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Summary

Among fields in high energy astrophysics, interest and research into gravitational waves (GWs)
have been increasing significantly over the last few years since the LIGO discovery in 2015.
In order to expand our understanding of this field, several proposals have been made for
the next generation of GW detectors, such as the Einstein Telescope (ET) and the Laser
Interferometer Space Antenna (LISA). Recently, research by Cireddu et collaborators found
that taking correlated noise into account can improve the parameter estimation. While this
work was performed for ET and symmetric noise, a similar analysis has yet to be made for the
expected asymmetric noise LISA is expected to have. The presented master of physics thesis
project attempts to asses the effects produced by the noise asymmetry through the comparison
of the signal-to-noise ratio as well as quantifying the uncertainties through fisher information
matrices and full parameter estimation. While not fully succeeding at the latter, the process
of the attempt is discussed in detail and future avenues to reach this ideal have been shared.
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Glossary

A;; The noise parameter for the single-link detector going from spacecraft 7 to spacecraft
7.

AU Astronomical Unit: Unit of distance defined as the average distance between the Earth
and the Sun.

I''; The Christoffel symbols, defined as I',; = 29" (0agus + O89ar — Ougap). This is a
coordinate-dependent measure for the curvature of a metric.

dr, Distance between the [GW] detector and the detected event, often used in cosmology.
G The Newtonian gravitational constant: ~ 6.67 x 107! m? - kg™' - s72.

Hz Hertz.

km Kilometer.

¢ The speed of light: ~ 2.997 x 10® m - s~ L.

Is a lightsecond, i.e. the distance travelled by light in a vaccuum in one second: 1ls =
¢ (1s)~2.997 x 10% m.

M. The chirp mass: an often used parameter in [GW] binaries with units of mass. It can
be derived from the individual binary masses m; and ms through the identity: M, =
(m1m2)3/5/(m1 + m2)1/5.

P;; The[OMS|noise parameter for the single-link detector going from spacecraft i to spacecraft
Jj-






Acronyms

BH Black Hole.

CBC Compact Binary Collisions.
CMB Cosmic Microwave Background.
CPU Central Processing Unit.

CSD Cross Power Spectral Density.

EFE Einstein Field Equations.

EM Electromagnetism.

EMR Euregion Meuse Rhine.
EMRI Extreme-Mass Ratio Inspiral.
ESA European Space Agency.

ET Einstein Telescope.

FFT Fast Fourier Transform.

FIM Fisher Information Matrix.

GB Galactic Binary.
GPU Graphical Processing Unit.
GR General Relativity.

GW Gravitational Waves.
HPC High-Performance Computing.
KAGRA Kamioka Gravitational Wave Detector.

LIGO Laser Interferometer Gravitational-Wave Observatories.

LISA Laser Interferometry Space Anthenna.
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viii Acronyms

LLF Local Lorentz Frame.

LVK LIGO-Virgo-KAGRA.

MBHB Massive Black Hole Binary.
MCMC Markov Chain Monte Carlo.
ML Machine Learning.

NASA National Aeronautics and Space Administration.

NS Neutron Star.

OMS Optical Metrology Systems.
OOM Out of Memory.

PE Parameter Estimation.
PSD Power Spectral Density.

PTA Pulsar Timing Array.

SGWB Stochastic Gravitational Wave Background.
SMBH Supermassive Black Hole.

SN Supernova.

SNR Signal-to-Noise Ratio.

SSB Solar system's barycentric.

TDI Time-Delay Interferometry.
TM Test Mass.

TPU Tensor Processing Unit.

WD White Dwarf.
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Chapter 1

Introduction: Theory and
Motivation

Spacetime tells matter how to move; matter tells spacetime how to curve.

- John Archibald Wheeler, Geons, Black Holes and Quantum Foam: A Life in
Physics

In this introduction, all the necessary theory will be discussed for the uninitiated reader. How-
ever, even though a short introduction to [General Relativity (GR)| and |Gravitational Waves|
will be provided, a basic understanding in the (mathematics of) relativity will be as-
sumed henceforth. Since the focus of this project is more in the noise and data analysis of
the [GW] detectors, the focus will be put on understanding these aspects of the master thesis
project.

1.1 [Gravitational Waves

In [GR we no longer speak of space, time and gravity as all separate concepts, but all as
interlinked. As stated by the quote in the beginning of this chapter, the distribution of matter
and energy distorts spacetime, creating a curved 4D geometric space. In turn, the curved
spacetime redefines the geometry of the system, giving a new meaning to distance and what
constitutes a straight line. In a more exact sense, in order to mathematically describe the
geometry of a physical system, the spacetime metric g, is used, which allows us to actually
calculate the distance and spacetime interval (otherwise known as the proper time) according
to some specified coordinate system. However, since g, is by definition very dependent on its
coordinate system, we describe the curvature by other geometric objects, such as the Riemann
tensor 1%, and other quantities derived from it.E|

According to (Maggiore (2017); Li| (2024)), the geometry of a physical system can be
linked to its gravity and matter by the |Einstein Field Equations (EFE)[

87TGN

1
le = R/M/ - §Rg‘u‘1/ = TTW,. (].].)

Isuch examples include: the Ricci tensor R,, = R}, the Ricci scalar R = g"”R),, and the Einstein
tensor G, = Ry, — %Rglw.
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Here, the Ricci tensor R, the Ricci scalar R, the Einstein tensor G, and the spacetime
metric all describe the geometrical aspects of a physical system whereas the stress-energy
tensor 7T}, describes the distribution of mass, energy and momentum across the system.

Quickly after the discovery of [GR| Albert Einstein also predicted the existence of [GWk as
linear perturbations on spacetime.

Mathematically speaking, we can describe [GWE as a perturbation on our metric:

G & Ny + Py (1.2)

where we state that 7, = diag(—1,+1,+1, —l—l)ﬂ is the Minkowski metric which describes
flat spacetime, and |hw,] <& 1 is our perturbation, otherwise known as the . Similar to
mechanical and electromagnetic waves, [GWE can also be described by their own wave equation,
called the linearised Einstein field equations (Maggiore| (2017)); |Li (2024))):

167TGN
_T

Ohy = T (1.3)
where O = 1,,040" = —(1/c?)0? + V?% is the d'Alembertian and h,, is the metric pertur-
bation A, under the harmonic gauge.ﬂ(Maggiore (2017)) Notably, there are a few ways in
which [GWh differ from other waves like [EM] or mechanical waves. Due to the fact they are
described by a 2-tensor, they have different polarisation modes from other transverse waves
like electromagnetic waves. As opposed to linear or circular polarisations of light, h,, has 2
commonly used possible polarisations: the plus (+) and cross (x) polarisations, which can be
described as follows.

