from the core
to the surface occurs through two different mechanisms. In the stellar envelope, energy is
transported by radiation, while in the core itself, the radiative transport is not efficient
enough and large scale motions in the plasma occur. Hot plasma rises up to regions of
lower temperature, mixing with the surroundings when they dissolve. This process is
called convection and it is a very efficient method of mixing and energy transport, leading
to homogeneous layers where convection occurs. Massive stars are said to have a convec-
tive core and a radiative envelope, such that their core can be considered homogeneously
mixed.

For about 90% of the stars’ lifetime, it will burn hydrogen into helium in the core, and
the star is said to be on the main sequence. After the main sequence, heavier elements
are burned, which is the driving force behind the further evolution of the star and the
chemical enrichment of the Universe. This thesis will focus on a massive star during its
main sequence lifetime.

Stellar structure and evolution models consider the equilibrium states of stars, where the
forces are in balance. Small changes in the structure perturb this equilibrium and can
cause waves to propagate through the star. Only standing waves can exist in the star for
extended periods of time. These standing waves are the oscillation modes of the star and
are expressed as small, local changes in density, pressure, and the gravitational potential
of the star. The oscillation modes that reach the stellar surface can be observed as periodic
brightness variations.

Within this thesis, we will consider stars in equilibrium to be perfectly spherical and
focus on mon-radial oscillations. These are small non-radial perturbations in the sense
that material is not only displaced in the radial direction, but also in the horizontal
direction. This is in contrast to radial oscillation modes, where the displacement of the
material occurs solely in the radial direction. We can describe the angular dependence
of the oscillation modes with spherical harmonics Y, (see Chapter 2). The spherical
harmonics are uniquely described by their angular degree [ and azimuthal order m. The
mode with angular degree [ = 1 is called the dipole mode, [ = 2 is the quadrupole mode.
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Figure 1.1: Visualisation of the different radial components of the oscillation modes for
angular degree | = 4 and azimuthal orders m = 0,1,2,3,4 as given by the spherical
harmonics Y;™.

The radial dependence of the mode is identified by the radial order n, which is the number
of nodes of the mode’s displacement vector in the radial direction. Under spherical sym-
metry, the oscillation modes of the star can be identified by the radial order n, angular
degree [, and azimuthal order m. Fig. 1.1 shows the radial components of the oscillation
modes for [ = 4 and different azimuthal orders. The angular degree [ gives the amount
of nodal lines on the surface of the star, while the azimuthal order m gives the number
of nodal lines crossing the poles. These nodal lines extend throughout the radial direc-
tion, forming nodal planes for the nodal lines through the poles and cones for the nodal
lines parallel to the equator. The azimuthal order m ranges from —I[ to [, leading to a
total of 2] + 1 possible azimuthal orders for a given angular degree [. The sign of the
azimuthal order m denotes the direction of propagation, keeping the form of the spherical
harmonic constant between modes of same absolute azimuthal order |m|. Modes with a
non-zero azimuthal order propagate over the surface, while modes with m = 0 appear to
be ‘breathing’.

1.1.1 Dependence of oscillations on the internal structure

Stars are notably opaque and their strong radiation fields make investigating the internal
structure of stars impossible with direct observations. Asteroseismology uses stellar oscil-
lations to probe the internal structure of stars. As waves propagate through the star, their
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Figure 1.2: Propagation diagram for a 13 Mg star on the main sequence. The Brunt-
Viisala frequency N is shown as a blue line, while the characteristic acoustic frequency
S; is shown as a red line for three angular degrees. The blue region indicates the g-mode
cavity, while the red region gives the p-mode cavity of the dipole modes.

frequencies and amplitudes are determined by the internal structure and composition of
the star. Oscillation modes are classified by their restoring force, which is most commonly
either gravity (in the form of buoyancy) or pressure. The gravity modes (g-modes, n < 0)
and pressure modes (p-modes, n > 0) are the two main classes of oscillation modes, which
cover different frequency regimes and are separated by the fundamental modes (f-modes,
n = 0). The difference in sign between the radial order n of g- and p-modes is not a
physical aspect, but rather a notation convention. Other restoring forces are possible in
for example rotating stars, where the Coriolis force can enable gravito-inertial and Rossby
modes (Townsend, 2003). The dependence on the restoring force leads to different prop-
agation regions in the star where the waves can resonate.

To investigate where the different modes can exist in the stellar interior, a simplified model
of the stellar oscillations is used, where the perturbations in the gravitational potential
are ignored (Cowling, 1941). This approximation is strictly only valid for high angular
degree [ and high radial order |n| modes, but offers valuable insights into the propagation
regions of the different modes. Under this approximation, the radial displacement of the

mode &, is given by
dz,  w? N? S?
== (1l-— )= —-1)¢&, 1.1
dr? c? ( w2) (oﬂ )5 (1.1)

where w is the frequency of the mode, ¢, is the local sound speed, N is the Brunt-Viisila
frequency, and 9; is the characteristic acoustic frequency. Each of N, S;, and ¢, vary
throughout the radial structure. The characteristic acoustic frequency is additionally
dependent on the angular degree [ of the mode. For the oscillation to exist, the right
hand side of the equation must be negative, which leads to conditions on the frequency
w based on the Brunt-Viisala frequency and the characteristic acoustic frequency.

Figure 1.2 shows where the different modes can exist in a massive star (13Mg). The
figure shows the Brunt-Viisild frequency N (blue line) and the characteristic acoustic
frequency S; (red line) for three different angular degrees throughout the radial structure
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Figure 1.3: Hertzsprung-Russell diagram showing the different types of pulsating stars
(from Aerts, 2021).

of the star. By applying the conditions on these parameters as given by Eq. (1.1), we can
identify different propagation regions (called ‘cavities’) for the different oscillation modes
that can exist in the star. These cavities are denoted by the shaded regions in the figure,
coloured according to the type of mode that can exist in the cavity. The frequencies
are given in both the angular frequency 2, which describes the frequency in terms of
angular progression, and the cyclic frequency f, which describes the frequency in terms
of completed oscillation cycles. Both frequencies are connected by the relation €2 = 27 f
(we refer to Aerts, 2021, for the full explanation of the nomenclature).

The g-mode cavity (blue) is is given by the Brunt-Viisila frequency N, connecting the
stability to the buoyancy. The Brunt-Vaisala frequency is only positive for non-convective
regions of the star. The presence of the convective core and near-surface convective region
are clearly visible in the g-mode cavity. The broad near-core peak in /N is a consequence
of the evolution of the star. As the core recedes, a composition gradient is created with
an increasing molecular weight due to the presence of helium as a product of hydrogen
burning. The lighter material (helium-poor) envelope above leads to a stronger stability
agains convection and an increase in the Brunt-Vaisila frequency.

The p-mode cavity (red) is given by the characteristic acoustic frequency S;. This fre-
quency is connected to the sound speed c¢,, which connects pressure perturbations to the
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local properties in the star. It depends additionally on the angular degree [ of the mode,
with a larger cavity for lower [. The areas outside the cavities are evanescent zones, where
the oscillation modes are exponentially damped. The oscillations can, however, still cross
these regions, which is important for the detection of g-modes, which are often only prop-
agating deep in the interior of a star. Additionally, the g- and p-modes cavities can couple
through the evanescent zones, which leads to mized modes. These mixed modes can play
an important role in evolved stars. The g-mode cavity is far from the surface in a star
with a convective envelope, such that its g-modes are not observable. Mixed modes can in
that case couple a p-mode to a g-mode and make the mixed mode visible at the surface,
as happens in red giants (Aerts et al., 2010).

In addition to the propagation regions, Fig. 1.2 is a first indication of the sensitivity of
the different oscillation modes to the internal structure of a massive star. The g-modes
are in general sensitive to the internal structure close to the core of the star, while the
p-modes are mostly sensitive to the outer layers of the star.

While not all stars oscillate, those that do can be classified by their oscillation properties.
An overview of the different types of pulsating stars throughout the Hertzsprung-Russell
diagram is shown in Fig. 1.3. The two major types for massive, main sequence oscillators
are Slowly Pulsating B (SPB) stars and § Cephei (8 Cep) stars. SPB stars (Waelkens,
1991) have a mass between 2 M and 7Mg, and pulsate with periods between 0.8 days (d)
and 3.0days. S Cep star stars are more massive, with masses between 8 M and 25 M),
and pulsate in low order g-modes and p-modes with periods between 2hours (h) and
8 hours (Stankov and Handler, 2005). A recent study by Fritzewski et al. (2025) reported
on the first homogeneous analysis of 119 5 Cep stars from TESS space photometry. How-
ever, detailed seismic modelling of massive stars has only been accomplished for a few
stars (for a detailed overview see Bowman, 2020).

The propagation diagram above shows approximate predictions of which modes can exist
in a star. However, the diagram does not predict whether the modes that can exist will
actually be excited and observable. The actual mode selection of which modes will appear
in the light curves is still a little understood problem, as this requires non-linear mode
coupling for massive stars (Beeck et al., 2024). Similarly, many questions remain about
the driving of the modes, which determines the amplitudes of the oscillation modes (Aerts
et al., 2010).

1.1.2 Internal rotation and its effects on the frequencies

The oscillations of a star depend on the restoring forces and are thus sensitive to the
internal structure of the star. For a spherically symmetric star, there is no preferential
axis to define the poles. Since the azimuthal order m depends on this axis, the oscillation
equations and thus the frequencies must be independent of m. In other words, in a
spherically symmetric star, each mode with the same angular degree [ and radial order
n will have the same frequency, regardless of the azimuthal order m. Any effect on the
stellar oscillations that breaks the spherical symmetry and introduces a preferential axis
will break the degeneracy and lead to a splitting of the oscillation frequencies with respect
to the azimuthal order m.

Rotation breaks the spherical symmetry of a star and leads to a splitting of the oscillation
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Figure 1.4: Rotation kernels calculated for two different stellar models of a 12 M, star.
Figure is from Vanlaer et al. (subm.).

frequencies into 21 + 1 components as it introduces the rotation axis as the preferential
axis. Additionally, it introduces a preferential direction in the propagation of the waves,
as some waves will propagate with the direction of rotation and others against it. The
effect of rotation on the oscillations can be understood from a simple geometrical model
where only the transformation between the rotational frame of the star and the inertial
frame of the observer is accounted for. Consider a star rotating as a solid body with an
angular frequency (2, then the oscillation frequency in the corotating frame w’(n,l,m) is
related to the oscillation frequency in the inertial frame w(n,l, m) by

w(n,l,m) =w'(n,1,m) +m. (1.2)

This transformation follows naturally when accounting for the propagation direction of
the oscillation modes. If the mode propagates in the direction of the rotation (positive
m), the observed mode period will be shortened, while the opposite is true for a mode
propagating against the rotation (negative m). The dependence on the azimuthal order
m can be understood from Fig. 1.1, where a higher azimuthal order mode has more nodal
lines in the direction of the rotation axis and a full rotation period is not required to
complete an oscillation cycle in the inertial frame. A more detailed derivation of this
property is given in Chapter 2.

Aside from a geometrical effect, the Coriolis force also comes into play, altering the corotat-
ing frequency w’ compared to the frequency of the same mode without rotation. Moreover,
uniform rotation is an assumption that does not apply to most stars. A first complication
is thus to consider differential rotation in the radial direction (i.e. Q = Q(r)) and include
the effects of the Coriolis force. This general rotation law in one dimension leads to the
frequency splitting following (Aerts et al., 2010)

w = wo+m(1 — Cyy) /0 " Kur)Q(r)dr, (1.3)
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Figure 1.5: Core (near-core) rotation rates derived from mixed (gravity) modes for stars
in core-hydrogen burning (purple and gray), hydrogen-shell burning (pink and red), and
core-helium burning (after the helium flash in orange and avoiding the helium flash in
cyan). Figure is from Aerts (2021).

up to first order in the rotation frequency, where wy is the frequency without considering
rotation and w is the frequency in the inertial frame corrected for rotation. C; is the
Ledoux constant (Ledoux, 1951) and K, is the normalized rotational kernel. The Ledoux
constant is the integrated first-order effect of the Coriolis force on the mode and must
be included for low order g- and p-modes, even in the case of solid body rotation. Both
terms carry dependence on the radial and horizontal displacement of the oscillation mode
and are thus sensitive to the internal structure of the star. The stellar model used to
determine the kernel and Ledoux constant must be carefully considered before comparing
the observed frequencies to the theoretical predictions.

Different oscillation modes are sensitive to the stellar structure (including rotation) at
different radii. This dependence on the internal rotation is expressed by the rotational
kernel K, (r) for a given mode and combining information of different types of modes
can be used to infer the internal rotation profile of the star. Fig. 1.4 shows the large
dependence of the rotational kernel on the model of a star. The kernels show the sensitivity
of the modes to the rotation at different radii in the star. It is clear from the figure that
large differences in sensitivity exist between different modes, and between different stellar
models for a similar star.

Aerts (2021) reports on the near-core rotation rates (.. derived from a large sample of
stars using asteroseismology and the near-core probing power of g-modes. The masses
of these stars range from 0.8 M to 3.3 M, which were found to rotate nearly uniformly
throughout their main sequence phase (see Fig.1.5). More recently, Aerts et al. (2025)
found similar results for masses up to 7Mg. These results call for a reevaluation of
the theory of angular momentum transport, as they currently cannot be explained. The
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predicted angular momentum transport between the core and the envelope is not sufficient
to explain these close values of the rotation rates of the core and the envelope.

1.2 Internal magnetic fields

One proposed solution for the angular momentum transport problem is the presence of
magnetic fields in the interior of stars (Aerts et al., 2019). Little is known about these
internal magnetic fields as they are notoriously difficult to detect and characterize, being
mostly confined to the stellar interior. Magnetic fields at the surface of stars have been
measured for most types of stars (Landstreet, 1992, Donati and Landstreet, 2009). About
10% of stars with spectral types O, B, or A (Teg = 7500 K and M 2 1.4 M) have large-
scale magnetic fields at their surface, with strengths ranging from hundreds of gauss (G)
to tens of kilogauss (Shultz et al., 2018). These magnetic fields are thought to be of ‘fossil’
origin (Mestel, 1999, Neiner et al., 2015), where the field is a remnant of a magnetic field
present during the star’s formation.

Strong, stable surface fields on the order of kilogauss in strength have been observed for
5—10% of intermediate- and high-mass stars (Wade, 2012, Braithwaite and Spruit, 2017).
Another type of magnetic intermediate-mass stars are those with weak surface fields of
about 1 G (Blazere et al., 2016). These stars have radiative envelopes, which can host
fossil magnetic fields. These magnetic intermediate- and high-mass stars are proposed to
be the progenitors of magnetic white dwarfs and neutron stars (Ferrario et al., 2020), the
detection of which is a strong argument for internal magnetic fields in stars.

The presence of magnetic fields in the interior of stars can have a profound impact on
the stellar structure and evolution throughout the full lifetime and even death of the
star. Efforts are being made to include it in state-of-the-art 3D simulations of supernovae
(Varma et al., 2023). The magnetic fields present during a supernova are dependent on
the internal magnetic fields during the star’s lifetime. Understanding and measuring these
fields is thus crucial both during and after the star’s lifetime.

Asteroseismology provides a unique and promising opportunity to study these fields by
probing the internal structures through stellar oscillations. As an internal magnetic field
breaks the spherical symmetry of the stellar interior, the oscillation frequencies of the
star are split in their azimuthal order. In contrast to rotation, the magnetic field is only
sensitive to the absolute value of the azimuthal order, which leads to different splittings
compared to rotation. While the theory has long predicted the effect of magnetic fields
on the oscillation frequencies (Gough and Thompson, 1990, Hasan et al., 2005), the first
detections of internal magnetic fields through asteroseismology have only recently been
made in red giants (Li et al., 2022, 2023, Deheuvels et al., 2023). The results relied on
the theoretical frameworks developed by Gomes and Lopes (2020), Mathis et al. (2021),
Loi (2021), Bugnet (2022), and Mathis and Bugnet (2023). Following these successes,
the detection of internal magnetic fields in low- and intermediate-mass stars followed
(Lecoanet et al., 2022, Hatt et al., 2024). Currently, there has been no direct detection of
internal magnetic fields in the oscillation frequencies of massive stars.

Internal magnetic fields can have different origins and extents in the internal structure of
a star. Firstly, the radiative envelope can host a fossil magnetic field that is a remnant
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of the formation process, where an initial magnetic field was present in the molecular
cloud from which the star formed. These fossil fields have a decay time scale given by
Tdecay =~ R?/m, where R is the stellar radius and 7 is the magnetic diffusivity. These
time scales are generally between 10° and 10'° years, which is long enough to be present
throughout the evolution of most stars with a radiative envelope (Aerts, 2021). Mestel
and Weiss (1987) showed that even a weak magnetic field (B 2 3-1072G) can efficiently
transport angular momentum and enforce uniform rotation in the radiative envelope on
a timescale of 10? years. Aerts et al. (2018) discuss how this timescale still allows for
a small degree of differential rotation due to the continually slowing down of the stellar
surface due to magnetic breaking via a stellar wind.