For a [GW| moving in the z—direction, the metric perturbation can generally be written
as:(Maggiore, (2017))

BT (1 2) = (Z* _h}z) cosfiolt = 2/c), (1.4)

with hy (hy) the plus (cross) polarisation amplitudes of the wave and ALl the metric per-
turbation in the traceless-transverse gaugeE] Alternatively, this can be written in terms of the
spacetime interval ds?:

ds? = — Adt* + d2® + (1 + hy cos|w(t — z/c)])dz? (1.5)
+ (1 = hy cos[w(t — z/c)])dy® + 2hy cos[w(t — z/c)]dzdy.

This can furthermore be visualised by figure

Finally, we can discuss the way by which [GWs are measured. Due to the coordinate de-
pendence among other reasons, the spacetime metric can never be measured directly. In order

2This particular convention for the Minkowski metric is also known as the ’mostly plus’ convention
and will remain the convention used for the rest of this thesis.

3The harmonic gauge is a certain gauge which stipulates that 9"h,,, = 0.

4This gauge is a special case of the harmonic gauge and stipulates further that h° = 0 (i.e. transverse),
and h! =0 (i.e. traceless).
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Figure 1.1: Visualisation demonstrating both the + and x polarisations, taken from (Li
(2024)

to then detect [GWf, we attempt to detect the small difference in distance when a [GW] passes
through, with a scalar measure called the strain h. This quantity is defined as follows:

y(t)EAL:L(t)_LO, (1.6)

where we define AL as the armlength difference between the rest armlength Ly and the time-
dependent armlength L(t) as a is passing through. This strain can be derived the following
way, based on (Li| (2024); Maggiore (2017))).

First note the fact light travels along null geodesics. Using equation , we therefore
find that for our photon travelling solely along the z—axis (y = z = 0), its path equation
obeys

ds? =0 = —c*dt* + (1 + hy cosw(t — z/c)])da? (1.7)

or more simply after taking to the first order of h,,,
1
dr = £dt (1 - §h+ Cos(wt)) : (1.8)

Suppose you now have a light detector located on the x—axis from the origin to coordinate
point x1 such that when there is no passmg- h+ = hy = 0), the distance light takes from
1 end to the other is Ly, i.e. Ly = [;' dz = cfo dt’, with t — 0 the time for the photon to
travel from the origin to the end of the arm.

Now when a [GW] passes through, we find for our new armlength to be:

W

g vl 1
L(t) = / dz = c/ (1 - §h+ Cos(wt')> dt’ = Lo — 2—h+ sin(wt). (1.9)
0 0

This then finally gives us the desired strain for a simple monochromatic [GW}

y(t) = — 2wCL0 hy sin(wt). (1.10)
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Note also how the contribution of the cross polarisation hy is irrelevant for the strain. This
will become important later when we discuss the various interferometers as the sky location
of the [GW] compared to the orientation of the detector. We can generally find the observed
strain to be a linear combination of strains caused by each polarisation term (Li (2024)):

y(t) = Frye (1) + Fxyu (1), (1.11)

where F', and F\; are called the antenna patterns and ¥y, yx the strain caused by the respec-
tive polarisation. These can be derived from its corresponding deformation H(x(\),#()\)) by
a [GW}(Katz et al.| (2022); Bayle (2019))

H(EN),H) = Fy (Whi () + Fe(Who (V) (1.12)
which one can use to calculate y(t) throughout a detector arm with the following relation:

C

L(ts)
) = 570 /O HEO), 4(0)dA. (1.13)

In general, F; and F are unitless time-dependent functions are they depend on the orientation
of the detector which for certain detectors can change over time. For most short-time signals
detected by ground-based detectors can assume stationarity, making F'; and F\ constant.
However, as will be shown later, the time-dependence of the antenna pattern becomes of huge
importance for space-based detectors and one of the major differences with the current and
future ground-based telescopes.(Bayle| (2019))

1.2 Detectors

Currently, all viable [GW] detectors are various types of interferometers. Throughout this sec-
tion, several currently-used and future detectors will be discussed and their inner workings.
Furthermore, an illustration of a simple Michelson interferometer will first be discussed for
illustration. As equation also demonstrates for even simple formulations of interfer-
ometers, the detectable frequency range is inversely proportional to the detector’s armlength
for a constant sensitivity. For this reason, different detectors will have armlengths of different
length scales so that different [GW] sources with other frequency ranges can be probed.

Ground-based detectors are usually limited to detector arm’s on the order of ~ 10° to ~ 5x 10"
kilometers that then gives one a detectable frequency range between ~ 10° and ~ 10° .(Li
(2024); Abac et al.| (2025))) Space-based detectors massively increase the distance between
the arms, on the order of ~ 8.33 , allowing us to probe the sub{ Hz| frequency range until
~ 10~*| H7| (Colpi et al.| (2024); [Tinto and Dhurandhar| (2021))) Finally, there is the
[Timing Array (PTA)| which utilises the very consistent pulses of various millisecond pulsars to
probe the lowest possible frequencies. then become a set of single-link interferometers
with effective armlengths on the order of several lightyears and corresponding detectable range
from 1079 to 10~7 [ H7| (Arzoumanian et al| (2020))

Sor roughly ~ 2.5 x 10
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In spite of the ideal world we have thus far illustrated, any measurement comes with a lot
of messy noise. This is even more the case in processing signals, where modelling the errors
(i.e. the noise modelling) becomes an essential part of the analysis. The detectability of one
signal can be properly quantified through the [Signal-to-Noise Ratio (SNR)| As the name im-
plies, one can physically interpret this as the ratio between the power of the signal Ps (which
is proportional to its square amplitude) to the average power of the expected noise Py:(Li
(2024))

Pg
NR ~ —/—. 1.14
SNR ~ (1.14)

N
A more formal and detailed introduction to the signal processing and data analysis is provided
in[section 1.3 Nonetheless, one can intuit that a signal becomes undetectable when SNR < 1,
and loud and detectable when SNR > 1. When performing the data analysis or calculating
the [SNR], the detectability and [Parameter Estimation (PE)| of a signal can be improved in
case a network of detectors as opposed to a singular detector is employed. This network's
noise ought to be modelled with their total cumulative noise in mind. For [GWk, each single
detector can be expected to produce noise which, for each frequency, follows a Gaussian
probability distribution centered at 0 and with a modelled variance. This variance at each
frequency is called the [Power Spectral Density (PSD)|(Cireddu et al.| (2024); Wong et al.
(2024)) In certain cases, each detector’s noise might be correlated with others and therefore
a new measure named the |[Cross Power Spectral Density (CSD)| is also employed, which may
contain imaginary components. Physically, the [CSD]ought to be interpreted as the covariance
of the noise between detectors at each frequency, analogous to imagining the [PSD] as the
variance of a single detector’s noise.(Cireddu et al.| (2024)) As will be explained in [section 1.3]
these detectors form a covariance matrix with which the data analysis can finally be performed.