Secondly, the field can be generated by the convective movement of ionized plasma in
the core of the star. This induces a dynamo effect and can lead to a dynamo-generated
magnetic field. These fields in the convective core are thought to not penetrate deeply into
the radiative envelope (MacGregor and Cassinelli, 2003), leaving them detectable only
by modes that deeply penetrate the stellar interior. Recent 3-dimensional simulations
of dynamo-generated magnetic fields in a 7 Mg, star by Ratnasingam et al. (2024) have
shown that these fields can have a large impact on the rotation of massive stars as the
authors found evidence for the rotational shear layer to have a width of the Brunt-Viisala
frequency peak (c.f. Fig. 1.2). This rotational shear layer is the region in the stellar
interior that connects the core rotational velocity to the envelope rotational velocity, and
is thus a crucial region for the angular momentum transport in the star.

1.3 HD 192575

HD 192575 is an early type B0.5V star with a seismically derived mass of 12 4+ 1.5 M
(Burssens et al., 2023). Spectroscopic observations lead to a similar mass estimation
of 12.5Mg, as derived from the effective temperature Tog ~ 27700 K and luminosity
log(L/Le) = 4.26 (Hohle et al., 2010). Bailer-Jones et al. (2021) determined the distance
to the star to be 633 4+ 7pc, for which they used the parallax measured in Gaia-DR3
(Vallenari et al., 2023). The pulsations of HD 192575 were only recently discovered by
Burssens et al. (2023), who classified the star as a new [ Cep star. Using the High
Efficiency and Resolution Mercator Spectrograph (HERMES) mounted on the 1.2 m Mer-
cator telescope on La Palma (Raskin et al., 2011), they derived an effective temperature
of Tog = 23900 + 900 K and a surface gravity of log g = 3.65 + 0.15. The rotational line
broadening gave a projected rotational velocity of vsini = 2773 km/s, which shows that
the star is rotating relatively slowly although it was classified as moderate rotator with
the definition of Aerts and Tkachenko (2024). In addition to the spectroscopic analysis,
Burssens et al. (2023) analysed the light curve obtained with the Transiting Exoplanet
Survey Satellite (TESS, Ricker et al., 2015) to investigate the internal properties of the
star.

Figure 1.6 shows the Lomb-Scargle periodogram of HD 192575. This periodogram was
obtained from the TESS light curve with a two minute cadence. The total light curve is
a combination of data from cycles 2, 4, and 5. The light curve has a time base of 1951.46
days with a duty cycle of 43.1%. The star shows a rich frequency spectrum with a large
number of oscillation frequencies with clear signs of rotational splitting. In particular, the
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Figure 1.6: Lomb-Scargle periodogram of HD 192575 showing the oscillation frequencies
of the star. The top panel shows the full periodogram, while the bottom panels show a
zoom-in of the g-mode (left) and p-mode (right) regions denoted in blue. The dotted lines
in the bottom panels show the frequencies extracted from the data by M. Vanrespaille.

pulsations in the g-mode regime around 3.8 d~! have gained attention due to its interesting
splitting pattern. Instead of a cleanly spaced splitting (as can be seen for the p-modes
around 6.5d7!), the g-modes show a complex splitting pattern of seemingly doubly split
frequencies.

Burssens et al. (2023) interpreted these oscillations (as extracted from only cycle 2 TESS
data) as a so-called avoided crossing (Aizenman et al., 1977), where two modes of the
same angular degree [ are close in frequency. This is a consequence of the evolution
of the star, where the frequencies of the modes approach each other, but cannot cross.
This interpretation put a tight contraint on the predicted parameters of the star, as
avoided crossings at specific frequencies only occur for limited regions of the parameter
space. Notably the evolutionary stage is strongly limited by this assumption. They found
that HD 192575 is a supernova progenitor of 12712 My with a convective core mass of
Mo = 2.9702 M. The differential rotation profile was approximated as a two-step profile
connected by a shear layer, which led to the conclusion that the core rotates between 1.4
and 6.3 times faster than the envelope, depending on the location and width of the shear
layer. Mombarg et al. (2024) managed to pinpoint this value to 1.4 from two-dimensional

evolution models for the properties of the star.

Vanlaer et al. (subm.) revisited the analysis of HD 192575 with TESS lightcurves from
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cycles 2 and 4 and were able to determine six sets of possible indentifications of the
oscillation modes in the regime of interest without assuming an avoided crossing. These
sets of different identifications were obtained by considering f;, f3, f, fi, and f] (see
Fig. 1.6) to form a quadrupole (I = 2) g-mode and f,, f2, f2, and f, to form a quadrupole
p-mode, leaving the interpretation of the additional frequencies open. Together with
two additional p-modes at higher frequency, they obtained six sets of different mode
identifications and stellar parameters estimations. Forgoing the assumption of the avoided
crossing allowed for a more general exploration of the parameter space, leading to a more
robust estimation of the stellar parameters and an internal rotation profile from frequency
inversion. They found the models to favour weak differential rotation and showed that
the splittings of the mode require additional effects such as magnetic fields to explain the

observations.

1.4 The role of this thesis

This thesis will revisit the interpretation of the g- and p-mode oscilllations of HD 192575 as
shown in Fig. 1.6. We will extend upon the work of Vanlaer et al. (subm.) and investigate
the combined effects of rotation and magnetic fields to model the observed splittings of
the oscillation modes. This interpretation forgoes the assumption of the avoided splitting
of Burssens et al. (2023) and allows for a more general interpretation of the oscillation
modes in terms of the first magneto-asteroseismology of a [ Cep star. We will consider
a seismic model where the magnetic field can be misaligned with respect to the rotation
axis, as put forward by Loi (2021) within the context of red giant asteroseismology. This
model will allow us to predict the frequency splittings and relative amplitudes of the
modes, which can be compared to the frequencies and amplitudes observed in the light
curve of HD 192575. We will apply the identification of the modes as proposed by Vanlaer
et al. (subm.), relying on their determination of the stellar interior and extending the
interpretation to include the effects of the internal magnetic field. The model used in this
thesis allows us to incorporate the amplitudes in the asteroseismic analysis of the star,
extending beyond current methods that consider only mode frequencies. In addition, this
thesis delivers the first successful asteroseismic modelling of magnetic fields in a massive
star (Vandersnickt et al., to be submitted to A&A).

The thesis is structured as follows: Chapter 2 extensively discusses the theoretical back-
ground of the mode splitting in rotating stars and the effects of magnetic fields on the
oscillation frequencies. Chapter 3 expands upon the magnetic field topology used in this
thesis. Chapter 4 discusses the splittings of the oscillation modes in the presence of both
rotation and an internal magnetic field for different stellar models. In Chapter 5, we will
use the model to interpret the modes of interest in HD 192575 by fitting the observed
splittings to the theoretical predictions. We summarize our conclusion and discuss future
work in Chapter 6.



Chapter 2

Stellar Oscillation Equations

Stellar oscillations are a powerful tool to examine the interior of stars, as the observed
frequencies depend on the internal structure. The oscillations are small compared to
the large-scale structure of the stars, and they can be seen as periodic perturbations of
the equilibrium structure of the star. In this chapter, we' will derive the equations of
stellar oscillations using linear perturbation theory. We will start by describing the basic
equations of stellar structure in Section 2.1, which we perturb to obtain the standard
oscillation equations in Section 2.2. Using this framework, we will consider the effects of
large-scale rotation and the inclusion of a magnetic field in Section 2.3. We discuss the
validity of the assumptions made in this chapter in Section 2.4.

2.1 Stellar structure equations

We can describe the equilibrium state of a star on a basic but very effective level as a
hydrodynamical system governed by four equations: the continuity equation, the Poisson
equation of the gravitational potential, the equation of motion, and the energy equation.
These equations assume the properties of the gas to be continuous and differentiable.
When considering the gas as seen by a stationary observer, the physical properties of the
gas are given as a function of position and time, i.e. p = p(r,t), which is referred to as
the Eulerian description. We can also consider labeling the fluid elements inside the star,
for example by the initial position rg, and describe the physical properties as a function
of this label and time. This is called the Lagrangian description, in which the position of
the labelled fluid element is then given as r = r(ro, ).

These descriptions must be equivalent, which is enforced by demanding

d¢ _ d¢

T _v.V 2.1
for any quantity ¢, where v describes the fluid velocity. The right-hand side of this
equation describes the Lagrangian formulation with the material time derivative. The left-

hand side gives the Eulerian equivalent formulation, where 9% is the local time derivative.

ot

'T have selected to write my thesis using the plural pronoun “we” in the belief that you and I, dear
Reader, are on this adventure together.
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The four stellar structure equations are given by (Kippenhahn et al., 2013)

i—f—l—pV'V:O,
pSy = —Vp—pVo,
V20 = 47Gp,

pSl =pe—V-F,

(2.2)

where we formulated the equations in the Lagrangian description. The first equation is
the continuity equation, where p is the density and v is the velocity of the fluid. This
equation describes the conservation of mass in a star, as the rate of change of the density
must be equal to the flux. The second equation describes the motion of the fluid and is
a formulation of Newton’s second law of motion. The change in velocity is proportional
to the forces acting on the fluid, with the density acting as the proportionality constant.
The forces present are the pressure p differences and the self-gravity of the fluid, with the
gravitational potential given by ®. We will later add additional forces to the system, which
will change this expression. The third equation describes the form of the gravitational
potential ® following the Poisson equation. The final equation is the energy equation,
where the change in heat ¢ is given by the local energy production ¢ and the energy
transport F'. The energy production in a star is mainly due to nuclear fusion, where
for a main sequence star hydrogen is turned into helium in the core region. The energy
transport in the stellar interior is either by radiation or convection. Massive stars such as
HD 192575 have a convective core and a radiative envelope.

These equations deliver a basic description of the stellar structure, with a few important
notes. We did not describe the chemical evolution of the star as a consquence of nu-
clear fusion. As the timescales of the oscillations are much shorter than the evolutionary
timescale, which can be described by the nuclear timescale, we can safely neglect the
changes in composition for the derivation of the oscillation equations. Additionally, this
formulation ignores magnetic fields, as this requires the inclusion of the Maxwell equa-
tions. Rotation can be included through the velocity in the equations, but this does not
include the rotational mixing of the material. Often, the effects of rotation are included
perturbatively only in the oscillation equations, while the equilibrium model is considered
to be stationary. We will add both rotation and magnetic effects below using such a
perturbative approach, in which we assume their effects the background stellar structure
and the oscillation modes are small.

2.2 Oscillation equations

Before we perturb the equation above to obtain a description of the oscillations, we need
to describe the unperturbed equilibrium structure of the star. This will give us useful
tools to connect the unperturbed quantities. To determine the equilibrium structure, and
the perturbed equations later on, we will assume the star to be spherically symmetric.
This assumption is valid for small effects of rotation and magnetism, which break the
spherical symmetry.

The equilibrium structure is static and has no velocities, which means that all time deriva-
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tives vanish in the above formulation. This gives us the following equilibrium equations

vg = 0,

Vpo = —po V&, (2.3)
V2®, = 47Gpy,

po€o = V - Fo,

where the subscript 0 indicates the equilibrium quantities. The second equation describes
the balance between the gravitational force and the pressure gradient, denoting that the
equilibrium structure is in hydrostatic equilibrium.

2.2.1 Linear perturbation of the equilibrium structure

We can now perturb the stellar structure equations around the equilibrium state. Similar
to above, we can consider the perturbations in the Eulerian and Lagrangian descriptions.
Consider a quantity ¢(r,t), the Eulerian perturbation is given by

¢/(r’t) = Qb(r?t) - ¢0(r7t)7 (24>

where ¢g(r,t) is the equilibrium quantity. This is the local perturbation at any given
point r, and it commutes with the local derivatives. The Lagrangian perturbation is
defined for a fluid element at equilibrium position rg that is moved to the perturbed
position rg 4 or

dp(r) = ¢(rog + or,t) — do(ro, t). (2.5)

The Lagrangian perturbation commutes with the material derivatives.

For this thesis, we will only consider linear perturbation theory. When the equations are
perturbed, only the terms containing no products or powers higher than one of pertur-
bations are retained. To connect the Lagrangian and Eulerian formulations, we return to
the definition of the Lagrangian perturbation moving an element from rg to rg + or

§¢ = ¢(ro + 6r) — do(ro)
= ¢(ro) + 6r - Ve — ¢o(ro)
= Qb/ +or - ngo

This is the perturbation equation connecting the two frameworks. Using this equation,

dor __ or' _
Weﬁndthatﬁ— 5 =V

We now have the necessary tools to derive the oscillation equations for a static, non-
magnetic star. In this approximation, stars are perfect spheres, and we take the natural
choice of working in spherical coordinates (r,0,¢), where r is the radial coordinate,
is the colatitude (polar angle) and ¢ is the longitude (azimuthal angle), as visualized in
Fig. 2.1. At a certain moment ¢ in time, all equilibrium quantities are sole functions of the
radial coordinate r as a consequence of the static and spherically symmetric assumptions.
It follows that the solution must be separable in 6 and ¢ (i.e. the “horizontal variables”):

or = &, + &, (2.9)
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Figure 2.1: Spherical coordinate system.

where €, is the radial unit vector such that &, is the radial displacement. The horizontal
displacement is combined in the vector &, which is perpendicular to the radial displace-

ment. Even though we have split the vector in radial and horizontal components, both
still contain a dependency on all three coordinates.

We now perturb the stellar structure equations using the framework described above.

1. The continuity equation. We consider the Eulerian perturbation and obtain
dp '
0= (=L +,)Vv. :
(=9 )

ap '
0—<E+V°pV),
op’ , /
OIE—FV'pQV—i‘V'pVo,

0:/)/+V'p05ra

where we used that vo = 0 and integrated over time in the last step.

2. The equation of motion. We consider the Eulerian perturbation and obtain

d !/

(pd—:) =—Vp — poVP — p'Vd,
O?0r

PO = —Vp — poVP — p'V oy,
O?0r

Pogm =~ VP + g’ + P'eo,
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where g = —V® is the gravitational acceleration. We work again under the as-
sumption vg = 0.

3. The Poisson equation. We consider the Eulerian perturbation and obtain immedi-
ately
V20 = 47Gyp.

4. The adiabatic energy equation. The stellar oscillations occur on short timescales
compared to the heat transport. We will therefore assume the oscillations to be adi-
abatic. This simplifies the energy equation above to the adiabatic energy equation
(as worked out in, for example, Aerts et al., 2010). We consider the Lagrangian
perturbation of the adiabatic energy equation and obtain

dp\ I'ipdp
5<dt>_5(p dt )’

dop _ I'10po dop

dt £o dt ’
T
Sp = 1,000 5p,
£o

as all equilibrium quantities are static. Translating to Eulerian formulation, we get

r
p’+(5r-Vp0:1,;—0m(p’+5r-Vpo).
0

In this formulation, time is an independent variable, which only appears in the perturbed
equation of motion as a second derivative. Hence, we can write the time dependence
of the linear oscillation mode as e~™*, where w is the oscillation frequency of the mode
and all solutions are of the form or(r,0,¢,t) = (&€, + &,)e ™. Using this formulation,
we can rewrite the perturbation equations in a time-independent form, which will allow
for an elegant description as a linear eigenvalue problem in the next section. To obtain
this formulation, we return to the perturbed equation of motion and substitute our time-
separated formulation. We get

d*or
P = =V + pog’ + p'go,
0? . . ‘ .
p[)@ére_lwt — _Vp/e—zwt + pogle—zwt + plgoe—zwt’
pow?or = Vp' — pog’ — p'go. (2.10)

Replacing the time-dependent formulation of the momentum equation with the time-
independent formulation of a mode’s displacement, the equations lose their time depen-
dence. Using the separation of variables, the spatial gradient can be written as

10 (4,0

which separates the radial and horizontal gradients. Using the time-independent pertur-
bation equations, we can describe the displacement vector as a solution of the following
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equations
W? (0 + £ (rPpo&s)) = Vi(p' + po®)
—w’poé, = —623—[: —p'go — ,0083;{: (2.12)
LD (r292) 4 V2O = 4nGp.