A simple Michelson Interferometer

Essentially, a Michelson inteferometer can be simplified as an L-shaped device with a mirror
at the end of both arms and a laser emitter, beam splitter and photodetector. First, the laser
shoots (monochromatic) light toward a beam splitter which reflects half of the beams and lets
the other half pass through, respectively going in the direction of either arm. These beams
then finally reflected by 2 respective mirrors that return each beam to each other, causing
them to interfere with each other which is detected by the photodetector.

More exactly, we can model a simple Michelson interferometer with basic knowledge of optics,
based on (Li (2024)). Suppose each arm is on the xz—axis We can model the light beams as
classical electrical fields. The input laser beam then becomes a monochromatic electric wave
with wavenumber k and (angular) frequency wy:

By = Egerttikx (1.15)

As a light beam hits a mirror, some part will also be reflected and another part will pass through.
The proportion of reflected and transmitted beams can be quantified by its reflectivity (7nir)
and transmissivity (¢.;;), defined as:

Ereﬂ Etrans
mirr — 5 tmirr - 5 116
g Einc Einc ( )
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with Fre, Firans, and Fi,. the electric field of the reflected, transmitted and incoming beam,
respectively. Furthermore, for an ideal mirror, we can assume energy conservation, which
implies 1 = |7mire|? + [tmie|>. Finally, note also that for an electromagnetic wave coming
from the other side of the mirror, it will have a reflectivity r/ —Tmirr @nd transmissivity

/
tmlrr - tmlrr .

mirr

In a perfect beam splitter, we can assume equal reflectivity and transmissivity: rgg = tgg =
1/\/§ After hitting the beam splitter, the laser appropriately is split into a symmetric and anti-
symmetric beam, the latter of which is measured by the photodetector. A simple derivation
will then allow you to find that the respective symmetric (Egy,) and anti-symmetric (Eyyt)
beams produce the following electric fields:

1 ,

Esym — 5Evinpefmkl/ ( ikd + e fzk(S) 7 (117)
1 . . ,

Eant — §Einp6_2ZkL (Tmezké . rye—zkd) ) (118)

Here, L = L, + L, is the average between the (mean) distance of both arms, r, (r,) is
the reflectivity of the mirror on the z—axis (y—axis), and § = L, — L, is the difference of
the armlengths. In even this simple model, we can already see that for identical mirrors and
equal arms FE,,; = 0, giving no signal. Furthermore, if there is a slight perturbation in the rel-
ative distance of each arm, we can see F,,; # 0 and therefore an actual signal will be detected.

We can finally model the deviation of the armlengths through our knowledge of [GR| Let
us examine the deviation for one arm and suppose the beam splitter and the mirror are test
masses in free fall and therefore located according to the geodesic x* at the opposite end of
the arm, according to the geodesic x* + (", respectively. These geodesic then clearly obeys
the geodesic equation:

A2z dz® dz?

4 + s )dT T =0, (1.19)
A2z d3CH d(z + Q) d(z+¢)°?
oz Tz T e+ 0= =0 (1.20)

Let us now assume the test masses - for our Michelson interferometer these are the beam
splitter and mirror - are relatively nearby and slow-moving. (The validity of these assumptions
will be discussed Iater for both types of detector.) This allows us to take the difference of
equations ([1.5]) and and expand to the first order in the deviation ¢*:

d2C“ dx® d(/B dz® daf
o T
Gz T 2asl@) g H O e g

From our knowledge of [GR| we can also write the equation in the [Local Lorentz Frame (LLF)|
This allows us to use the property that at a point P along the geodesic, the Christoffel symbols

I -
vanlsh.

Further assuming the slow movement of the test masses, we find that dz‘/dr < dz°/dr and
therefore reduce equation (1.21)) to

— 0. (1.21)

™ )P) = 0. (1.22)

(6]

d2¢H dz®\°
Lz = O T(@ )(g) : (1.23)
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We can also simplify the expression by noting the locality of the metric in the [LLF|

Guw = N + O(z'27), (1.24)
8ol = 0, (1.25)

and applying our definition of the Riemann tensor
Rio;‘o - ajréo - 80F6] 9; F007 (1.26)

which results in the final equation:
¢ = _CQRinOCj —hTTC] (1.27)

Here we used the property that Riy,o = Rigjo = —h%'/(2c?), linking the Riemann tensor with
the in the TT-gauge. Note also that in the u F| ¢° ~ 0. A brief view of equation ([1.27))
tells us this is very Newtonian in nature and we can imagine the effect of a[GW|on a pair of
test masses as that of a small (oscillating) force.

We can now finally examine under which conditions our final equation holds. The two main
assumptions we made were that the detector could accurately be described as relatively nearby
and therefore in the [LLF| as well as being slow-moving, meaning much slower than light speed.
It must for this reason be noted that these assumptions cannot be made for space-based de-
tectors, but do serve as valid approximations for ground-based detectors.(Li (2024)) As will be
discussed later, the response function for all of LISA's detector channels ought to be calculated
within the full relativistic geodesic equation, starting from equations and ([1.20)).

Ground-based Detectors

As discussed before, all ground-based [GW] detectors are more complex versions of physical
Michelson interferometers. This section will briefly discuss the current running detectors as
well as the next generation of ground-based telescopes such as the Cosmic Explorer and the
[Einstein Telescope (ET)| Furthermore, the latter will be discussed in more detail in particular
with regard to its noise modelling.