As described in Aerts et al. (2010), this leads to the angular dependence being described
by the spherical harmonics

Y0, ¢) = (—1)™cim P (cos 0)e™?, (2.13)

where P/™ are the associated Legendre polynomials and ¢, are normalization constants
such that

YR = / O sin(6)d6d0 = 1, (2.14)
sphere

where the asterisk (*) denotes the complex conjugate. The spherical harmonics are
uniquely defined by the angular degree [ and azimuthal order m for a chosen reference
axis, where [ is a non-negative integer, and m is an integer such that —l < m < [. The
spherical harmonics form an orthonormal basis for a sphere and they are eigenfunctions
of the horizontal part of the Laplacian operator, which allows us to write

I(1+1)

2vm
VhYZ - r2

Y, (2.15)
It follows that the dependent variables of Eq. (2.12) can be written as, for example,

P (r,0,0,t) oc p'(r) Y™ (0, )™, (2.16)

where the proportionality is given by a normalization constant. We have similar expres-
sions for &., p/, and ®’. The radial dependence of these variables can be solved for by
using the system of equations in Eq. (2.12), together with the perturbed energy equation
and Eq. (2.15). Notice that while the spherical harmonics are characterized by both the
angular degree [ and azimuthal order m, only the angular degree is present in the system
of equations. This leads to a degeneracy in azimuthal order for the obtained frequen-
cies w, which is a direct consequence of the spherical symmetry of the star. This spherical
symmetry — and consequently the azimuthal degeneracy — can be broken by including
non-spherically symmetric effects, such as rotation or magnetic fields.

The horizontal component of the displacement vector &}, is obtained through the horizontal
part of the equation of motion, which shows that (Aerts et al., 2010)

&n o< &(r) VY™, (2.17)

and the radial component &,(r) is a linear combination of p/(r) and ®'(r). Combining
both results for the displacement vector, we can write the full displacement vector as

0r o< &(r)ér + & (r) VY™

. ovm 1 oY\
xR Ké}}ﬁmer + &n(r) < 819 ot — 3;5 e¢)> e t} : (2.18)
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where we expanded the horizontal gradient in spherical coordinates and only consider the
real part of the solution. For the spherically symmetric case, each spherical harmonic Y;™
leads to a solution of the oscillation equations for an obtained radial solution & (r) and
a horizontal solution &,(r). In general, the total perturbation of the star will be a linear
combination of these solutions, as the spherical harmonics form a basis for a sphere.

As the oscillations are described by a system of first-order differential equations, we require
boundary conditions. We consider both boundary conditions at the centre of the star and
at the surface. At the centre (r = 0), we require the solution to be regular, which can be
expressed as (Unno et al., 1989, Aerts et al., 2010)

&~ for r =0, (2.19)
dw’ l
e 0 for r =0. (2.20)

At the surface (r = R), we require the perturbation of the gravitational potential and its
derivative to be continuous. This translates to the perturbation ®’ satisfying

d<I>’+l—|—1
dr r

' =0 for r = R. (2.21)

Additionally, we will consider the star to have a free upper boundary such that no forces
are acting on the surface (i.e. we ignore the effects of a stellar atmosphere). This translates
to the Lagrangian pressure perturbation being zero at the surface

op=1p + {r% =0 for r = R. (2.22)

These boundary conditions are known as the vacuum boundary conditions.

The oscillation equations are homogeneous differential equations, which means the solu-
tions are defined up to a scaling factor. In physics terms, this means that while we can
calculate the form of the displacement and the frequency, the amplitude of the oscillation
is not determined by the equations. This is true for all independent solutions. When a
solution is a linear combination of different spherical harmonics with different frequencies
(e.g. for misaligned rotational and magnetic axes), the relative amplitudes of the different
components are fixed. We will see examples of this later on.

To get a sense of the physical behaviour of the displacement, Fig. 2.2 shows the radial part
of the displacement vector with [ = 2 and m = 0,1,2. The radial displacement is given
at four different steps in a single period P = 27 /w. While the figure might be suggestive
of rotation, it shows the periodic nature of the oscillation through the star, where the
displacement propagates over the surface. The displacement for identical |m/| are similar
in form, but propagate in opposite directions. We can qualitatively describe the angular
dependence using the angular degree [ and the azimuthal order m. The angular degree
describes the number of nodal lines on the stellar surface, of which m are longitudinal.
For m = 0 (zonal mode), all nodal lines are latitudinal. At t = % and t = % the
radial displacement disappears and it passes through spherical symmetry with no radial
displacement. For m = +1 (tesseral mode), the sphere has one longitudinal nodal line and
one latitudinal line, deviding the sphere in four separate sectors. For m = +2 (sectoral
mode), the sphere has two longitudinal nodal lines, such that the sphere is divided in
longitudinal slices.
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Figure 2.2: Radial displacement for [ = 2 at four steps in a period. We show the behaviour
for m = 0,1, 2 over the full sphere with a Mollweide projection.

2.2.2 Perturbation equations as a linear eigenvalue problem

The perturbed quantities can all be written as functions of the displacement vector by
use of the time separated perturbation equations. This allows us to formulate the oscilla-
tion frequency w as an eigenfrequency of the operator? defined by the time-independent

equation of motion following
w?ér = F (ér), (2.23)

where F (0r) = piOVp’ —g — 5—;g0 (cf. Eq. 2.10) is a linear operator as all perturbations
are linear. To do this, we require a Hilbert space, which is a complete metric space for a
defined inner product. Consider H to be a vector space of vector functions which satisfy
the boundary conditions, and have appropriate regularity conditions. The inner product

2Even though the actual eigenvalue is w?, we will refer to w as the eigenfrequency.
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on the Hilbert space H is defined as

() HXH T () = (€)= [ o€ . (2.24)

where again the asterisk (*) denotes the complex conjugate. Lynden-Bell and Ostriker
(1967) showed that the operator F is symmetric for the inner product in the sense that

(F(&),m) = (& F(n)). (2.25)

We will use this formalism in the following sections.

2.3 Perturbing the oscillation equations

Within this thesis, we want to determine the effects of rotation and magnetic fields on
the oscillations of stars, where rotational and magnetic effects are similar in strength, but
can be considered perturbatively compared to the effects of pressure and buoyancy. To do
so, we will work within the eigenvalue formulation of the stellar pulsations as described
in Sect. 2.2.2, where we found that

wi€o = Fo(&o), (2.26)

where the 0 index denotes this to be a solution of the adiabatic oscillation equations for
pressure and buoyancy perturbations for a fixed n, [, and m for a chosen reference axis.
We replace & = dr for clarity in the following sections. We consider now a perturbation
0F of the operator Fy, and derive the change in eigenvalue for linear perturbation theory,
such that F = Fy+0F. We will obtain a new eigenvalue w? = w2+ dw? with corresponding
eigenfunction € = &g + 0&, following the framework described in Loi (2021). Hence, we
find to the first order in linear perturbation theory that

wi€o + wh 6& + 6w? €0 = Fo(&o) + 0F (&0) + Fo(6€). (2.27)

We approximate 0§ as a linear combination in the set of all eigenfunctions {E((,i)} of Foy
with the same n and [ as & such that 6§ ~ >, cié(()z), where for each element we have
Fo(el?) = w7 We can rewrite Eq. (2.27) as

dw?&o = 6F (&) — [Z ¢ (wg — w(i)Q) (()i)] . (2.28)

This is a useful result, as the inner product of the second term of the right-hand side
. (i) - . . :
with any element of the set {£;’} is zero. Now imagine that &g is not an element of the

set {E(()i)}, but rather a linear combination £, = ), a; (()i) (e.g. after switching between
reference frames or by mixing modes due to including both rotation and magnetic effects).
We would then obtain for each term in the decomposition

dw? (657, €0)a; = (6F (€0),£57) = (6F (€57), €5 Va. (2:29)

We define a as the vector of all coefficients a; for the vector &g expressed in the orthogonal
set {&€o}, such that the following relation must hold

sw?a = Ma, (2.30)
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where the matrix M is defined as

L dins (07 (€).67)] for &) < &0}
B (€0 o)

This shows that the perturbation of the oscillation frequency is the eigenvalue of the ma-
trix M, which holds the inner product of the perturbation for any basis set of solutions.
We have derived the above result under very general conditions (e.g. 0F is not axisym-
metric). If 0€ can be expressed with a single basis element, Eq. (2.30) simplifies to the

scalar equation
(0F (£0), o)
(0,60)

which is the result presented in Schiff and Hamermesh (1949) and Aerts et al. (2010).
This is, for example, the case for the effect of only including rotation. For this thesis, we
consider the perturbative effects of rotation and internal magnetic fields by inclusion of
the operators 0F,o and 0Fag, respectively. This leads to the following formulation of
the equation of motion

. (2.31)

Sw? = (2.32)

W € = Fob + 6 Fror€ + 0 Fmagk. (2.33)

The effect on the eigenfrequency of the mode can be determined using Eq. (2.30), by
considering 0.F = 0 F ot + 0Fmag. We will first determine expressions for . F,o and 0 Fpag
separately, after which we will discuss how to combine them to a single operator.

2.3.1 Deriving the rotation operator

To derive an expression for the rotation operator, we return to the time-dependent mo-
mentum equation and consider a large-scale velocity vg # 0, which describes a rotation
of the star around the z-axis. We perturb the equation using the Lagrangian framework
in the corotating frame and obtain

0 (p%> = Podj—: =0(=Vp+pg)
= —0Vp+ip-g+p-ig
= —Vp' —0rV?po+ p'go + (0r - Vpo)go + pg’ + podr(V - go)
= —Vp' +0rV - (Vpo + pogo) + p'8o + pog’

= -V +/p'go + pog’

as we know from the equilibrium state Eq. (2.3) that Vpy + pogo = 0. By using the

equality ‘g—t" = d;‘ir, we can write the final equation in both Lagrangian and Eulerian
format
d2?6r
oz = — VP + 8o+, (2.34)

O?6r dor ., ,
Poga t 2p0(vo - V) (E) =-—Vp +pgo+rg, (2.35)
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where now the second term on the left-hand side does not vanish, leading to a change in
the perturbation equation. We return to the time-independent formulation by considering
or(r,t) = &(r)e~™*. This gives

—pow?€ — 2ppwi(ve - V)& = —Vp' + p'go + pg. (2.36)

As we take v such that the perturbation is small, we find 0F,ox = —2wi(vg - V)E&.

We are considering a rotational velocity, this means that we can write vo = €2 X r, where
2 is the angular velocity of the star. Using this relation, we can rewrite the rotational
perturbation operator in the corotating frame as

8 Fror = —2iwSd x £. (2.37)

Note that we only consider linear terms in the expression above. The non-linear terms of
higher order in €2 are neglected in the derivation above.

Equation (2.37) expresses the effect of the Coriolis force on the oscillations of the star.
We can investigate the effect of the operator on the eigenvalues using Eq. (2.32), as the
operator is axisymmetric. We find the change in eigenvalue to be

[ (26,6, + €2) r2dr
Sy pl€ + 11+ DgR)redr

where Rg., is the stellar radius. The derivation of this expression can be found in Ap-
pendix A.

Sw? = —2muwq (2.38)

This equation describes the change in eigenvalue in the
corotating frame. As observers, we are not in the coro-
tating frame, and we have to transform the eigenvalue A

to the inertial frame. Additionally, we want to de- m = —1 m =1
scribe the change in eigenfrequency w, rather than the
change in w?. This second step is easily done by realizing
dw? = 2wpdw. The transformation to the inertial frame
can be described from simple considerations. The star
is rotating around the z-axis with angular velocity 2,
any set of coordinates (17,60, ¢') in the corotating frame
can be transformed to the inertial frame (7,6, ¢ — Qt).
Applying this change for the relevant terms in Eq. (2.13) Sw Jwo
and Eq. (2.18), we find

Figure 2.3: Example of the ro-
tational splittings of a dipole
mode (I = 1). The differ-
This shows that the change in frequency between the ent colors give the different az-
corotating (w’) and inertial frame (w) is given by imuthal orders. The vertical ar-
W' = w — m Q. Referring back to Fig. 2.2, this is row shows the position of wy.
not a surprising result as we see that for m # 0, the

displacement propagates over the surface of the star in a circular motion. Depending on
the rotational direction, the period for a propagating displacement is either shortened (for

pi(mé/ —w't) _ ji(mp—mQt—wt) (2.39)
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prograde displacement with respect to the rotational direction; m > 0), or lengthened (for
retrograde displacement with respect to the rotational direction; m < 0) for an observer
in the inertial frame.

Using both results above, we can write the change in eigenfrequency in the inertial frame

as
R*tar
" p (2608 + &) rPdr
S =mQ | 1— —gb—— | (2.40)
0 p(gr + l(l + 1)£h)r dr

which is independent of the unperturbed frequency wy. The second term is often referred
to as the Ledoux constant f3,; (Ledoux, 1951), where the subscripts are used to indicate
the dependence on the radial order n and the angular degree [ of the mode. A graphical
representation of the rotational mode splitting is shown in Fig. 2.3. Following the dis-
cussion in Aerts et al. (2010), the Ledoux term will be negligible for high radial order or
high angular degree p-mode. The splitting of these frequencies are thus a direct probe
of the rotational velocity of the star. However, for high radial order or high angular
degree g-mode, the radial component of the displacement can be neglected, and we find

5w ~ mQ (1 _ ﬁ) The splitting of a dipole g-mode (I = 1) will thus be only half of
the rotation rate and half the splitting of a corresponding p-mode. This shows that the

inclusion of large-scale rotation breaks the azimuthal order degeneracy.

In this derivation, we assumed solid body rotation. If the rotation is dependent on the
radial coordinate (i.e. @ = €(r)), the corotating frame is not defined and we cannot
get Q out of the integral. This is discussed in Aerts et al. (2010) and is considered for
HD 192575 by Burssens et al. (2023).

2.3.2 Deriving the magnetic field operator

The magnetic field operator can be derived using the magneto-hydrodynamic equations.
This requires us to change the momentum equation by adding the Lorentz force (V X
B) x B, which is the vector product of the current density J = V X B and the magnetic
field B, and to add the induction equation to the system of equations (Goedbloed and
Poedts, 2009). For ease of writing, we consider the units of the magnetic field such that
the magnetic permeability 1o = 1. The momentum equation can be written as

— =-Vp+pg+(VXxB)xB (2.41)

and the induction equation is given by

0B
5 = V x (v x B). (2.42)

We derive the magnetic field operator under the assumption of no large-scale velocity.
This means that the velocity vector is given by v = v/ = %. By perturbing the induction
equation and integrating over time, we find

B' =V x (€ x By). (2.43)
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We now take the Eulerian perturbation of the momentum equation. We find

Po%—:‘FP/% = —Vp' + p'go + pog’ + [(V x B) x B

=Fo+ (V xBg) x B'+ (V x B') x By
=Fo+(VxBg) x (VxX(£xBg))+(VxV x(£xB)) xBg
=Fo+(V xBg) x (V x (£ xBog)) —Bo x [V x (§(V - By)
—Bo(V- &) +(Bo-V)§—(£-V)Bo)]

=Fo+ (V xBg) x (Vx(€xBg))—Bogx[Vx(Bg-V)E

—Bo(V-£) - (£-V)Bo)].

Which shows that the perturbation of the magnetic field can be written as

S Fnagl :p—lo Bo x [V x (—Bo(V - £) + (By - V)& — (€ - V)By)]

+ - [(V % (€ % B)) x (¥ x Bo)) (244)

/
— %(V X Bo) X Bo.
Po

This expression is less straightforward than the rotation operator. However, there are
a few interesting properties to point out. Firstly, we remark that the full operator is
not self-adjoint when ignoring the deformations in the geometry, which can possibly lead
to complex eigenfrequencies in the current formulation. Numerical test show that the
imaginary component is around 1071 times smaller than the real component for a wide
range of values and stellar models, which is negligible for the current purposes.

Furthermore, the first term of the operator is self-adjoint
under the current assumptions. As this term is the dom-
inant term for high-order g-modes, it can be used as m=0m==+1
a good approximation for the magnetic perturbations
on these modes (Loi, 2021). Secondly, we can connect
each term of the full operator to a quantity occuring
in Eq. (2.41). The first term is the perturbation of the
current density J, the second term describes the pertur-
bation of the magnetic field B, and the last term gives
the effect of a density perturbation under the magnetic ‘
field. A similar term for the density perturbation is ab- dw [wy
sent for the rotation operator, as the Coriolis force de-

pends on the position of the material element and not Figure 2.4: Example of the
on its properties. Thirdly, as the unperturbed frequency magnetic splittings of a dipole

is not present in the operator, we expect My,s o wy L mode (I = 1). The differ-

such that for a pure magnetic perturbation, we have ent colors give the different az-
Sw 1 imuthal orders. The vertical ar-
— X —. (2.45) row shows the position of wy.

wo  wi
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Figure 2.5: Visual representation of the different axes of the two coordinate systems. The
rotation axis is given by €2 and the magnetic field axis is given by B. The obliquity angle
between the two axes is given by [.