[CIGO-Virgo-KAGRA (LVK)|

The first generation of [GW] detectors to actually directly detect gravitational waves were the
two US-based |Laser Interferometer Gravitational-Wave Observatories (LIGO)| sites, which are
located in Hanford, Washington and Livingston, Louisiana, Virgo, located near Pisa, ltaly,
and the [Kamioka Gravitational Wave Detector (KAGRA)} located in the Gifu prefecture in
Japan. Collectively, they work together under the [LIGO-Virgo-KAGRA (LVK)| collaboration.
Spanning armlengths of 3-4 km, these detectors have been made sensitive for frequencies from
approximately human hearing range: between approximately 10 Hz and 10 kHz.(Barish and
Weiss| (1999)) The first detection was made by the LIGO detectors in 2015, leading to the
Nobel prize being awarded to the leading developers of [GW] in 2017.(Abbott et al/ (2016);
Nobel Prize committee (2017)))

All 4 detectors are simple L-shaped single-detector Michelson interferometers and therefore
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Figure 1.2: Photograph of the [LIGOFHanford, taken from (Wikipedia contributors

(@2075¢)).

work similar to the previous subsection. However, in order to actually detect the gravitational
wave, several other measures and technologies ought to be applied on top of the Michelson
design. ) Using all these techniques, we arrive at the level of sensitivity possible to
detect [GWk.

|[Einstein Telescope (ET)|and future ground-based detectors

In order to expand the sensitivity and ranges of frequencies, it's become of interest within the
[GW] community to build new generations of detectors with longer armlengths. Therefore, two
notable next generation detectors have been proposed: the |Einstein Telescope (ET), which is
being strong-armed on the European side, and the Cosmic Explorer, proposed in the United
States. Out of these two, the former is in the most advanced stages of development as it has
a published blue book, a handful of future building sites for the detector have already been
proposed and a final location is expected to be decided in 2026-2027.(ET-EMR collaboration|

(2025))

Figure 1.3: Artist illustration of the future in the [Euregion Meuse Rhine (EMR)|
region, taken from (ET-EMR collaboration| (2025)).

As of February 2025, there are three candidate regions: the [Euregion Meuse Rhine (EMR)|
the island of Sardinia, and the Saxony region, though the last one in a less official capac-
ity.(De Vries (2025)) Furthermore, there are two competing designs for this next detector:
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either a network of two L-shaped detectors and a singular triangular design.(ET-EMR collabo-
ration| (2025)); /Abac et al.| (2025)) In both designs, the armlengths would be 10-20 kilometers
but have clearly distinct orientations. In the latter case, the detectors and lasers would form
an equilateral triangle and placed in one site whereas in the former the detectors would be
located in two out of three proposed sites.(Wong et al.| (2024))) There are several arguments
for and against each design. For this thesis project, we would like to emphasise one of the
arguments in favour of the triangular design is the exploitation of correlated noise.

Recent work has shown that the [Parameter Estimation (PE)| will perform a lot better when
the off-diagonal terms of the noise’s covariance matrix is taken into account. It is then further
argued that for any network of detectors it is actually beneficial to have correlated noise as
they achieve lower uncertainties than if they were located at different places, causing no cross
correlations.(Cireddu et al.| (2024); Wong et al.| (2024))

Space-based Detectors

In spite of the seeming simplicity and seemingly lower amount of confounding variables, space-
based detectors are a very different beast from ground-based ones and work in a very different
way. While certain Chinese researchers have proposed certain space-based detectors such as
TianQin and Taiji, the only officially planned space-based [GW] detector has been the
Interferometry Space Anthenna (LISA), proposed by the [European Space Agency (ESA)| and
National Aeronautics and Space Administration (NASA).(Colpi et al| (2024); Group et al.
(2023); |Li et al.| (2024)); Luo et al| (2020)) Planned for launch in 2035, will have a
planned operation period from 2037 to 2041.|ﬂ

Figure 1.4: Promotional image of [LISA| published by [INASA| taken from (contributors
(2025))

The main advantage and interest for the usage of space-based detectors is their access to
much lower frequencies. For example, [LISA]is expected to measure frequencies between ~ 0.1
mHz and ~ 1 Hz.(Colpi et al.| (2024)) With |LISAs planned frequency band and sensitivity,

SFor the uninitiated reader, this does not necessarily mean [LISA| will cease operation after 4 years,
but the mission will only have a guaranteed two year lifespan. After the planned period of operation, it
will be examined whether the mission can be continued.
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an entirely new range of signals are expected to be detected of a totally different kind. In
fact, this collection of potential signals comes both astrophysical and cosmological sources
that all have interesting science goals associated with them. Various expected sources include
the following(Colpi et al.| (2024)):

e Galactic Binary (GB)| as the name implies, these are binary systems of compact objects
(e.g. a[Black Hole (BH)| [Neutron Star (NS)} or in most cases, a [White Dwarf (WD))
which are slowly orbiting each other. Given their slow orbital decay, they produce quasi-
monochromatic [GWf across their detection period. Their study has much astrophysical
importance, more specifically with respect to their structure and evolution, serving as one
of the major multimessenger source candidates. It is also expected their multimessenger
potential will allow us to answer problems in cosmology such as the Hubble tension. For
example, they would fill a similar role to standard candles in cosmology and thus serve as
an independent measure for the Hubble constant, hence their status as standard sirens.

e [Extreme-Mass Ratio Inspiral (EMRI)| these are systems where the mass ratio is
below ~ 1074, usually one stellar-mass compact object orbiting a [Supermassive Black
[Hole (SMBH)| Aside from the same cosmological uses they serve alongside [GBE, one
of the major motivations for the study of [EMRIs are their use as a test for [GRl As
the compact objet spirals into [SMBH] the spacetime curvature becomes much stronger,
causing the compact object to etch out the metric, thus allowing us to analyse our
assumptions in [GR| as well as to prod so-called beyond-vaccuum [GR| effects. These
effects could range from astrophysical origins such as an accretion disk or even indicate
new physics beyond classical [General Relativity| (Katz et al. (2021)); |Group et al.| (2023))

e [Stochastic Gravitational Wave Background (SGWB)| Since various astrophysical
sources peak in the same frequency band and are expected to number on the order of
thousands, they will become so hard to discern they will form closer to a background
noise than resolvable signals. On top of those sources, it's thought so-called primordial
gravitational waves -[GWE created in the early universe due to phase transitions similar to
the [Cosmic Microwave Background (CMB)| found in the spectrum - would become
detectable as well. This would have implications for finding out the origins of the
universe.

However, this comes with its own set of unique challenges. To start, it is not possible to
perform actual physical interferometry in space due to the large distance making the laser's
intensity too weak when it arrives at each arm’s end and the orbit will almost always guarantee
the armlengths will vary with time. This makes the data analysis for all space-based detectors
very different.(Bayle and Hartwig (2023)); Hartwig and Muratore (2022))

For one, instead of 3 data streams, [LISA|is a constellation of 3 spacecraft that together pro-
duce 6 data streams created by 6 single link laser phase measurements.(Colpi et al.| (2024))
As will be discussed in the methodology, the laser frequency noise caused by the single links
are orders of magnitude too high to be able to detect any signals on their own. Therefore
a technique named [Time-Delay Interferometry (TDI)| has been proposed for analysing
data.(Tinto and Dhurandhar| (2021)) Essentially what does, is performing Michelson in-
terferometry, or simulating other types of interferometers such as a Sagnac interferometer,
in the data processing stage instead of building a physical one as is done for ground-based
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detectors. This happens through the stacking of delayed signals on top of each other in such
a way that the laser noise is cancelled out.

Another great challenge for analysis in particular is the so-called Global Fit.(Katz et al.
(2024); |Colpi et al.| (2024))) Due to the fact is expected to be so sensitive for many
different sources, this apparent blessing becomes more of a curse as there are currently no
known techniques to detect and estimate all these signals which will oftentimes be overlapping.
For certain sources, they will be so omnipresent and consistent they will act more like back-
ground noise than an individual signal, similar to the ambiance in a busy bar or concert hall.
Nevertheless, it is of astrophysical interest to be able to differentiate these various background
signals and many other foreground signals are expected to overlap as well.
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Figure 1.5: Graph demonstrating the curves and corresponding relevant sources
for (e.g. IPTA), [LISA| and the groud-based detectors and (advanced) [LIGO
(aLIGO). Taken from (Moore et al.| (2014))

Comparing and [LISA]

The most important difference between [ET] and [LISA), at least for this project, is their noise
curves and their response generation. Figure shows their respective (estimated) strain
across various expected [GW] sources. An important difference in their matrices is the fact
the current [LISA| noise models imply 0 noise at certain frequencies due to consequences from
[TDI} The effects of the numerical errors and methods to mitigate them will be discussed
in the next chapter. Furthermore, E like with all ground-based detectors, has a linear
relationship between the [GW] waveform and the detector strain through the long wavelength
approximation (Lgetector < Aaw/27).(Li (2024)) Through the same linearity, one can also



12 CHAPTER 1. INTRODUCTION: THEORY AND MOTIVATION

implement waveform models which are immediately in the frequency-domain. This lack of
linearity makes the response generation for [LISA| much less trivial and more computationally
expensive as will be discussed in more detail in the methodology. Finally, one can find a
summary of the relevant differences and similarities in Table[I.1] With respect to the scientific

Detector IEnstein Telescope| LISA
Effective frequency range | [10°,5 x 103 [1074,10°]
[H7]

Detector shape Triangular (or 2 L-shapes)  Triangular

Type of interferometer

Uncorrelated noise sources

Correlated noise sources

3 connected Michelson in-
terferometers (or 2 separate
detectors)

6 single-link detectors, can
be formed into Michelson,
AFET or Sagnac variables

laser frequency noise,
noise, noise, other sec-

ond order noises...

Thermal noise, quantum
noise, shot noise
seismic noise, Newtonian

correlation caused by [I'DI

noise

[CBCh, [N, FGWB ete.

Limburg, Sardinia, and/or
Saxony ( approx. stationary
for most signals)

decision location(s) in 2026-
2027, start construction af-
terwards

2035-2085

SGWDB| etc.

ESA|orbit at around 1 [AU

Expected sources

Location

Planned launch date 2035

Expected period of opera-
tion

2037-2042 (minimum mis-
sion duration of 4.5 years)

Table 1.1: Summary of the relevant differences between the Einstein Telescope and LISA.
Based on (Colpi et al.| (2024)) and (Abac et al| (2025)).

interaction between both detectors, is also some potential for the cooperation between
and [LISA] namely in multiband sources. To start, a few of the potential mutual benefits could
be early warning of certain merger events as a heavy [GB| detected by [LISA| can become a
detectable [Compact Binary Collisions (CBC)| for [ET] and [LVK] (Abac et al| (2025))

1.3 [GW]| Data Analysis

In order to probe a [GW] signal, more advanced data analysis techniques ought to be used
than simple linear fits. More exactly, Bayesian statistics are employed, from which we find a
probability distribution for the fit parameters and therefore determine the most likely values.
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Detector noise

For [GW] detectors and signal processing in general, noise becomes an utterly significant part
of the analysis. For this, the|Signal-to-Noise Ratio (SNR)| serves as a metric for the 'loudness’
of a signal compared to the signal noise. For a single [GW| detector, this is calculated with the

following inner product: i
[ Q) f] (1.28)
0

(alb) = 4Re SO
where @ is the Fourier transform of a signal a and S(f) is the so-called |Power Spectral Density|
(PSD)| of the detector.(Li (2024)); [Maggiore| (2017))) This can physically be interpreted as the
variance on the amplitude of the random noise at a certain frequency, on the assumption the
noise is approximately Gaussian. More exactly, we can define the [PSD| by relating it to the
averaged square magnitude of the noise n at frequency f:(Hartwig et al. (2023)))

<Al (F)i(r) >=6(F — F)3S(7). (129

For networks of detectors, this inner product can be expanded to the following form:(Cireddu
et al.| (2024))

@my:ﬂm{Amamslmeﬂ, (1.30)
=13 Re | [ il (1] (131)

In this case, we no longer speak of one signal but an array of signals a with a covariance
matrix S(f) with a in the diagonal and a|Cross Power Spectral Density (CSD)|in the off
diagonals, which can analogously be defined through the averaged noise covariance between
two detectors K and M:(Cireddu et al.| (2024))

< ale(Plf) >= 57 — 1) Swn(F). (1.32)
We can then finally define the SNR] as
SNR[A] = v/ (h|h). (1.33)

Bayesian Statistics

Bayesian statistics fully arises from Bayes' theorem:

P(BJA)P(A)

P(AIB) = =i

(1.34)
which describes the probability of A given B can be determined through the probabilities of
B, and A and the conditional probability B happening given A.(Ross (2019)) When applying
this to data analysis, one usually speaks of trying the find the posterior distribution of a set
of parameters 6 for given measurement data d, which turns the previous equation into the
following expression:
Pd|o)n(0) _ P(d|0)n(6)
P(d) [ P(d0)n(0)dd

P(6)d) = (1.35)
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Here, P(0|d), P(d|f), m(0) and P(d) are named the posterior, likelihood, prior and evidence,
respectively. One can physically interpret each variable the following ways.(Ross| (2019); |Li
(2024))

e Posterior P(0|d): the refined probability distribution of your physical parameters with
the extra information of the data.

e Prior m(#) : all prior knowledge and assumptions of the possible physical parameters
before taking the data into account.

e Likelihood P(d|f) : also written as L(f), it can be seen as the probability a certain
model would produce this data. For example, in case of a signal it would determine
whether the residual data without the signal is just pure noise.

e Evidence P(d) : there is less of a useful physical interpretation for this value except for
a normalising weight by integrating or summing over the total parameter space P(d) =
[ P(d|@)m(0)df. Though irrelevant in most cases, it is important when comparing the
validity between models, e.g. whether a [CB(| signal comes from a [NS] or [BH]| binary.