A similar result was reported by Prat et al. (2019), who showed that for low-radial-
order modes, the magnetic perturbation follows dw/wy o< B3 /wi, where By is the centre
magnetic field strength. The presence of a magnetic field breaks the spherical symmetry
of the system and is expected to lift the azimuthal order degeneracy of the modes, similar
to rotation. As the magnetic field we will consider does not make a distinction in the
azimuthal direction, we expect the effect to be the same for modes with the same |m/|-
value. This is clearly visible in Fig. 2.4, where the splitting of the azimuthal orders is
shown for a dipole mode (I = 1). The two azimuthal orders m = +1 coincide in frequency.

2.3.3 Combining the perturbation operators

We now have expressions for both the rotation and magnetic field perturbation operators,
where both are axisymmetric. Combining these operators is a non-trivial step, as they are
not necessarily symmetric around the same axis. As we discussed in Sect. 2.3, we require
a basis set of solutions to formulate the perturbations. There are two natural choices for
the basis set: one around the rotation axis {Eﬁz)} and one around the magnetic field axis
{5&"32}. Consider &g to be a solution with fixed angular degree [ and radial order n, we
can express this solution as a linear combination of the eigenfunctions in the rotational
frame and magnetic field frame

l

!
Co= ) rmbd = > butlm). (2.46)
m/=—1

m=—I

We note that the eigenfunctions have the same form, but are shifted from the rotational
frame (m, @, ¢) to the magnetic field frame (m’, 6, ¢'). The transformation between the
two frames does not change the radial coordinate and is given by the Wigner d-matrix,
which we will represent as D to comply with our notation scheme. The matrix elements
dgi),m are described in Appendix B.

Both perturbation operators need to be expressed in the same basis. We choose to write
the magnetic field operator in the rotational frame. We note here that the transforma-
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A
Myot = -1 Myot = 0 Myot = 1

dw /wo

Figure 2.6: Example of the combined effect of misaligned rotation and magnetic field
on the eigenfrequencies of a dipole mode (I = 1). The different colours give the different
independent solutions. The vertical arrow shows the position of the frequency of the mode
with no effects of rotation or magnetic field wy.

tion depends on the obliquity angle 5 between the rotation and magnetic field axis, as
visualised in Fig. 2.5. Using the Wigner d-matrix, the basis functions are connected by

m/ l m
Snag) Z d( ) 1('0t)' (247>

Similarly, the coefficients of Eq. (2.46) can be expressed as r = Db, where r and b are
vectors containing the coefficients 7, and b,,, respectively. Using Eq. (2.31), we can thus
write

dw?r = Myy.r + DM,,,;D'r, (2.48)

where we have

dlag <<5-’T:rot (Ef;rz)) €r0t >| for m = —l, cee 7[)

M, = , 2.49
(€. &) (2.49)

diag ((6Fmog (€5ak), £k | for m = =1, -+ 1)
Minag = o to) (2.50)

There are a few things to note about this result. Firstly, as we have expressions for the
perturbation operators and the Wigner d-matrix, Eq. (2.48) can be used to calculate the
perturbation of the eigenvalue. Using the property dw? = 2wy dw, we can also find the
perturbation of the eigenfrequency. Secondly, for the case where the magnetic field is
aligned with the rotation axis, the transformation matrix D is the identity matrix, and
the combination of the perturbation matrices is straightforward as they share the same
basis. Lastly, the matrices are diagonal and of size 2] + 1, which means that we can have
up to 2] + 1 different eigenfrequencies for a given [ and n. These eigenfrequencies are,
however, expressed in the corotating frame of the star. If the magnetic field is misaligned
with the rotation axis, the resulting eigenfunctions will consist of multiple m-components
and as such, transforming the eigenfrequencies to the inertial frame can lead to (21 + 1)?
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different eigenfrequencies. Even though M, and M, are diagonal by definition, the
mixing of the modes occurs through the inclusion of the Wigner d-matrix. As such,
when the rotational axis is the same as the magnetic axis, we expect only 2/ + 1 different
eigenfrequencies for a given [ and n.

Figure 2.6 shows the effect of the combined perturbation on the eigenfrequencies of a
dipole mode (I = 1) for misaligned rotation and magnetic field axes. We obtain 9 different
frequencies divided in 3 groups of 3 frequencies, which are the result of the m-components
of the eigenfunctions. Each of these coloured groups forms a fixed solution such that
relative amplitudes within a solution must hold. Each group of frequencies that forms a
solution is as such expected to always be observed together, as they are the components
of the same eigenfunction. The relative amplitudes between the different solutions are
not fixed, and depend on the driving of the different modes in the star.

We can classify the frequencies by their azimuthal orders as given by the rotational split-
ting Myt and the magnetic splitting muy,e. Each frequency is identified by its unique pair
of azimuthal orders (myot, Mmag). The frequencies which form an independent solution
are given by the same magnetic azimuthal order my,e, but different rotational azimuthal
orders Mmy.

In Fig. 2.6, we see that the rotational splitting is larger than the magnetic splitting,
leading to clear groups split by the rotational azimuthal order m,, and subdivided by
the magnetic azimuthal order my,,,. For pure rotational splitting, not every frequency is
guaranteed to be present for each azimuthal order as they are independent solutions. For
the combined effect of rotation and magnetic fields, we see that the rotational azimuthal
orders m,o; of a solution are not independent. This means that in contrast to the pure
rotational splitting, there must be a frequency present for each rotational azimuthal order
if an independent solution is present.

2.4 Validity regime of the theory

Within the framework presented above, both the Coriolis force and the Lorentz force
are considered perturbatively compared to the standard oscillations from pressure and
buoyancy. We can make this statement more concrete by considering relevant quantities
to these effects in terms of their frequencies. The standard oscillations are given by their
unperturbed frequency wq, which will serve as our reference frequency. The natural choice
of frequency to express the rotation, is the rotational frequency €. As discussed above,
we neglect terms on the order of Q2 in the derivation of the rotation operator, which
means that we require 2 < wy for this assumption to hold. Similarly, a natural frequency
expressing the dynamical effect of the magnetic field is the Alfvén frequency wy, which
is the frequency of a wave obtained by perturbing the magnetic field in a plasma. This
frequency is a good measure of the dynamical effects of the magnetic field strength, and
we require wy < wy for the perturbation theory to hold (Loi, 2021).

Additionally, we made assumptions about the geometry of the system, where we consider
the stars to be perfect spheres for all perturbations. While the perturbations break the
spherical symmetry, we require them to not break the sphere. This assumption continues
to hold for slow rotation and weak magnetic fields.



CHAPTER 2. STELLAR OSCILLATION EQUATIONS 29

Lastly, while we did not assume a specific form for the magnetic field, we did make
assumptions about the form of the rotation. We will only consider uniform global rotation.
An internal magnetic field is expected to efficiently transport angular momentum. In
addition, Mombarg et al. (2024) and Vanlaer et al. (subm.) found that the target star of
this thesis, HD 192575, has only weak differential rotation, which justifies the assumption
of uniform rotation.

2.5 Main takeaways

This chapter discussed the mathematical formalism of stellar oscillations and the effect
of rotation and magnetic fields thereupon. We derived the oscillation equations by per-
turbing equilibirum stellar equations and found that the oscillations can be separated
into a radial and horizontal component, the latter of which is expressed by spherical
harmonics. Standard oscillation theory only takes the pressure force and buoyancy into
account, which leads to a degenderacy in azimuthal order. This degeneracy can be lifted
by including effects that break the spherical symmetry of a star, such as rotation and
internal magnetic fields. We have derived expressions that include the effects of rotation
and internal magnetic fields separatly, and have shown how to combine these effects in
a single operator, without assuming a specific form for the magnetic field or the angle
between the rotation and magnetic field axis. We do not consider differential rotation in
this framework and assume the star to rotate as a solid body. The combined effect of
rotation and magnetic fields is expressed by Eq. (2.48), which is the central equation to be
solved in this thesis. This equation leads to a set of (21 + 1)? frequencies for a given [ and
n, which can be split in 2/ + 1 independent solutions. Each frequency is identifiable by its
rotational azimuthal order m,; and magnetic azimuthal order my,,e, where the magnetic
azimuthal order gives the different independent solutions.



Chapter 3

Magnetic field

The internal magnetic fields of stars are an important but elusive component of stellar
theory. They lead to additional transport mechanisms, which can heavily influence the
stellar interiors (Mestel and Weiss, 1987, Spruit, 2002, Mathis and Zahn, 2005, Fuller et al.,
2019, Takahashi and Langer, 2021). However, they are still shrouded in mystery, as only
indirect observations of the internal field topologies are possible, with asteroseismology as
a powerful tool to do so (Gough and Thompson, 1990, Goode and Thompson, 1992, Takata
and Shibahashi, 1994, Bugnet et al., 2021, Bugnet, 2022, Dhouib et al., 2022, Mathis and
Bugnet, 2023). To compute the effects of a magnetic field on the stellar oscillations using
the framework of Chapter 2, we are required to select a specific field topology, based on
the available physical insights. Firstly, the magnetic field needs to satisfy the Maxwell
equations inside a self-gravitating, compressable sphere. Secondly, the field needs to be
stable over evolutionary timescales. As purely toroidal and purely poloidal fields are
unstable our best option is to require a mixed field topology. Additionally, we will require
the field to be axisymmetric with independence in the azimuthal angle (¢) with respect
to the magnetic field axis. We assume the magnetic field to be a fossil field, meaning it is
a remnant from a magnetic field in the interstellar medium that was captured during the
star formation process. As such, we will only consider the magnetic field in the radiative
envelope of our target massive star, which is also the region where our oscillations are
expected to probe the structure of the star. This chapter presents the model of the
analytical magnetic field we will use in our numerical simulations, mainly based on the
work presented by Duez and Mathis (2010). They present an analytical description of a
magnetic field that adheres to the above conditions and is an extension of the work by
Ferraro (1954), Mestel (1956), Prendergast (1956), and Woltjer (1960).

3.1 Theoretical description

The analytical description of the magnetic field as initially derived by Duez and Mathis
(2010) requires two quantities to be defined: a scalar function WU(r) and a parameter A.
The scalar function ¥ describes the radial flux of the magnetic field and the parameter
A is an inverse length that describes the length scale of the radial flux. The radial flux
function V¥ is confined by the radiative envelope of the star between R, and R... Given
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these two quantities, the magnetic field for r € [Ruin, Rmax] 1S given by

1 . .
B = rsinQV\p(r’ 6) x &, + rsme\If(r, 6)es (3.1)
1 0V, 1 0V, AU

—_ r T . A - - . A 3 3.2
r2sin 6 (996 rsinf or Co T Rmaxrsmﬁ% (3.2)

where €; denotes the relevant unit vectors in spherical coordinates. Given this formulation,
the magnetic field will be axisymmetric. We performed its calculation and indeed found
it to be divergence free.

The radial flux function ¥ is constructed as
U(r,0) = sin? 0x | K A——j, [ A—
(r’ ) S X|: Rmale( Rmax)
g (A ) [ () lerghag
PO R \ B ) e P\ R )

- g (A=) [ i (g ) o

where K is a constant needed to satisfy the boundary conditions, j; (y1) is the first order
spherical Bessel function of the first (second) kind, p is the density profile of the star, pg
is the vacuum permeability, and [y is a scaling constant to get the required magnetic field
strength.

The two free parameters K and A are determined by imposing appropriate boundary
conditions on the radial flux function ¥. As we consider the magnetic field within the
radiative zone of the star between R,.;, and R,.., we require the radial flux function
to vanish at these boundaries. This does not lead to a zero magnetic field strength at
the boundaries as the #-component of the magnetic field are non-zero. The boundary
conditions are expressed as

U(Ruin, 0) = K — 0o 5" 1 (R) p(£)&*dE =0,

3.3
U (Rmax, ) = Kji(A) — pofoys (A S ( Rmax> (£)&3de = 0. (33)

Combining the above conditions, we can reduce the expressions to a prescription for
determining the inverse length scale A

) [ () s —non [ (v ) rogae =0, @

Rmin Rmin

after which K can be determined from the second equation in Eq. (3.3). Equation (3.4)
will in general have multiple solutions A; for a given density profile. We call those solutions
the different orders of the magnetic field. As the spherical Bessel functions show oscillatory
behaviour, we expect the magnetic field to oscillate in the radial direction with increasing
oscillation for higher orders.
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3.2 Characteristics of the magnetic field

In the introduction of this chapter, we discussed properties and characteristics we require
to hold for the magnetic field. The symmetry for the azimuthal angle ¢ is clear from
construction of the radial flux function W. Similarly, the magnetic field we consider
indeed contains both a toroidal and a poloidal component. The construction in Eq. (3.1)
suggests that the first term is the poloidal component and that the ¢ component is the
toroidal field. The curl of poloidal fields are tangential to spheres around the origin, and
one can show that

6, -

1 .
V X (TSMW X e¢)} = 0. (3.5)

This confirms that the first term is indeed a poloidal field. Similarly, the toroidal field is
tangential to spheres around the origin

e( ! Q‘I[éd)) —0. (3.6)

7 sin

Figure 3.1 shows the first three orders of the magnetic field model for the density profile
of a polytropic model with polytropic index n = 4.2. As the magnetic field can be
scaled to any required strength, we will consider the maximal field strength to be |B| =
0.04 MG. The figure shows that the magnetic field is indeed a mixed field with both
poloidal and toroidal components. In addition, the increasing oscillatory behaviour of
the magnetic field with increasing order is visible, where higher order fields lead to the
field topology consisting of multiple twisted tori. The lowest order configuration shows
a simple dipole-like field with two poles along the magnetic axis, without containing a
singularity. This is clear from the magnetic field strength going to zero in the core. The
higher order configurations do show the magnetic field strength being more concentrated
in the near-core region. Notably, the magnetic field strength does not go to zero at the
upper boundary of the field. This is a consequence of the boundary conditions ensuring
the radial flux to vanish, but not its derivatives.

For the field to be a ‘fossil’ magnetic field, it is required that the magnetic field vanishes
at the boundaries of the radiative envelope. Figure 3.2 shows that we can limit the extent
of the magnetic field, where we limit it between R, = 0.2 Rgar and Ryax = 0.8 Rgpar-
We see that the toroidal component vanishes smoothly, similar to the radial component.
However, the poloidal component does not vanish smoothly at the boundaries.

3.3 Oscillation sensitivity to magnetic fields

Different types of oscillations probe different layers of the stellar interiors. A good rule
of thumb is that the p-modes probe the outer envelope, while the g-modes probe the
near-core regions. As such, we expect the oscillations to be sensitive to the magnetic
field in different ways, depending on both the wave structure and the field topology. We
can express the sensitivity of the oscillations by means of a sensitivity kernel K, which
is obtained by separating the dependencies on the magnetic field from the perturbation
vector € in Eq. (2.32):

(6F (€).€) = /V f(B)K(€)dV, (3.7)
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Figure 3.1: First three orders of the magnetic field model of a polytrope with index
n = 4.2. Upper: the magnetic field components: B, and By (poloidal) are visualised as
magnetic field lines while By (toroidal) is shown as a colour map.
Lower: colour maps visualising the total magnetic field strength.

where f(B) contains the magnetic field dependencies and K is the sensitivity kernel,
solely depending on the perturbation vector €. Das et al. (2020) determined a general
expression for the magnetic sensitivity kernel of two modes &, and &,/ using the magnetic
stress tensor BB

(0F (&) &u) = /V BB [% (V& (V€T + Ve - (VE))

+ (V& -VE, +VE - V&) + IV -,V - &,

i N

56 VVE + & VVE) (33)

B % (&VV & + &VV - &)
(V£ Ve + V&V £)| V.
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Figure 3.2: Magnetic field components (left) and magnetic field strength (right) for the
first order of the magnetic field model of a polytrope with n = 4.2 with R, = 0.2 Rgar
and Ryax = 0.8 Rgar

where the double dot designates the tensor product over both indices such that the in-
tegration occurs over a scalar field. This formulation indeed splits the components of
the magnetic field from the perturbation vector for two modes &, and &;,. The current
formulation does not depend on the coupling of different modes (cf. Eq. (2.50)) such that
we only need to consider the case where k = k’ for a mode with fixed m, [, and n. The
sensitivity kernel will vary strongly between different modes, while the stress tensor solely
contains information about the topology of the magnetic field and does not differ between
modes.

We will now investigate the expected sensitivity of the oscillations using these sensitivity
kernels for a stellar model approximating the structure of the target star HD 192575.
We select the best fitting stellar model for HD 192575 as determined by Burssens et al.
(2023), who calculated the equilibrium structure using MESA (Modules for Experiments in
Stellar Astrophysics Paxton et al., 2011, 2013, 2015, 2018, 2019, Jermyn et al., 2023). The
oscillation frequencies and eigenfunctions were determined using the GYRE code (Townsend
and Teitler, 2013, Townsend et al., 2018, Goldstein and Townsend, 2020).

The first important factor to consider is where the magnetic field will act on the oscillation
modes, as expressed by the stress tensor. The components of stress tensor BB contain
the mixed products of the magnetic field components (i.e. BB;; = B;Bj). As these
components are scalar fields defined over the interior of the star, the magnetic stress tensor
will be symmetric (i.e. BB;; = BB;j;), as can be seen in Fig. 3.3. These components
show the expected behaviour of the magnetic field from the description in the previous
sections. The radial and ¢-components both tend to zero for the inner and outer boundary
of the interior, as these depend directly on the radial flux function ¥. The #-component,
however, does not vanish at the upper boundary as it depends on the derivative of the
radial flux. All components of the stress tensor tend to increase towards the near-core
region.
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Figure 3.3: Components of the magnetic stress tensor BB for the magnetic field of order 0
for the best fitting stellar model of HD 192575 as determined by Burssens et al. (2023).

As mentioned above, the sensitivity kernels depend strongly on the mode of the oscilla-
tions. We will consider both a p-mode and a g-mode to investigate the expected sensitivity
of the oscillations to the magnetic field. We select the mode n =2, [ =1, m = 1 as the
p-mode case study we will consider. The absolute value of the components of the magnetic
sensitivity kernel are visualised in Fig. 3.4. For all components, the strongest sensitivity
is situated near the surface of the star, with the sensitivity generally decreasing towards
the core The sensitivity near the surface is multiple orders of magnitude larger than the
sensitivity near the core. This indicates that the p-modes will be mainly sensitive to the
By component of the magnetic field, with less sensitivity to the radial and ¢ components,
as these are more concentrated near the core such that By is the dominant component
near the surface. Notably, the kernel components Ky and Ky, are zero everywhere. This
is a consequence of a symmetry in the expression of the kernel for the eigenfunctions,
which will lead to the same behaviour being present for all modes. For m = 0, the kernel
components Ky, and K, 4 vanish, as these are dependent on a derivative to respect with
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Figure 3.4: Absolute value of the components of the sensitivity kernel for the p-mode
n=21=1,m=1.

the azimuthal angle. For m # 0, these are non-zero, but overall weaker than the other
components. The kernel for the mode m = —1 are identical to those visualised for m = 1.
This behaviour is indicative of the modes with m # 0 being more sensitive to an internal
magnetic field, where the behaviour is dependent on the absolute value of the azimuthal
order |m|. All non-zero components of the sensitivity kernel also probe the near-core
region, however to a much lesser extend than the near-surface region.

Figure 3.5 shows the sensitivity kernel for the g-mode n = —2, 1 = 1, m = 1. These kernels
are notably different from the p-mode kernels, as the sensitivity is strongly concentrated
in the near-core region, with no sensitivity near the surface. The overall sensitivity is
much lower than the p-mode kernels, with the surface sensitivity of the p-modes about
four orders of magnitude larger than the near-core sensitivity of the g-modes. This effect
is mitigated somewhat by the topology of the magnetic field, which is stronger in the
near-core region. However, as the total effect is not only dependent on the strength of
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Figure 3.5: Absolute value of the components of the sensitivity kernel for the g-mode
n=-2,1=1,m=1.

the kernel, but also the integration volume, we expect to see a 10* — 10° times stronger
effect on the p-modes than on the g-modes. Additionally, the g-mode kernels show the
same behaviour with regards to the azimuthal order as the p-modes.

Both kernels show slight asymmetries in the polar angle for §# — m — 6. This is a conse-
quence of the numerical implementation and not a physical characteristic of the kernels.
These numerical effects are to be expected given the wide range of scales in the sensitivity
kernels, which spans over eight orders of magnitude.

3.4 Main takeaways

In this chapter, we described the internal magnetic field model we will use based on Duez
and Mathis (2010). The magnetic field depends on the density profile and can be fully
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described by the radial flux function ¥ and the inverse length scale A for a given region
7 € [Rmin, Rmax]. We investigated the sensitivity of the oscillation modes to the magnetic
field using the sensitivity kernel K, which connects the modes to the magnetic stress
tensor BB.

The main takeaways of this chapter are:

e The magnetic field model is a mixed field with both poloidal and toroidal com-
ponents, which is a requirement for a stable magnetic field. The lowest order of
the magnetic field solutions is dipole-like, where no singularities are present in the
magnetic field. While the radial and ¢-component tend to zero at the boundaries,
the #-component does not vanish at the upper boundary. This leaves a residual
magnetic field on the stellar surface.

e The sensitivity kernels show that the p-modes are more sensitive to the magnetic
field near the surface, while the g-modes are sensitive to the magnetic field in the
near-core region. As the increase in sensitivy of the p-modes is much larger than the
decrease in magnetic field strength, we expect to see a larger effect on the p-modes
than on the g-modes for the same magnetic field of the considered topology.



Chapter 4

Asteroseismic effects of internal
magnetic fields

The previous chapters have set up the theoretical background for this thesis. Using the
mathematical oscillation framework of Chapter 2 and the magnetic fields described in
Chapter 3, we can now investigate the effect of internal magnetic fields on the oscillation
frequencies of massive stars. In this chapter, we will discuss the expected perturbations
on the oscillation frequencies for a range of massive oscillators. We will start with a
description of the implementation of the theoretical framework in Section 4.1. Section 4.2
will discuss the general effects of changing the rotational frequency €2, magnetic field
strength B, and obliquity angle 8 on the oscillation frequencies. We expand this discussion
in Section 4.3 to include different stellar models of different masses and evolutionary
stages. The rotational frequency in this chapter will be given as a fraction of the Kepler
critical rotational frequency (. as defined by

GMstar
chi - ‘ / B y 4.1
' Rgtar ( )

which is the rotational frequency at which point the centrifugal force equals the force of
gravity at the surface.

4.1 Calculating the perturbed modes

The oscillation modes, perturbed by rotation and magnetic fields, are strongly dependent
on the equilibrium stellar structure of a star as the oscillation frequencies, displacements,
and the topology of the magnetic field are directly dependent on the stellar structure. We
used stellar models calculated by PhD student M. Vanrespaille using the stellar structure
and evolution code MESA (Paxton et al., 2011, 2013, 2015, 2018, 2019, Jermyn et al., 2023)
version 124.08.1. A few deviations from the default settings were implemented. Con-
vection was approximated using the mixing length theory (MLT) presciption following
Henyey et al. (1965) with a mixing length parameter of aypr = 2.0. The convective
boundaries were determined following the Ledoux criterion (Ledoux, 1947). The convec-
tive boundary mixing (CBM) was calculated using an exponential prescription with an

39



CHAPTER 4. ASTEROSEISMIC EFFECTS OF INTERNAL MAGNETIC FIELDS40

stellar structure

inlist
MESA
Eq. (3.1-3. 4)
B field ’stellar model‘
B Wo, 57"7 éha n, l
£
2,50 7
@0{& 49)} 0
v
Mmaga 5wmag rota 5wrot

{w }WOJLJ? {A }wom,l

Figure 4.1: Flowchart showing the steps from stellar structure inlist to predicted stellar
oscillation frequencies perturbed by both rotation and an internal magnetic field.

overshoot parameter of fcgy = 0.02. Chemical mixing induced by internal gravity waves
was allowed following the results of Rogers and McElwaine (2017) with a mixing exponent
A = —1. The mass loss was calculated using the prescription of Vink et al. (2001). Lastly,
the stellar atmosphere was taken into account using an Eddington gray atmosphere.

The stellar structure models were then used to calculate the stellar oscillation modes with
GYRE (Townsend and Teitler, 2013, Townsend et al., 2018, Goldstein and Townsend, 2020)
using vacuum boundary conditions. This calculation delivers the unperturbed frequencies
wo and the radial and horizontal displacements &, and &, of the oscillation modes for each
chosen radial order n and angular degree [.

The above calculations of the stellar structure and oscillation modes deliver the necessary
input for the calculations described in Chapter 2 and Chapter 3. The density profile of the
star is used to calculate the magnetic field extent and topology following Eq. (3.1—3.4).
The magnetic field will be contained within the radiative envelope of the star throughout
this thesis. This magnetic field is a required input to calculate the magnetic perturbation
on the oscillation modes following Eq. (2.50). The rotational perturbation is calculated by
selecting a rotational frequency €2 and calculating the rotational perturbation following
Eq. (2.49). Both can be combined after accounting for the obliquity angle 5 between the
rotational and magnetic field axes. This delivers a set of (21 + 1)? perturbed frequen-
cies {w'} and amplitudes {A'} per unperturbed mode wy(n,l). An overview of the steps
in the calculation is given in Fig. 4.1.
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Figure 4.2: Rotational splitting of a g-mode (n = —3, [ = 2) and a p-mode (n =3, = 2)
for no rotation, 10% of the critical rotation velocity, and 20% of the critical rotation
velocity.

4.2 Parameter study

In this section, we will investigate the effect of the different parameters on the oscillation
frequencies of a star. The parameters of relevance are the rotational frequency (£2), the
magnetic field strength (Bpax), and the obliquity angle (/) between the rotational and
magnetic field axes. We select a single stellar model of a g Cep star to investigate the
effects of these parameters. The stellar model has a mass of 15Mg and a radius of
7.5 Ry for a core hydrogen mass fraction of X. = 0.35. The convective core has a mass of
4.5 Mg, with a radius of 0.16 R5. The magnetic field will be contained within the radiative
envelope of the star.

The first parameter we will investigate is the rotational velocity of the star. As described
above, we only consider solid body rotation of the star and incorporate the rotational
effects to the first order in the oscillation equations. The largest influence on the oscillation
frequencies will be the rotational splitting as a consequence of the different inertial frame
of the observer to the rotating star. The rotational splitting of the modes can as such
give an estimate of the rotational frequency of the star, independent of the inclination
angle with the observer. This is in strong contrast to the rotational velocity obtained with
spectroscopic measurements, where the Doppler line broadening leads to a v sin ¢ estimate,
which stands for the overall velocity projected on the inclination angle. Usually, this is
interpreted as the projected rotational velocity at the equator, ignoring other velocities
(Aerts et al., 2014).

Figure 4.2 shows the rotational splittings of a quadrupole (I = 2) g-mode and p-mode of
radial orders |n| = 3 for three different values of the rotational frequency (0%, 10%, and
20% Qei). The splitting dw is calculated relative to the unperturbed mode frequency wy
as

dw = w — wy. (4.2)

Eq. (2.40) gives the expected rotational splitting of the frequencies from our theoretical
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Figure 4.3: Magnetic splitting of a g-mode (n = —3, [ = 2) and a p-mode (n =3, [ = 2)
for no rotation and increasing maximum field strength.

framework. The rotational splittings increase with increasing rotational frequency and
both the g-mode and p-mode show a similar behaviour and sensitivity. The dependence
on the azimuthal order is clearly visible with the quadrupole splitting into five frequencies,
with a similar splitting between consecutive azimuthal orders. Each splitting is on the
order of the rotational frequency. All of these aspects are in agreement with the expected
behaviour from the theory.

The magnetic splittings are shown in Fig. 4.3 for the same g-mode and p-mode for three
values of the maximum magnetic field strength. The magnetic splittings behave noticeably
different from the rotational splittings. Firstly, the splittings are solely towards higher
frequencies, with the magnetic field causing an increase of the frequency for all azimuthal
orders. Secondly, we can distinguish only three different splittings for a quadrupole mode.
This indicates that the magnetic splittings depend on the absolute value of the azimuthal
order and not on its sign, as predicted by the theory. Thirdly, the p-mode shows a larger
asymmetry between the splittings for a similar effect on the modes and lastly, the p-mode
shows a larger sensitivity to the magnetic field strength than the g-mode. These last two
points are related to the topology of the field and its connection to the probing area of
the different modes. As the field strength decreases more slowly in radial coordinate than
the sensitivity increases for increasing radial order, we expect a larger sensitivity to the
maximum field strength for the p-mode than the g-mode.

The obliquity angle 8 is the angle between the rotational axis and magnetic field axis.
From the theoretical description in Chapter 2, we expect 2l + 1 frequencies when the
axes coincide and (2/ + 1)? frequencies when they are misaligned. The splittings of the
dipole g-mode n = —3 are shown in Fig. 4.4 for different values of the obliquity angle 5.
We calculated the splittings for fixed values of rotational frequency €2 = 0.22 Q. and
magnetic field strength By, = 3.5MG. The amplitude is given such that the square
of the amplitude is equal to the expected power distribution between the frequencies.
For g = 0, we indeed have three frequencies with each a relative amplitude of unity. The
power distribution spreads for increasing obliquity angle up to 8 = 7/2, where the number
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Figure 4.4: Splittings of a g-mode (n = —3, [ = 1) for different values of the obliquity
angle .

of visible frequencies is reduced. This is a consequence of the geometry, where only two
spherical harmonics are required to describe a mode. The final splitting for 8 = 27/3
shows that indeed the obliquity angle is symmetric around 7 /2. From this figure, it is
clear that the obliquity angle not only affects the amplitude of the frequencies, but also
the frequencies themselves.

4.3 Model study

The previous section showed that the predicted splittings and amplitudes behave as ex-
pected from theory. We will now investigate the effect of the magnetic splitting for
different stellar models. Specifically, we are interested in the required field strengths for
a measurable effect on the oscillation frequencies throughout the main sequence for mas-
sive pulsators. We will limit this study to an 8 M and 15Mg star at three different
points during their main sequence evolution and consider only the frequency differences.
The stage of the model on the main sequence will be denoted by the central hydrogen
mass fraction X, where we will take X, = 0.7 near the zero age main sequence (ZAMS),
X, = 0.35 near the middle age main sequence (MAMS) and X, = 2-10~* near the terminal
age main sequence (TAMS).

We show the sensitivity kernels Kgg(n, ) and magnetic field strengths for the 8 M, star in
Fig. 4.5 and for the 15 M, star in Fig. 4.6. The sensitivity kernels are shown for a p-mode
n=2and [ =2 (top) and a g-mode n = —2 and [ = 2 (middle). The magnetic fields are
confined to the radiative envelope of the star.

The changes in the magnetic field strength topologies clearly show the shrinking core
throughout the main sequence evolution. In addition, the change in the stellar interior
has a large impact on the sensitivity kernels, especially of the g-mode, where the sensitivity
changes drastically at the TAMS. While for the first part of the main sequence evolution,
the g-mode is sensitive to the near-core region, the sensitivity shifts to the outer layers
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Figure 4.5: Sensitivity kernels and magnetic field strengths for three points in the main
sequence of an 8 M star. The sensitivity kernels are shown for the p-mode n = 2 and
[ = 2 (top) and the g-mode n = —2 and [ = 2 (middle). The bottom row shows the
magnetic field strengths. All kernels are shown for magnetic azimuthal order m = —1.
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Figure 4.6: Sensitivity kernels and magnetic field strengths for three points in the main
sequence of a 15 Mg star. The sensitivity kernels are shown for the p-mode n = 2 and
[ = 2 (top) and the g-mode n = —2 and [ = 2 (middle). The bottom row shows the
magnetic field strengths. All kernels are shown for magnetic azimuthal order m = —1.
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of the star for the TAMS and the g-mode becomes a mixed mode. The p-mode shows
very similar sensitivity throughout the main sequence, with a slight increase in sensitivity
to the near-core and near-surface region. Between the different masses, we see similar
behaviour at the same stages of the main sequence.

A first relation we investigate is how the overall magnetic field strength affects the mode
frequencies. To measure the effect on the oscillation modes, we investigate the asymmetry
A of the splittings, which we define for a given radial order n and angular degree [ as

-’4<n> l) = (wnl+l - wnlO) - (wnlO - wnlfl>7 (43)

where we denote each frequency as wp;,,, with m the azimuthal order. The asymmetries
thus consider the difference in frequency spacing between the zonal mode and the most
extreme azimuthal orders. This definition is slightly different than what is commonly used
in the literature, but serves our purposes better as it maximizes the measurable effect of
the magnetic field asymmetries. For these asymmetries, the effect of rotation cancels to
the first order, making the asymmetries a good measure of the effect of the magnetic field
within the current framework. We do note that while this definition of the asymmetry
maximizes the measurable effect of the magnetic field in the current framework, it makes
comparisons between the different angular degrees difficult.

Following the results of Prat et al. (2019) and Mathis et al. (2021), we expect the per-
turbations of a magnetic field to follow a strict relation with the magnetic field strength

given by
) B?
< w) o max (44)

wo 8rwd

They predicted the perturbations of the oscillation frequencies to be proportional to the
square of the magnetic field strength, which directly translates to the asymmetries. We
can fit this relation between the asymmetries and the magnetic field strength to obtain a
scaling factor ¢ between the two quantities defined following

2
At (Bma") : (4.5)
10-2d-! 1kG

where the scaling factor ¢ will depend on the radial order n and angular degree [ of the

mode. We show the scaling factors for a wide range of radial orders in Fig. 4.7 for the

15 Mg, star at MAMS in the case of a non-rotating star. The scaling factors are divided

between low values (¢ ~ 107°) for the near-core sensitive modes and large values (¢ ~ 10')

for near-surface sensitive modes. The transition between the two regimes occurs for low

absolute values of the radial order |n| and is very narrow, as only the quadrupole modes
with |n] < 1 and the n = 1 dipole mode show clear mixed mode behaviour. The other
stellar models show similar behaviour, with shifts in extent and position of the mixed
mode regime in radial order. The figures corresponding to the other stellar models for

15 My and 8 M can be found in Appendix C. The mixed mode regime contains more

modes for more evolved main sequence stars.