In the field of[GW|data analysis, the likelihood holds a high level of importance in its calculation
process and will as a consequence. As stated before, the detector's noise characterisation fully
determines the likelihood. More exactly, for a signal s(f) and data d = s(0) +n, the likelihood
is found to be P(d|0) = P(d— s(f) = n). For most detector noise sources, it is assumed they
are Gaussian in nature.(Legin et al. (2023); |Buscicchio et al.[(2024)) The log of the likelihood
then becomes proportional to the inner product of the residual noise. For example, in case of
[LISAl's Michelson variables, this becomes

log(P(d|f)) = —%(d — s(0)|d — s(6)), (1.36)

B _% > Re [/(dK — sk ()" (S ar(dns — s (0))df

K,Me{X,Y,Z}

with di and sk () the data and waveform for Michelson variable K € {X,Y, Z}.

In the field of [GW] data analysis, it is often very hard to calculate () and normalise the
posterior. For this reason, approximations and other numerical approaches are made to never-
theless quantify the uncertainties. The easiest approximation one can make is to assume the
posterior distribution is a multivariate normal distribution around the true parameter values.
One can then find the (inverse of the) corresponding covariance matrix through the
Information Matrix (FIM)| defined as the expected value of the second derivatives for the
log-likelihood:(LLi| (2024); Gair et al.| (2022)))

9% log(P(d|0))
= _p | 2o A\ 1.
i [ 90,0, ‘ 9} o (1.87a)
1 02
o {aeiaej (d— s(0)]d — 3(9))‘ 9} L (1.37b)

Here, 0; is the :—th fit parameter. A simple derivation will in turn show this is equivalent to
the following expression:

Fij = (0:5(0)|9;5(0))o=t1rue (1.38)
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with 0; = 9/00;. We can then relate the to the covariance matrix the following manner.
If one assumes the posterior distribution 0|d follows a multivariate gaussian distribution around
the true parameters 1y with a covariance matrix of >, i.e.

61 ~ N (110, Zo)- (1.39)
Then through equation (|1.37)), we see thatﬂ
Fij = (Za)5;'- (1.40)

The drawback to this approximation is that it holds no value when trying to infer parameters
from real data and only serves as an estimate for the uncertainties. Furthermore, the Gaussian
approximation is often not valid as multimodal posteriors are not uncommon, for example. In
any case, the comparatively low computational cost often makes it nonetheless a useful first
step in gauging the uncertainties.

The most proper numerical method to estimate the posterior distribution can be found in
the class of [Markov Chain Monte Carlo (MCMC)| algorithms. These are a collection of prob-
abilistic algorithms in order to sample a distribution which converges to the desired posterior
without knowing its normalised form. Each [MCMC sampling algorithm has the same ba-
sic structure, based on the Hastings-Metropolis algrotithm.(Ross (2019)) Suppose first that
P(60|d) x g(0), where g is a known function. One then follows the following steps:

0. Randomly sample a point 6, from the prior distibrution.

1. For each sampled point 6,,, one 'chooses’| a candidate new point v, around 6,,.’
2. Calculate @ = min{1, g(y,)/g(0.)}.

3. Randomly sample w, which is uniformly distributed between 0 and 1: u ~ U[0, 1].

4. If u < «a, then 6,1 = y,, otherwise 6,1 = 0,,.

[S]

. Repeat steps 1 to 4.

The end result should then converge to the true posterior distribution. While being the most
mathematically valid option to find P(6|d), there are a lot of computational costs associated
with most [MCMC] algorithms, particularly in the calculation of the likelihood as the waveform
and response signal s(6,,) are often non-trivial computations.(Wong et al.| (2023); Wouters
et al.| (2024))) It is therefore become of high interest to develop algorithms which optimise for
and speed up the convergence time.

"Implicitly, we also assume that the prior distribution are flat or uniform, i.e. 8; ~ Ula;, b;].

8The method by which a candidate point is chosen, is where each algorithm usually differs.
For the simplest types, one samples y, as a random variable following normal distribution centered at
6, with a predetermined covariance matrix X, i.e.: y, ~ N (6,,Xy). For example, another method used
by Hamiltonian [MCMCE is to solve some form of the Hamiltonian equations for N steps with initial
condition z,(0) = 6,, and to let y,, be the final point: y, = x(NAt).(Wikipedia contributors| (2025b)))
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1.4 Motivation

Inspired by work conducted by (Katz et al.[(2022)) and ((Cireddu et al.[(2024)), this thesis will
attempt to assess the impacts of different noise models to the data analysis of [LISA| foreground
signals. More exactly, the cases between a symmetric noise model (i.e. when all single-link
noise parameters and orbit parameters are symmetric: A;; = A, P;; = P, L;;(t) = L) and the
more general asymmetric model. It has already been shown approximating [LISAs true orbit
for one with equal armlengths causes biases in the posterior distribution. As it is therefore
expected these asymmetries may cause biases or cause us to overestimate the accuracy in
our analysis, this work attempts to assess the data analysis effects caused by the asymmetric
noise.



Chapter 2

Methodology

There are known knowns; there are things we know we know. We also know there
are known unknowns; that is to say we know there are some things we do not
know. But there are also unknown unknowns — the ones we don't know we don’t
know.