We will now consider effects of the combined perturbations of rotation and a magnetic
field. We are interested in the size of the splittings between the predicted frequencies
for misaligned rotation and magnetic field. As we predict (2{ + 1)? frequencies divided
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Figure 4.7: Asymmetry scaling factor ¢ for dipole and quadrupole oscillation modes of
different radial order n. The stellar model had a mass of 15 M, with a central hydrogen
fraction X, = 0.35.

over 2] + 1 independent solutions, we can consider multiple types of splittings between
the frequencies. We define two different splittings that are of interest to us: the split-
tings between two consecutive frequencies within an independent solution (Af) and the
splittings between two consecutive frequencies of different solutions (§f). Following the
mathematical framework outlined in Chapter 2, we can say that the splittings within a
solution are for a given magnetic azimuthal order, but between consecutive rotational
azimuthal orders. Similarly, the splittings between the different solutions are for a given
rotational azimuthal order, but between consecutive magnetic azimuthal orders. As we
will be working within the regime of larger rotational splitting, we will call the splittings
within a solution (Af) the big splitting and the splittings between the different solutions
(0f) the small splitting. The different splittings are visualised in Fig. 4.8 for additional
clarity.

The small splittings are constant for the same consecutive magnetic azimuthal orders but
different rotational azimuthal orders. Similarly, the big splittings are constant for the
same consecutive rotational azimuthal orders but different magnetic azimuthal orders.
This is a consequence of the first order approximation of the rotational perturbation. In
the rotation dominated regime, the large splitting will be mostly sensitive to the rotational
velocity, while the small splitting will be sensitive to the magnetic field strength. We will
thus focus on the small splitting for the remainder of this chapter.

Figure 4.9 shows the mean small splittings of both a low order dipole g-mode and a p-
mode for a misaligned magnetic field and rotational axes for a massive star (15 M) at the
MAMS. We show the mean small splitting for different strengths of the magnetic field,
where we report on the magnetic field strength at the peak of the magnetic sensitivity
kernel of the mode (Bpeak). We consider three instances of the rotational frequency: no
rotation (2 = 0.0), 10% of the critical rotation frequency (2 = 0.1) and 20% of the
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f

Figure 4.8: Frequency spectrum example for a misaligned magnetic field with the ro-
tational axis. The different colours show the independent solutions. The two different
splittings (6 f, Af) are indicated on the figure.

critical rotation frequency (2 = 0.2). As the small splitting gives a boundary on the
frequency resolution necessary to detect the splittings, we can convert the small splitting
to a required observational time base. We follow the prescription of Loumos and Deeming
(1978) who argued that the required time base T for a given frequency resolution Av is
given by

T =15/Av. (4.6)

The mean small splittings in Fig. 4.9 shows the expected quadratic increase with the
magnetic field strength for no rotation (2 = 0.0) and for the regime where the magnetic
splitting is dominant. For the models with rotation, we see that the rotational effect on
the small splitting becomes dominant at large magnetic field strengths for even relatively
low rotational velocities. For the g-mode, the first order rotational effect is dominant
for a kernel peak magnetic field strength of Bpeax ~ 300 kG for a star rotating at 10%
its critical velocity. As the p-mode is more sensitive to the magnetic field, this turning
point occurs at much lower magnetic field strengths of Bpeax ~ 1 kG. This difference
in sensitivity is clearly visible in the required peak strengths of the magnetic field for a
given small splitting, with the required field strength for the p-mode being two orders of
magnitude lower than the g-mode. Long time base observations are required to detect
the small splittings for both the g- and p-modes.

Figure 4.10 shows the mean small splittings for different magnetic field peak strengths
for the same modes, but at different evolutionary stages on the main sequence corrected
for rotation. For a given peak strength of the magnetic field, we see that the mean small
splitting grows multiple orders of magnitude along the main sequence. This is a combined
effect of both the changing sensitivity kernels and the change in the magnetic field with
the evolution as can be seen in Fig. 4.6. The switch of the n = —2 g-mode from a near-
core sensitive mode to a near-surface sensitive mixed mode is clearly visible in the figure,
as the mode increases by almost four orders of magnitude in mean small splitting at the
TAMS compared to the ZAMS and MAMS. Similar figures are available for the 8 M, star
in Appendix D, and show the same behaviour.
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Figure 4.9: Mean small splitting in a misaligned (5 = 37/16) magnetic field for a g-mode
(n =—2,1=2) and a p-mode (n = 2, [ = 2) of a 15M, star with a central hydrogen
fraction of X. = 0.35 for three different rotational frequencies.
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Figure 4.10: Mean small splitting in a misaligned (5 = 37/16) magnetic field for a g-mode
(n=—-2,1=2) and a p-mode (n =2, | = 2) of a 15 M, star for three different instances
of the central helium fraction X..
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4.4 Main takeaways

This chapter discussed the implementation of the theoretical framework starting from
stellar structure parameters to the predicted perturbed oscillation frequencies with the
combined effects of misaligned rotation and magnetic fields. Using this implementation,
we were able to perform a parameter study to investigate the effects of of rotation, mag-
netic fields, and their misaligned combination on the oscillation modes. We extended this
investigation to different stellar models of different masses and evolutionary stages. This
is the first time such a parameter study has been performed for § Cephei stars using the
theoretical framework of Chapter 2. Our main findings are:

e The rotational splittings are symmetric around the zonal mode and depend on
the azimuthal order m. This is in contrast with the magnetic splittings, which
depends only on the absolute value of the azimuthal order m and perturbs the
oscillation mode to higher frequencies. Both results are in agreement with the
expected behaviour from the theory.

e When combining the effects of rotation and magnetic field, we can obtain up to
(21 +1)? frequencies, depending on the obliquity angle 3 between the rotational and
magnetic field axes. The amplitudes of the frequencies are also dependent on the
obliquity angle.

e Both the kernel sensitivity and the magnetic field topologies depend on the evolu-
tionary stage of the star. While p-modes are sensitive to the magnetic field near the
surface of the star, some low order g-modes have a sensitivity kernel heavily depen-
dent on the evolutionary stage. For massive stars near the ZAMS, the g-modes are
sensitive to the near-core region, while at the TAMS, the sensitivity shifts to the
outer layers of the star for low order g-modes, as these modes become mixed modes.
This shows that the expected values of the magnetic field strength are strongly
dependent on the mode identification and the assumed evolutionary stage of the
star.

e The perturbative effects of magnetic fields follow a quadratic relation with the mag-
netic field strength. The measured perturbations must however be corrected for the
rotational effects as even a first order rotational perturbation can quickly dominate
over the magnetic perturbation. The quadratic relation holds for the asymmetries
of the splittings, with a scaling factor strongly dependent on the radial order of
the mode. This dependency of the scaling factor shows two regimes, separating the
near-core sensitive modes and the near-surface sensitive modes.



Chapter 5

Fitting the asymmetric splittings of
HD 192575

The goal of this chapter is to explain the observed g- and p-mode splittings of HD 192575
using our model of combined rotation and magnetic fields. We will fit the frequency
differences and amplitudes of the extracted g-mode and p-mode (cf. bottom figure of
Fig. 1.6) to a large set of models with different parameters. We only consider the frequency
differences of the modes and not the frequencies themselves to minimize the dependency on
the internal stellar structure and focus our efforts on the effects of rotation and magnetic
fields. Both modes will be fitted independently, allowing us to decouple the results as
much as possible from the large-scale magnetic field topology.

To accurately include the amplitudes of a mode, we need to correct for the inclination
between the line of sight and the rotation axis. We go over this effect in Section 5.1. The
extracted frequencies and amplitudes are described in Section 5.2. We will consider 600
different stellar models for HD 192575 as computed by Burssens et al. (2023) and fitted
by Vanlaer et al. (subm) based on different identifications of the oscillation modes. A
description of these model parameters can be found in Section 5.3. Section 5.4 describes
the fitting algorithm and Section 5.5 discusses the results of the fitting. Similar to the
previous chapter, the reported rotational frequencies are reported in units of the critical
rotational frequency . as given by Eq. (4.1).

5.1 Inclination relevation

To accurately fit the amplitudes of the observed frequencies, we must correct our predicted
frequencies for the inclination angle between the rotation axis and the line of sight. We
will follow the work of Gizon and Solanki (2003) to describe the effect of the inclination
angle on the stellar amplitudes. The brightness variations I on the stellar surface as a
consequence of stellar oscillations can be approximated as

I(t,0,¢) = > Aum Y™ (0, @)™t (5.1)
n,l,m

where A, is the amplitude of the oscillation mode of radial order n, angular degree [,
and azimuthal order m. While this expression is complex, only the real part describes the

o1
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Figure 5.1: Lomb-Scargle periodogram of the g-mode (left) and p-mode (right) of interest.
The red crosses indicate the extracted frequencies and amplitudes.

intensity variations of the stellar surface.

We define the observational frame as the inertial frame with the polar axis pointing
towards the observer. The inclination angle ¢ is defined between the rotation axis and this
polar axis pointing along the line of sight. We can describe the effect of the inclination
angle on the observed amplitudes by projecting each spherical harmonic to the line of
sight. The amplitude correction factor \/£(i) is given by (Dziembowski, 1977, Toutain
and Gouttebroze, 1993)

(L +[m])!

This correction factor depends on the angular degree [ and the absolute value of the
azimuthal order m. Any asymmetries between the amplitudes of two modes of opposite
rotational azimuthal order m must thus be a consequence of the magnetic field for a single
independent solution of the framework above. The inclination angle ¢ defined above differs
from the inclination angle ¢ used in spectroscopic measurements of the rotational velocity
vsine, where i = /2 — .

[P)m‘ (cos z)] g (5.2)

The above correction for the inclination angle is purely geometrical in nature and does
not account for limb-darking, nor does it take the coupling of the stellar modes to the
atmosphere into account. In the case of pure rotational splitting the inclination correction
relies on the assumption of energy equipartition between the different azimuthal orders.
This means that the inherent uncorrected amplitudes of the different azimuthal orders
are assumed to be equal in strength, such that the difference in observed amplitudes is
purely a consequence of the inclination angle. Our current implementation of combined
rotation and magnetic field does not require this assumption, as the relative amplitudes are
fixed within an independent solution, with only the relative scaling between independent
solutions as a free parameter. This means that for each solution of a given magnetic
azimuthal order my,s, the relative amplitudes of each rotational azimuthal order m,q; is
fixed and can be corrected for the inclination angle without the assumption of energy
equipartition. This is a major advantage of our framework, as it allows us to fit the
inclination angle ¢ without the assumption of energy equipartition.
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Table 5.1: Extracted frequencies and amplitudes of the g- and p-mode.

frequency [d™!] amplitude [gumag] frequency [d™!] amplitude [pmag]
gl 3.445953(6) 71.2+£1.6 ; 6.3509313(2) 18355 £ 1.6
g2 3.449320(10) 455+1.6 5 6.5250052(2) 2331.8+1.6
5 3.625411(9) 509+1.6 5’ 6.6968226(6) 731.8 £ 1.6
; 3.642091(5) 86.0 £ 1.6 ;1 6.8670010(5) 952.8£1.6
95 3.819262(11) 434+1.6
6 3.833088(11) 40.4+1.6
7| 4.032025(6) 71.14+1.6
5| 4.210734(13) 34.8 £ 1.6
9| 4.221790(15) 30.3 £ 1.6

5.2 HD 192575 and its frequencies

The photometric data of HD 192575 obtained by TESS over multiple cycles leads to the
Lomb-Scargle periodogram shown in Fig. 1.6. Frequencies and amplitudes are extracted
from this spectrum by PhD student M. Vanrespaille with STAR SHADOW (IJspeert et al.,
2024) as modified following Jannsen et al. (2025). STAR SHADOW uses prewhitening tech-
niques (Vanicek, 1971), where it iteratively determines the most significant frequency
(quantified by the largest amplitude in Fourier space) and fits a sinusoidal function to the
residual light curve of the fit, starting from the full light curve. At each step in the process,
all detected frequencies, amplitudes and phases are refitted to find the optimal solution.
This process is repeated until the extracted modes are below a significance threshold.

The prewithening technique was applied to the TESS lightcurve of HD 192575, with a
signal-to-noise threshold of 2.0. This threshold is calculated as the ratio of the extracted
amplitude to the mean amplitude in a window of 1d™" around the frequency of interest.
This low threshold was chosen to ensure the extraction of all visually present frequencies,
as informed by theoretical considerations, but also to estimate the real noise floor accu-
rately. Table 5.1 lists the numerical values of the extracted frequencies and amplitudes.
Each frequency is given an identification number 7, increasing from low to high frequency
together with an identifier for the mode ( fg’ for the g-mode frequencies and f;, for the
p-mode frequencies). The extracted frequencies and amplitudes are shown in Fig. 5.1
together with the Lomb-Scargle periodogram. Some extracted frequencies have a lower
amplitude than is suggested by the Lomb-Scargle periodogram as a consequence of the
prewhitening process.

5.3 Stellar model selection

As outlined in Section 4.1, the calculation of the frequencies and amplitudes requires stel-
lar models, with both the displacements and the magnetic field topology being dependent
on the stellar structure. We will work with a grid of MESA models initially calculated
by Burssens et al. (2023) for the star HD 192575 and later reevaluated by Vanlaer et al.
(subm.). Burssens et al. (2023) calculated a grid of stellar models covering the spectro-
scopic parameters of HD 192575 and used the assumption of an avoided crossing to select
the best model. Vanlaer et al. (subm.) reevaluated the determination of the best model
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Table 5.2: Best stellar parameters for the different sets of stellar models used in this work,
as derived by Vanlaer et al. (subm.).

Parameter Set 1 Set 2 Set 3 Set 4 Set 5 Set 6

My Mg] | 13.073% 115720 11075 125780 12077 12.07%
Zini [dex] | 0.01479992 0.012+39%%  0.01679:9%9  0.01475:992  0.01475:992 0.012+39%¢

fenm 0.035709%  0.035790%0  0.025700%0  0.01070:522  0.107992  0.015799%
X. 0.23670 5950 0.13610150  0.25175350  0.01610755  0.02675:2%0  0.01613500
g'mOde (27 _1) (27 _1) (2a _2) (2, _2) (27 _2) (27 _2)
p-mode (2,42) (2,43) (2, +0) (2,+1) (2,42) (2,43)

for the same grid of stellar models, opting to consider the p-mode frequencies and only 5
frequencies in the g-mode regime of interest (f), f,, fy, f}, and f}). Together with two
additional p-mode multiplets, they derived six sets of stellar models with different identi-
fications for the g-mode and the p-mode. We will use these six sets of stellar models to fit
the observed splittings and amplitudes of the g-mode. Each set contains 100 individual
models spread over the 95% confidence interval on the derived stellar properties. The
stellar parameters of the best fitting models per set are listed in Table 5.2 together with
the radial order n and angular degree [ assumed for the modes. HD 192575 is identified
as a 12Mg star between the middle and the end of the main sequence. The g-mode is
identified by Vanlaer et al. as a quadrupole mode [ = 2 with radial order n = —1 or
n = —2. Similarly the p-mode is identified as a quadrupole mode [ = 2 with a radial
order ranging between n = 0 and n = 3. Note that for the classification n = 0, this mode
would be a fundamental f-mode and not a p-mode. We will however continue to refer to
this mode as a p-mode.

The stellar model grid has an initial mass resolution of AM = 0.5 Mg between 10.5 and
13.5 M and an initial metallicity resolution of AZ = 0.002dex between Z = 0.014 dex
and Z = 0.016 dex. The convective boundary mixing parameter fcgpy is varied between
0.005 and 0.035, with a resolution of A fcgy = 0.005. The core hydrogen mass fraction X,
is varied between 0.351 and 0.01, with a resolution of AX, = 0.005 between X. = 0.013
and X, = 0.25 and a resolution of AX. = 0.01 above X. = 0.25. Fig. 5.2 shows the
different stellar parameters for each set of models. A slight vertical offset is applied to
the corner plots to improve readability. The figure additionally shows the Hertzsprung-
Russell diagram of the different models, with the spectroscopic parameters of HD 192575
as determined by Burssens et al. (2023).