- Donald Rumsfeld, US secretary of Defense during the Bush administration (2002)

2.1 source model

Before performing a proper analysis, a signal needs to be injected for some kind of event
and therefore a source needs to be chosen. For this thesis project, this was decided to be
galactic binaries. Being one of the simplest potential sources, these have the following fully
analytic waveform - i.e. the +- and x-polarisations’ equations - in the source frame:(Katz
et al.| (2022))

hi(t|A, fo, fo, ) = Acos (27T {fot + %fotQ + %ﬁ)t?)} + ¢0) ; (2.1a)
hx(t’A, fo, fo, ¢) = Asin (27T |:f0t + %fotQ -+ %f0t3:| + ¢0) . (21b)

Here, the amplitude A, initial frequency fo, initial frequency rate of change fy, and initial phase
¢ are input parameters. Furthermore, the second derivative f; is defined as f, = 11f0 /3 fo

after using the identity
: 96 G
iy =St (% ) £ oY, (22)

where we [M ] [G] and [d are the chirp mass, Newtonian gravitational constant and the speed
of light, respectively.(Katz et al.|(2022)) These Finally we assume the higher order terms past
the second order become negligible. We also note the identity writing A in terms of the same
physical parameters along with the distance to the binary [d ]|

AMe fo o) = 250 o)t

win

(2.3)

Tt is also with these parameters that we are able to find an independent measure for the cosmic
distance ladder and thus are able to calculate the Hubble constant Hy.(Schutz| (1986]))

17
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Figure 2.1: Diagram demonstrating the (4, v, /%) basis in the coordinates, taken from
(Katz et al. (2022))).

However, these polarisation elements still need to be written in function of the [Solar system’s|
[barycentric (SSB)| basis. Looking at figure and applying our knowledge of trigonometry,
we can write the wave propagation basis (4, v, l%) - with k& the direction of propagation and -
in terms of the [SSB| basis, or more specifically the ecliptic latitude 5 and longitude \:

k= —(cos S cos A, cos Gsin A, sin ), (2.4a)
0 = —(sin B cos A, sin fsin A, — cos ), (2.4b)
G = (sin A\, — cos A, 0). (2.4¢)

Finally, the transformation for the [GW]| polarisations from the source frame to the [SSB| frame
is calculated through the following relation, using the inclination and polarisation angles ¢ and

¢:(Katz et al.| (2022))
RSB [fcos2¢p —sin2¢) [(1+ cos?(¢))hy 55
RSB ) T \sin2¢  cos 2y 2 cos(t)hy ' (2:5)
2.2 Response function for space-based detectors

As mentioned before, the response function cannot easily be determined in the frequency
domain as opposed to the case in ground-based detectors. Due to the vastly longer armlengths
of [LISA] the assumption made in the step made implicitly in (1.7]), namely particularly in the
fact that the arms are short enough such that the light path experiences the same metric

pertubation across the light's geodesic. This assumption is only valid for when the armlength
is much shorter than the reduced wavelength of the Aaw /2

AGw
L — 2.
<o (2.6)
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For [LVK] (A\gw /27 ~ 10°m, L ~ 10°m), this assumption is valid, but it will not be valid for
(Aaw/2m ~ 10°m, L ~ 10°m).(Li (2024)) Therefore, a new approach must be made
in order to estimate the strain responses for a single link. Let us start by defining our general
deformation in . For a single link in a space-detector, the antenna patterns for a single
link are defined as:(Katz et al.| (2022))

Figj = (@) = (0 - 0yy)?, (2.72)
Fyij = 2(a - fag) (0 - ngg). (2.7b)

The deformation for a single link H;;(t) along a null-geodesic (Z(\), (X)) then becomes
Hij(F(), 1(N) = Fi WP (H(N)) + Fygou P (H(N)). (2.8)
For both equations, the normed vector 7;;() is named the link unit vector to receiver i from
emitter j, defined as Z; — Z; = ||Z; — Z||7i; = L;jn;;. Furthermore, hisf are the polarisation

terms in the frame. For our space-based detectors, we further make the approximation
the geodesic light path is a linear straight line, giving us the following parameter equations:

A

Note also then that Z(L;;) = #; and t(L;;) = t;. This approximation allows us to write H;;
as a simple function with one dependency:

C

E-Z 1 —Fk-f.
o, (tj = fo + g A) . (2.10b)

Hiy (700, 6(V) = Hy (tw - k—”) , (2.100)

C

After integration, the strain of a single link ¥;; at the arrival time ¢; becomes

Cc

yij(tj> _ Al ) [Hw (tj _ w> _ Hz (tj _ IA{J_/;](tz) + 1 —l%cﬁzj(tz)Lw(tl>>] )

One final approximation is now finally made by assuming the spacecraft is slow-moving com-
pared to the light travel path time, i.e. 7;(t;) = Z;(t;) and therefore also L;;(t;) ~ Li;(t;)
and n;j(t;) ~ n;;(t;). We can then finally write our single link strains solely as a function of
reception time t;:

yii(ti) = Al [HZ (ti — Iz:fj(tl) _ Lij<ti)> — H;; (ti _ w>] .
2(1 = k - iy (t:)) c c .
(2.12)

Due to the various numerical challenges in calculating these functions, a set of numerical
code packages have been developed. The Python package fastlisaresponse was orignally
chosen to turn the waveforms into a time domain response.(Katz et al.| (2022)) This open
source package allows one to compute the signal responses and compute the corresponding
delays for any provided orbit of 3 spacecraft. Finally, the time-domain signal responses
will then be represented in the frequency domain via a |[Fast Fourier Transform (FFT)|
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2.3 [Time-Delay Interferometry (TDI)

In spite of the, single-link responses do not suffice by themselves to extract the [GWs due
to the laser noise, which is estimated to be up to 8 orders of magnitude larger than any
other noise sources or expected signals. For this reason, it has become of high interest
to the [LISA] community to devise data processing techniques in order to suppress this noise

source. The current most popular solution to this problem has been [['ime-Delay Interferometry|
(TDI)(Tinto and Dhurandhar (2021)); Bayle| (2019))

TDI| can intuitively be understood as the summing of delayed single-link data in order to
simulate interferometers that do normally suppress laser frequency noise in their physical in-
terferometry. The processed data then becomes the so-called [TD] variables which are depen-
dent on the type of interferometer used. In the literature, the variables made from simulating
a triangular Michelson interferometer are noted as (XY Z) whereas the variables simulating
a Sagnac interferometer are written as (a37() (e.g. [Tinto and Dhurandhar| (2021)); Hartwig
et al.| (2023); Alvey et al.[(2024)). As will be demonstrated in the appendix, the corresponding
covariance matrices for nearly. However, under certain approximations, one can deduce that
the (cross-)power spectral density becomes symmetric, i.e.:E]

< A ()i (f) >=< Al ()in(f) >, (2.13)

and
< | (f)I? >=<|an(f)]* > (2.14)

for [TDI variables K # L and N # M. This simplification allows us to diagonalise the covari-
ance matrix through the so-called (quasi-)orthogonal (AET) base, named after its inventors
Armstrong (A), Estabrook (£), and Tinto (7").(Bayle (2019)) A more detailed derivation of

these variables can be found the as well.