5.4 Fitting algorithm

For each stellar model, we calculated the oscillation frequencies and displacements using
GYRE with vacuum boundary conditions. Together with the stellar parameters, this de-
livered the required input to calculate the perturbed frequencies and relative amplitudes
of the g-mode. In addition to the stellar parameters, we fit four additional parameters:
the rotational frequency (2), the magnetic field strength (Bpax), the obliquity angle be-
tween the rotation and magnetic field axes (f), and the inclination angle (i) between the
rotation axis and the line of sight.
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Figure 5.2: Corner plot showing the different stellar model parameters for each set. The
histograms on the diagonal are stacked. The upper right plot shows a corresponding
Hertzsprung-Russell diagram. The black star shows the spectroscopic parameters of
HD 192575 and their one standard deviation as determined by Burssens et al. (2023).
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We fit the observed frequency splittings rather than the absolute frequencies, focussing
our efforts on the additional perturbations rather than determining the best stellar model.
To fit the observed splittings, we identify a ‘central’ frequency f.., as having a rota-
tional azimuthal order m,,; = 0 around which we will calculate the frequency splittings
A fi = fi — feen. Identifying the rotational azimuthal order of the central frequency limits
the possible combinations and speeds up the fitting process, while leaving the magnetic
azimuthal order of this frequency free.

Starting from a stellar model, we calculated a grid of perturbed frequencies and relative
amplitudes for a range of rotational frequencies €2, magnetic field strengths Bi,.x, obliquity
angles (3, and inclination angles 7. An initial estimate of the rotational frequency €2 is
available from the previous modelling efforts of Burssens et al. (2023) and Vanlaer et al.
(subm.), who estimated the rotational frequency to be between 2 = 0.16 — 0.18 Q. The
obliquity angle and the inclination angle are limited between 0 and 7 /2, leaving only the
magnetic field strength to require an initial guess. This initial guess is obtained from
the quadratic relation of the magnetic field strength and the asymmetries as discussed
in Section 4.3. By fitting the quadratic relation of theoretical predicted asymmetries
for different strengths of the magnetic field for a chosen obliquity angle (8 = 7/3) and
rotational frequency (€2 = 0.18), we can obtain an initial guess for the magnetic field
strength B,.x by interpolating the required field strength to the observed asymmetries.
As to not be limited to a single identification, we repeated this process for the maximum
and minimum values of the observed asymmetries that can be obtained through different
identifications. This leads to two initial guesses for the magnetic field strength Bini min
and Binimax separated by ADBini = Binimax — Binimin. The initial range of magnetic field
strengths is then extended between max(Bini min — ABini, 0) and Bini max + A Bini.

For each set of frequencies and amplitudes we calculate the distance to the observed
frequencies and amplitudes using a modified y*-metric:

n 2 N 2
d2 _ Z (Afz,theo - Afz,obs) +e- Z (Az,theo - Az,obs) 7 (53)

i—0 OAf;,obs i—0 O A;,0obs

where we sum of the n observed frequencies and the N predicted frequencies of all neces-
sary independent solutions to explain the observed frequencies. We require that n < N,
such that every selected observed frequency is considered in the fitting. The weight ¢
is a free parameter that we can adjust to fit the observed frequencies and amplitudes.
The difference in summation between the frequencies and amplitudes is to penalize the
fit for predicted frequencies that are not observed. For the predicted amplitudes with
no observed counterpart, we set A;.ns = 0pmag and o4, 0bs = 1.6 umag, which is the
uncertainty on the extracted amplitudes.

In general, there will be more predicted frequencies than observed frequencies within
this framework, necessitating the selection of a subset of predicted frequencies to fit the
observed frequencies. This preselection is based on the frequencies of the observed mode.
As each set of (2141)? frequencies consists of 2/+1 independent solutions, all combinations
of independent solutions that can explain the observed frequencies within a limit A fi;,
are selected. This means that for each observed frequency f,.s, there is at least one unique
predicted frequency fineo such that |fops — fineo| < A fiim. Within each combination, the
observed frequencies are matched with their closest theoretical counterpart. The predicted
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relative amplitudes are then rescaled to approximate the matched observed amplitudes as
closely as possible. After the matching and rescaling, the distance d? can be calculated
for the selected combination of frequencies. All allowed combinations are considered to
find the combination with the lowest distance, which is selected as the best fit for the
given set of parameters. This process is repeated for all combinations of the parameters
Q, Bnax, 8, and @ for a given stellar model.

To ensure that the fitting process reaches a minimum in the parameter space of a single
stellar model, the process is repeated for a few iterations of the parameter grid. A first
iteration is calculated with a coarse grid of parameters around the initial guesses as derived
above. The obliquity angle 8 and the inclination angle i are allowed to vary between 0
and 7 /2. This grid considers only two rotational frequencies (£2 = 0.18 and 0.20) to speed
up the fitting process and converge to an appropriate magnetic field strength. The best
fit of this iteration is then used for a second iteration with a finer grid of parameters,
where all parameters are free to vary. Three additional iterations are calculated over such
a semi-coarse grid to find the local minimum of the parameter space. The final iteration
is a fine grid around the best fit of the previous iteration. We limit the iterations to only
four semi-coarse grids before the final grid to ensure an acceptable computation time of
the fit. Extensive testing showed this to be sufficient to find a minimum of the parameter
space.

The fitting algorithm contains five free parameters that need to be selected for the fitting
process. These are: a central frequency fe., identified with rotational azimuthal order
m = 0, one (or more) initial guesses for the rotational frequency, the obliquity angle for
which to calculate the initial guess for the magnetic field strength, the weight parameter ¢
in the distance metric, and the maximum accepted frequency deviation from the observed
frequency A fiim.

For each combination of parameters, we obtain a distance d? between the observed and
predicted frequencies and amplitudes. The best fitting model minimizes this distance to
d?... For each model, we can calculate the F statistic to compare with the best fit. This
statistic is a measure of the difference in the explained variance expressed by the distance
and is given by

> —d> N - K

d?nin K

for a number of observables N, and a number of free parameters K. The F statistic is
distributed as an F-distribution with K and N — K degrees of freedom. This leads to an
asymptotic 100(1 — «)% confidence region of the parameters 8, given by

{o

Equation 5.4 gives the expected distribution of the F statistic based on the metric d?. We
can use this distribution to define a likelihood function for a set of parameters @, given

by

F(d?) =

~ FK,N—K, (54)

d*(0) < d*,, (1 + N[_(KFQ) } : (5.5)

(5.6)

£(0) = Fin x (dg(ﬂ) —d*, N — K) ‘

d? K

min
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Table 5.3: Best model parameters and 95% confidence intervals for the asteroseismic
modelling of the g-mode.

Parameter Set 1 Set 2 Set 3 Set 4 Set 5 Set 6
Mo [Mg] 115720 12070 115710 13.070%  13.0797  12.070%
Zini [dex] 0.012799%  0.01679000  0.01470003  0.01675:559  0.01679:9%9  0.012+39%
fenm 0.035709%  0.035+399  0.03070:0%5  0.00575:0k 0.00575:9%0  0.010199%0
X. 0.236709%  0.1511392  0.26175:520  0.1661392>  0.16675Y20  0.031131%
Brnax [kG] 1773, 3.670%° 5707550 1597829 1597720 3775
Q [Qerie] 0.16%00¢  0.217005  0.147001  0.157505 0157007 0.19%008
B[] 69735 59138 63132 59722 59128 5709

i [°] 66755 6615, 6677 6675 6675, 6675,
Mmag (071) (172) (172) (172) (172> (172)
Rpeax [Retar] 0.991 0.994 0.151 0.124 0.124 0.994
Bpeax [kC] 4.81 0.99 230 33 34 10

A fanige [d7] 0.15 0.19 0.11 0.26 0.26 0.11
vsine [km/s] | 33+3 4073 3072 33152 33+ 38151
(Af]0fobs) 581 689 744 596 596 661
(AA/0 4 o) 1.75 1.05 1.03 1.18 1.18 1.40

5.5 Fitting results

The fitting algorithm can be applied to both the observed g-mode and p-mode frequencies
and amplitudes, using the stellar models and identifications as determined Vanlaer et al.
(subm.). We fit both modes independently, allowing full freedom of the parameters for
both modes. This reduces the dependence of the fit on the chosen magnetic field topology.

5.5.1 Fitting the g-mode

All identifications of the g-mode reported by Vanlaer et al. (subm.) are quadrupole modes.
The nine frequencies of the g-mode can be explained by a minimum of two independent
solutions which have been split by both rotation and the magnetic field. This leads to a
minimum of 10 predicted frequencies for the g-mode.

We apply the fitting process to find an alternative explanation for the observed frequency
splittings and amplitudes of the g-mode of HD 192575. We select fg5 as the central fre-
quency around which we will fit the frequency differences. We take the initial guess for
the rotational frequency at 2 = 0.18. The initial magnetic field strength range is derived
for an obliquity angle of 8 = 7/3. The weight parameter c is set to 10* and we set
the maximum frequency deviation to A fi, = 0.1d™!. We have N = 18 observables (9
frequencies and amplitudes) and K = 8 free parameters, four of which are for the stellar
model, while the other four are to determine the magnetic field, rotation, and inclination.

Figure 5.3 shows the best fitting frequencies and amplitudes for the different sets of stellar
models. The 95% confidence interval on the predicted frequency differences are smaller
than the size of the markers. The predicted frequencies show a good agreement with
the observed frequencies for all sets, with similar predicted amplitudes and uncertainties
between the sets. We require each observed frequency to be matched with a predicted
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Figure 5.3: Predicted and observed frequencies and amplitudes of the g-mode within a
95% confidence interval per set. The red horizontal dashed line shows the average noise
level of the periodogram. Not all predicted frequencies are observed. The light blue cross
shows the unidentified predicted frequency of the best fitting model. The blue areas show
the 95% coverage region of predicted frequencies that are not observed.
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frequency, which leads to predicted frequencies that are not seen in the data as we have
9 observed frequencies and a minimum of 10 predicted frequencies. We classify these as
unidentified frequencies. The light blue cross shows the unidentified frequency for the
best fitting model. The blue shaded areas show the region covered by all unidentified
frequencies and corresponding amplitudes of fits within the 95% confidence region. These
are mostly low in amplitude and close to the mean noise level of the periodogram (red
dashed line).

The best fitting model parameters are listed in Table 5.3 with the 95% confidence intervals
per model set. The derived stellar parameters are, as expected, consistent with those
determined by Vanlaer et al. (subm.) as we only considered models within the 95%
confidence interval of their derived parameters. The derived parameters for the additional
perturbations are of more interest. The required maximum magnetic field strengths Bi,ay
show a large range of values, depending on the set of stellar models. We see that set 1,
2, and 6 show remarkably low magnetic field strengths compared to the other sets. This
is due to the probing depth of the g-mode at these stellar models, as near-surface mixed
mode probing requires a lower maximum magnetic field strengths to explain the observed
splittings. The probing depth of the best fitting model can be approximately expressed
as the radius (Rpeax) at which the Kpy kernel peaks for azimuthal order m = 1. The
differences in this estimate show indeed that the low field strengths are related to the
probing depth of the mode. All sets identify the g-mode for low radial orders n = —1
or n = —2, making their probing regime very sensitive to the stellar structure. This
sensitivity is also reflected in the marginal likelihoods of the magnetic field strength,
as shown in Fig. 5.4. For set 5, the field strength likelihood is bimodal for the same
identification, which is likely a signature of the changing probing depth for different stellar
models within the same set, where the g-mode is a mixed mode for some of the stellar
models. The derived rotational frequencies are consistent with the previous estimates of
Burssens et al. (2023), but still show a difference between the model set as a result of a
change in the Ledoux constant between stellar models.

The obliquity angle S and the inclination angle ¢ are consistent between the different
sets. The inclination angle has no dependence on the radial order of the mode, and only
depends on the rotational azimuthal order m,.; of the frequency and the angular degree
[ of the mode. A consistent inclination angle estimate of ¢ ~ 66° for all sets is as such
expected. The value of the obliquity angle 3 is likely dominated by the small splitting
and relative amplitudes, leading to a consistent value between sets.

In addition to the derived parameters, Table 5.3 also lists the magnetic azimuthal orders
Mmag Of the best fitting model. For all sets, the best model only requires two independent
solutions to explain all observed frequencies of the g-mode. This connects to the blue
shaded areas in Fig. 5.3, showing the unobserved frequencies that our model does predict.
These are mostly close to fg7 , as an independent solution has a frequency for each rotational
azimuthal order.

The additional magnetic shift A fg,; is the difference with the unperturbed frequency wy
and the perturbed frequency for rotational and magnetic azimuthal order m = 0 of the
best fitting model. For each set, this shift is well below the maximum frequency difference
between the unperturbed frequencies determined of the different stellar models, indicating
that no large deviation in the determination of the stellar parameters is expected for the
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Figure 5.4: Marginal likelihoods of the g-mode fitting of the parameters required for the
rotational and magnetic perturbations. The likelihoods are shown for the different sets of
stellar models.
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Table 5.4: Best model parameters and 95% confidence intervals for the asteroseismic
modelling of the p-mode.

Parameter Set 1 Set 2 Set 3 Set 4 Set 5 Set 6
Binax [kG] 3.17201 3.4752 26755 9.775%9 1.672%9 2.3733
Q [Qerie] 0.13970943  0.195%0010  0.128*0:0%  0.13975:97  0.13970:97%  0.155+3054
B[] 7570 6721 68721 6722 74158 74750
i [°] 62730 64725 6372 64737 71t 6375,
Mimag 0 —1 —1 -1 1 0
Rpeak [Rstar] 0.996 0.995 0.995 0.995 0.996 0.996
Boeax [kG] 0.88 0.92 7.51 2.79 0.48 0.64
A fapige [d71] 0.24 0.54 0.91 0.95 0.06 0.24
vsine [km/s] | 34438 40*4 3143 33731 24458 431%
(Af]0fobs) 4748 6510 9398 8327 8327 3978
(AA/0 4 obs) 10 14 7 11 10 9

inclusion of the magnetic field in the asteroseismic fit.

In addition to the rotational frequency estimation, we can also estimate the projected ro-
tational velocity v sin ¢ of the star. This includes the uncertainties on the inclination angle
1, the rotational frequency €2, but also the stellar parameters. For all model sets, the pre-
dicted projected rotational velocity is consistent with the previous estimates of Burssens
et al. (2023), who reported a spectroscopically derived value of vsin: = 2715 km/s.

Table 5.3 also reports on the average distance between the observed and predicted fre-
quencies and amplitudes for the best fitting model in units of the observed uncertainties,
denoted as (Af/oobs) and (AA/o 4 opbs) respectively. This mean was calculated over each
matched set of observed and predicted value. We exclude the central frequency fee, from
the frequency mean, as these are perfectly matched by definition. The amplitude dis-
tance of the central frequency is included in the mean amplitude distance. The large
distance in frequencies is expected, as this is a consequence of large theoretical uncer-
tainties. The amplitudes match well between observed values and best fitting model with
average distances around a single standard deviation of the observed amplitudes.

5.5.2 Fitting the p-mode

The fitting process of the p-mode differs slightly from the g-mode, as we only include
4 observed frequencies. We identify f;’ as the central frequency f., with rotational
azimuthal order m = 0. This differs from the azimuthal identification of Vanlaer et al.
(subm.), who identified this frequency as azimuthal order m = 1. We require the predicted
set of frequencies to consist of a single independent solution, as no clear splittings are
available. The weight parameter is set to ¢ = 10 and the maximum frequency deviation
is set to Afim = 0.5d~!. Due to the low number of included observations, we limit the
fitting to only predict the rotational and magnetic parameters, while including all stellar
models. We have a total of N = 8 observables and K = 4 free parameters, including only
the parameters for the rotational and magnetic perturbations. This limited amount of
frequencies allows for only a single estimate of the asymmetry A necessary to calculate
the initial magnetic field strength range. We calculate the asymmetry between fg and
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Figure 5.5: Predicted and observed frequencies and amplitudes of the p-mode within a
95% confidence interval per set. The red horizontal dashed line shows the average noise
level of the periodogram. Not all predicted frequencies are observed. The light blue cross
shows the unidentified predicted frequency of the best fitting model. The blue areas show
the 95% coverage region of predicted frequencies that are not observed.
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f; around f;’ as to obtain the minimum estimate Bipimin and use 10 times this value to
obtain the maximum estimate Binimax-

Figure 5.5 shows the best fitting frequencies and amplitudes for the different sets of stellar
models for the p-mode. There is a good agreement between the observed and predicted
frequencies for all model sets. Each model set does predict an additional frequency that
is not identified in the observed frequencies, but has low amplitude. The blue shaded
areas show the region where the unidentified frequencies can be located within the 95%
confidence interval and shows low variability. The narrow frequency confidence interval
on the predicted frequencies can be immediately connected to the low uncertainty on the
predicted rotational frequency reported in Table 5.4, as this factor has the largest and
most direct impact on the predicted frequencies. All predicted parameters are consistent
with the values derived from the g-mode fittings.

The estimated obliquity angles [ and inclination angles ¢ show a larger uncertainty than
the g-mode, as we force the fit to be a single independent solution and include only four
observed frequencies. The obliquity angle is in first instance dominated by the small
splittings between the different solutions, which are not available for the p-mode. The
inclination angle is less constrained as not all rotational azimuthal orders are observed.
The derived parameters and best estimates are still closely related to the g-mode fitting,
giving confidence in the derived parameters and the identification of the central frequency.

All probing depths are near the surface of the star. The probing depths are determined
for the kernel Kyy for azimuthal order of the identified mode. The exact identification
of the radial order of the mode does not have a large impact on the estimated probing
depth. However, the identifications of higher radial order n = 2 or n = 3 of set 1, 2, 5,
and 6 do show a smaller estimated magnetic field at the probing depth compared to the
other sets. This connects to the increase in sensitivity of the p-mode with radial order,
as discussed in Section 4.3.

The induced frequency shift A fqie is for the p-mode similar to the unperturbed frequency
variability present in the 95% confidence set of stellar models. This indicates that slight
changes in the stellar parameters might be present when consistently including the effects
of the magnetic field in the fit of the stellar parameters when including this p-mode. The
predicted projected rotational velocity vsine: is consistent with the previous estimates
of Burssens et al. (2023), with a larger uncertainty due to the large uncertainty on the
inclination angle .

The average distance between the observed and predicted frequencies and amplitudes in
units of the observational uncertainties are larger than for the g-mode by an order of
magnitude. While this indicates a less accurate fit than the g-mode, these values are
expected given the theoretical model uncertainties. As discussed in Aerts et al. (2018),
theoretical model uncertainties can dominate the uncertainties for long time base obser-
vations. This suggest that a fitting algorithm that estimates these unknown theoretical
model uncertainties could be better suited.

The marginal likelihoods of the p-mode in Fig. 5.6 show similar trends as the g-mode, with
multimodal distributions for most parameters and sets. The larger confidence intervals are
reflected in the wider distributions of the marginal likelihoods. The likelihood distribution
of the magnetic field strength shows a lower spread and mulitimodality for the p-mode as
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Figure 5.6: Marginal likelihoods of the p-mode fitting of the parameters required for the
rotational and magnetic perturbations. The likelihoods are shown for the different sets of
stellar models.
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Figure 5.7: Stacked histogram of the magnetic field strength ratio Biaxp/Bmax,g for the
best fitting parameters of each stellar model.

the probing depths do not drastically change between the models as was the case for the
g-mode.

The differences in the maximum magnetic field strength B,., derived from the p-mode
and the g-mode differ for each set of stellar models. While this difference is not statisti-
cally significant due to the large uncertainties, it is an indication that the magnetic field
topology implemented in the model does not fully capture the possible internal magnetic
field structure of HD 192575. For each stellar model, we selected the best fitting models
for both the g-mode and the p-mode and calculate the ratio of the maximum magnetic
field strengths Biaxp/Bmaxg- We show the stacked histogram of these ratios for all sets
in Fig. 5.7. While a large spread is visible, the ratios peak strongly for Byax, between
one and two orders of magnitude smaller than B,.x,. This indicates that the current
topology of the magnetic field does not fully capture the possible internal magnetic field
structure of HD 192575. This would require a magnetic field that decreases in strength
with radius more strongly than the current model. To investigate the topology further,
more accurate measurements with a clear identification are required at different probing
depths.

5.6 Main takeaways

This chapter presented the results of the asteroseismic modelling of the frequency split-
tings of HD 192575 including the effects of rotation and a magnetic field. The fitting
process started from six different sets of stellar models derived by Burssens et al. (2023)
and Vanlaer et al. (subm.), which were perturbated to calculate the expected frequencies
and amplitudes of the identified g-mode and p-mode. The fitting process was done inde-
pendently for both modes, allowing the parameters to be free to vary between the two
cases. The main conclusions are as follows:

e Both modes can be explained within reasonable range by including the effects of
rotation and a magnetic field. This forgoes the assumption of an avoided cross-
ing, which heavily limited the parameter space of the stellar models. The derived
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rotational frequency, obliquity angle, and inclination angle are consistent between
model sets and modes.

e The g-mode is best explained by two independent solutions of misaligned magnetic
field and rotation. Depending on the identification and the stellar model, the mode
shows a g-mode near-core sensitivity or a mixed mode sensitivity. This variability
leads to a wide range in derived maximum magnetic field strengths and limits our
ability to constrain the internal magnetic field topology.

e The p-mode is assumed to be a single independent solution and leads to fitting pa-
rameters that are consistent with the g-mode. The derived magnetic field strengths
are still strongly dependent on the stellar structure model, but show a smaller range
of values than the g-mode.

e The derived rotational frequency and projected rotational velocity are consistent
with previous estimates of both asteroseimic and spectroscopic approaches. Addi-
tionally, the derived inclination angle is consistent with the previous estimate of
Burssens et al. (2023), who relied on the assumption of energy equipartition in the
rotational splitting to estimate the inclination angle.



Chapter 6

Conclusions and outlook

This thesis presents an alternative explanation for the observed frequency splittings of
the massive /5 Cep star HD 192575 than the one presented in Burssens et al. (2023). The
interpretation is based on the combination of a misaligned magnetic field with the axis of
rotation. Chapter 1 presented the context of the work, expanding upon the previous work
done on HD 192575 and the current state of asteroseismic modelling of massive stars. The
observed frequency splittings of the g-modes were previously interpreted as an avoided
crossing, putting a tight constraint on the possible internal structure models of the star.
In this thesis, we have let go of this assumption and expanded the analysis to include the
effects of rotation and an internal magnetic field.

Chapter 2 presented the necessary theoretical background of the model. We showed that
the combination of rotation and magnetic field can lead to (21 + 1)? different frequencies
for a single mode, where [ is the angular degree of the mode. The framework allowed in
addition to include the relative amplitudes of the modes, as the set of frequencies consists
of different independent solutions in which the relative amplitudes are fixed.

In Chapter 3, we presented the magnetic field topology used in this thesis. The topology
is chosen such that the magnetic field is contained within the radiative envelope of the
star. The sensitivity of the oscillation modes to the magnetic field can be expressed by
the magnetic kernel, which connects the different modes to the magnetic field tensor BB.

We studied the effect of a misaligned magnetic field on the oscillation frequencies and
amplitudes in Chapter 4. The sensitivity of the oscillation modes to the magnetic field
is strongly dependent on the stellar model for low radial orders, with low order g-modes
showing mixed mode behaviour for models close to the TAMS. The induced magnetic
splittings increase with the square of the magnetic field strength, and are easily dominated
by the effects of rotation for even weak rotational effects.

We finally fitted our model to the observed frequencies of HD 192575 in Chapter 5 for
a grid of 600 stellar models, showing that the observed splittings can be explained by a
misaligned magnetic field and rotation axis with properties similar to previous estimates
and theoretical expectations.

68
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6.1 Conclusions

The main conclusion of this thesis is the new interpretation of the observed frequency
splittings of the g-mode of HD 192575, which we can explain as the combined effects of
rotation and a misaligned magnetic field. In addition to the close fit of the g-mode, we
can explain the observed frequencies and amplitudes of a p-mode as well. An independent
analysis of the p-mode frequencies and amplitudes leads to similar parameter estimates
as those of the g-mode. The magnetically split multiplet interpretation is utterly novel,
with no previous case available in the literature for any main-sequence star.

Other explanation for the observed g-mode splittings would include very specific configu-
ration of higher angular degree modes. Given the consistent explanation between different
modes for the inclusion of a magnetic field, we claim that an internal magnetic field is the
most plausible cause of the observed modes. This leads to this thesis presenting the first
detection of an internal magnetic field in a main-squence star.

The uncertainty of the identification of the g-mode leads to a predicted magnetic field
sensitivity of either near-core or near-surface for mixed mode behaviour. This limits the
mode for investigating the magnetic field topology. The derived magnetic field strengths
necessary to explain the observed splittings are in the range of a few kG near the surface
and tens of kG to hundreds of kG near the core. The derived rotation rates are similar to
those found in previous studies. Considering the best fit for each stellar model, we find
evidence that the implemented magnetic field topology decreases too weakly in strength
with radius to simultaneously explain the g-mode and p-mode. Other topologies could be
explored, such as the higher order fields presented in Chapter 3. These are, however, not
dipole-like and increase the complexity of the topology.

This thesis describes the first asteroseismic modelling of an internal magnetic field in a
massive star. The used theoretical framework allows for the inclusion of the relative am-
plitudes of the oscillation modes, which is normally excluded in asteroseismic modelling.

6.2 Outlook

The results in this thesis present many interesting avenues for future work. The most
immediate follow-up would be to include additional oscillation modes of HD 192575 in
the analysis. Especially additional g-modes of higher radial order would be of interest, as
these are less likely to be possible mixed modes, leading to a more confident estimation of
the near-core magnetic field strength. Fig. 6.1 shows a possible g-mode of HD 192575 that
shows similar frequency splittings as the g-mode used in this thesis. These frequencies
have not yet been identified or included in the modelling of HD 192575 and have as such
been excluded from this study. The inclusion of additional g-modes with higher radial
order would allow for an investigation in the internal magnetic field topology present in
massive stars like HD 192575. Probing the internal magnetic field topology of HD 192575
would in addition benefit heavily from measurements of the surface magnetic field strength
through spectropolarimetry, as this would give a boundary condition on the required
magnetic field.

In addition to a higher order g-mode, more p-modes can be included in the analysis. This
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Figure 6.1: Higher order g-mode of HD 192575 showing interesting frequency splittings.

would narrow the range of both possible stellar parameters and magnetic field strengths.
A simultaneous fit of different modes with similar probing regions would allow for a more
precise estimation of the internal magnetic field strength and rotation rate, while still
limiting the effect of the exact field topology on the splittings. The accuracy of the
estimated obliquity and inclination angles would in addition also be improved with such
a combined fit.

As internal magnetic fields are underexplored in massive stars, this work presents a method
to study these internal magnetic fields. The model and methods presented in this the-
sis can be directly applied to other stars, even outside the massive star regime. While
the model in its current form is flexible with respect to magnetic field topology and
widely applicable, extensions are possible. For example, including the effects of rotational
deformation will allow to consider stars with larger rotational frequencies. Similarly, the
inclusion of limb-darkening on the amplitudes of the oscillation modes for the fitting could
improve the accuracy of the derived parameters, especially the obliquity and inclination
angle.

The two-step fitting procedure of first fitting the stellar models on the observed frequencies
and using those derived parameters to fit the magnetic field and rotation parameters seems
to be the most reasonable for current asteroseismic modelling techniques. The additional
frequency shift induced by the magnetic field on the unperturbed frequencies is close to
the theoretical uncertainties of the used stellar model grids. For stars with evidence of a
strong magnetic field, a mitigation step of including a frequency shift on the unperturbed
frequencies could be considered in the first step. However, this would require an additional
parameter to be included in grids which are currently already computationally expensive
to calculate and fit observations to.

This thesis has expanded the state-of-the-art by reporting on the first asteroseismic mod-
elling of a magnetic field in a massive star. We have found strong evidence for an internal
magnetic field and derived estimates of the magnetic field strength for different stellar
models of the star. The magnetically split multiplet is a novel interpretation of the ob-
served frequency splittings, which has not been reported in the literature before for any
main-sequence star. The results presented in this thesis open the way for future astero-
seismic studies of massive stars, which can include the effects of magnetic fields in addition
to rotation.



Appendix A

Detailed matrix calculations

We calculate the matrix elements of the perturbation framework in more detail for
Eq. (2.49). We will consider the normalization term which is present for both the ro-
tation and magnetic field matrix, and the rotation matrix elements. Both can be reduced
to a one-dimensional integral over the radius of the star, which is computationally more
efficient than the full three-dimensional integral. A similar approach cannot be taken for
the magnetic field matrix, as the #-dependence cannot be separated.

A.1 Normalization term
We start by analyzing the normalization of the perturbation matrices

< 0,60 >= / po” - £odV, (A1)

where &g is the unperturbed eigenvector associated with the eigenfrequency wqy for chosen
[ and n. We have

a m a m
o= enreane + (a5 e+ (B35 ) &

as &, and &, depend on r and [ only, and where the spherical harmonics can be written as
Y™ = ¢1,n P (cos 0)e™? with P™ the associated Legendre polynomials and ¢ ,,, a constant
depending on [ and m.

We can now calculate the norm of the eigenvector.
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\ oy om?
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As each spherical harmonic is multiplied with its complex conjugate, the ¢-dependence
vanishes and the integral over ¢ gives a factor 2. We will now consider the integrals over
0 separately.
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First, we consider
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Combining this with the expression above, we find

Rstar
<&@>=/ p(E2 + (1 + 1)E2)r?dr, (A2)
0

where Rg.,, is the radius of the star.

A.2 Rotation matrix

We now consider the rotation matrix elements. To this end, we use the expression of the
rotation perturbation as given in Eq. (2.37) to calculate

< «/T_‘rotfo,ma §o,m >= _ZZWO/p(Q X SO,m)>|< : fo,de7 (A3)

where we have that

oy;m

cos QYEmee + (grylm sinf + &, 50 cos (9) 64 . (A4

Q x gO,m = 1mf2 _thEmer - gh

sin 6

As such, we find that
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where we integrated out the ¢-dependence. This can be done as the ¢-dependence of the
spherical harmonics is proportional to e™?. As each spherical harmonic is multiplied by
its complex conjugate, the ¢p-dependence vanishes and the integral over ¢ gives a factor 27.
The remaining terms in the integral are such that they have sole dependence on r or 6,
with no term having a dependence on both. This allows us to split the integral as follows

Rstar e
< Frotéo,ms §o,m >= Smmwpf) [/ ,th&?“gdr/ (Y,")*Y;™ sin 0d6+
0 0

Rstar ™ m
/ P(fh)QTer/ COS@(Y}m)*aYl sinfdf| ,
0 0

sin ¢ 00

where R, 1s the radius of the star.

Both integrals over 6 can be solved analytically. To ease the notation, we rewrite the
spherical harmonics as their associated Legendre polynomials with a constant factor ¢,
depending on [ and m. This gives Y™(0) = ¢, P (cos ), where we have dropped the
dependence on the azimuthal angle. The first integral is already solved above, and we
approach the second integral similarly.

Tcosl , ,...0Y" . v dPm
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where we integrated by parts in the third line. As the associated Legendre polynomials
are all symmetric or antisymmetric, the square is guaranteed to be symmetric. The first
term on the third line thus vanishes.

We can now combine both results and obtain

Rstar
< ]:rotgo,m: fO,m >= 2WLWOQ/ P (2§hfr + (gh)2) T2d7". (A5>
0
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Wigner d-matrix

The Wigner d-matrix D is used to transform between bases of spherical harmonics. We
consider it for the transformation between (m, 0, ¢) — (m’, ', ¢’), which are separated by
and obliquity angle 3. Its elements are given by (following the notation of Loi, 2021):

d¥ (8) = [(L+m)!(l —m)! (L +m (L —m')]'?

mm
1)mfm’+s (COS §)21+m’7m728 (Sin g)mfm’+2s (Bl)

<_
X; (L4+m —s)lslm—m/+s)l(l—m—s)! |’

where s is such that the factorials are positive. The matrix is such that the transformation
of spherical harmonics between two reference frames can be written as

Y(0,0) = do (B)Y™ (0, ). (B.2)
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Figure C.1: Asymmetry scaling factor ¢ for dipole and quadrupole oscillation modes of
different radial order n for the stellar model of 15Mg and a central hydrogen fraction
X.=0.7.
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Figure C.2: Asymmetry scaling factor ¢ for dipole and quadrupole oscillation modes of
different radial order n for the stellar model of 15 Mg and a central hydrogen fraction
X.=2-107%
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Figure C.3: Asymmetry scaling factor ¢ for dipole and quadrupole oscillation modes of
different radial order n for the stellar model of 8 M and a a central hydrogen fraction

X.=0.7.
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Figure C.4: Asymmetry scaling factor ¢ for dipole and quadrupole oscillation modes of
different radial order n for the stellar model of 8 M and a central hydrogen fraction
X.=0.35.
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Figure D.1: Mean small splitting in a misaligned (5 = 37/16) magnetic field for a g-mode
(n = —2,1=2) and a p-mode (n = 2, | = 2) of an 8 M, star with a central hydrogen
fraction of X. = 0.3 for three different rotational frequencies.
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Figure D.2: Mean small splitting in a misaligned (8 = 37/16) magnetic field for a g-mode
(n=—-2,1=2) and a p-mode (n =2, [ = 2) of an 8 M, star for three different instances
of the central helium fraction X..
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