Let us now illustrate how [T DI successfully suppresses the laser frequency noise. We first
define the delay operator D;;(t), which delays a function according to the (time-dependent)
armlength L;; from emitting spacecraft ¢ to receiving spacecraft j, as illustrated in figure 2.2}

Dy [y](t) = y(t — Li;(1)). (2.15)

Suppose we want to emulate one Michelson interferometer through stacking single-link phases,
we will have 4 phase measurements for each arm. Examining the first arm going between
detector 1 and 2, we can physically intuit using and that the terms represent the
phase measurement of the first ongoing beam, the final phase measurement of a returning beam
D1syo1(t), and their counterparts after being reflected to and from the detector 3, respectively
—D13D31912(t) and —D13D31D1ays1(t). All together, we can then write the entire Michelson
variable X as the following sum of delayed single-link beams:(Tinto and Dhurandhar (2021))

X = (1 = D13Ds1)[y12 + Dio[y21]] — (1 — D12Da1)[y13 + Dislysi]- (2.16)

2 Another interesting consequence of this is that the must also be fully real. This can be shown
through the short proof:
<l (Hic(f) >= (< ax (N () >)T = (< ALk (f) >) = <iig(Hic(f) >€ R,
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Figure 2.2: A diagram showing the setup and illustrating the convention notation for
TDI| taken from (Katz et al.| (2022))

Basing on derivations shown by (Bayle| (2019); Tinto and Dhurandhar| (2021)), we can demon-
strate the claimed suppression. Supposing we have a common phase noise C(t) at each arm
return next to a signal s;;, i.e.

Yij(t) + Dijly;il (t) = (1 — DDy ) O(t) + s45(1), (2.17)
one can then determine that the first term becomes:

(1 — D13Ds51)[y12 + Diafya1]](t) = (1 — D13D51)(1 — Dy D12)C(t) + s12(t) — D13Ds1s12(1),
(2.18)
and similarly, the second term becomes:

(1 = D12Da1) (113 + Dislysi]](t) = (1 — D19Da1 ) (1 — D13D31)C(t) + s13(t) — D12Darsis(t).

(2.19)
Taking the difference between both terms, we finally find that the common phase term van-
ishes if and only if the operators D13D3; and D12Dy; commute: [D13D3q, D12Dsy] = 0.

While not valid under general conditions, this identity is in fact true for the case where the
armlength L;; are constant across time! This simple construction is the derivation for the first
generation Michelson variable and correctly suppresses all laser frequency noise. However, the
general case will have that [D13D31, D12Ds1] # 0 and therefore various other improvements
to this technique ought to be made.

In order to improve on the accuracy of the response functions and noise modelling, one can also
use higher generations which factor in the armlengths’ time dependence. These refinements
would then ensure a suppression of the laser frequency noise to a sufficient degree such that
it can be ignored in analysis, or more exactly such that the remaining laser frequency noise
falls below secondary noise levels. Since there is no single way of suppressing the remaining
laser frequency noise, various higher generation suggestions exist for the used [TDI} variables,

which are provided in the below.

One of the major issues with [TDI| is the so called [TD] artifacts. As will be shown on the
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lappendix A| a problematic consequence brought about by the assumption of constant arm-
lengths is that the corresponding covariance matrix will have a factor cos(4x fL). This would
imply there would be 0 noise at frequencies f € {k/2L|k € N}, which both does not corre-
spond to physical phenomena and more importantly causes various numerical issues.

While a corresponding signal would at these [TDI| zero-points normally be cancelled out along-
side the remaining noise, there still rests an effective residual signal because of the artifacts
brought about by the necessary numerical calculations.

2.4 Data analysis

The comparison between the various noise models and [TDI| channels will happen in 3 parts.
Firstly, the noise-free [SNR] will be calculated to address the numerical instabilities that may
arise as will be discussed in more detail. Secondly, the will be calculated for a few noise
model cases. Finally, a full Bayesian analysis will be attempted through a modified version of
JIM, a JAX-based inference toolkit.(Wong et al.| (2023)); Wouters et al.| (2024)) For all
parts of the analysis, the covariance matrix will be produced with constant and equal arms.
The symmetric and asymmetric noise models refer to the cases when the single-link and
[OMS] noise parameters - and [P} resp. - are either equal or unequal. More specifically the
symmetric noise model will set A;; = 3 and P;; = 15, whereas the asymmetric noise model
A;; = {3.61,3.02,2.87,3.43,2.65,3.45} and P,; = {14.00,16.93,9.43,21.55,17.04, 20.83}
for all 75 € {12,23,31,21,32,13}. These values have been chosen such that the average of
the parameters correspond to the symmetric noise model, in line with (Hartwig et al. (2023)).

Comparing and calculating the

As stated before and can be seen in the derivations for the covariance matrix in [appendix A]
the assumption of equal and constant arms produces a covariance proportional to sin(27 fL).
This would imply the covariance matrix goes to zero and becomes singular at around the points
fr = k/2L. One can then expect the numerical errors from inverting this matrix for frequencies
around these [TD] modes. This part of the thesis will then address the potential effects of
the [TDI| artifacts and introduce methods to mitigate them. For this project, two methods in
resolving the artifacts are proposed: masking the modes, and regularisation.

The first method that will be discussed is masking. Here, the inner product is not calculated
over frequencies around a 1% bar between each mode. More specifically, (a|b) becomes:

(@b) = [ a8 bix(rds, (2.20)
0
where x(f) is defined as:
() = {(1] ! € Unan [ 252 1)

The choice of 1% was made as it seemed a reasonable estimate without disregarding too
much of the frequency range. This would then avoid the peaks where the matrix becomes ill-
conditioned. Figure [2.3] shows the condition number, which indicates the expected numerical
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Figure 2.3: Figure showing the condition number for the covariance matrix in all cases

instability, for each relevant channel for both noise models.

Furthermore, the manner by which regularisation suppresses the artifacts, is by adding an
extra term for the [PSDf for each [TDI| channel. This method can also be physically justified
as including the second order noise sources, with the residual single-link laser noise in par-

ticular.(Hartwig and Muratore: (2022)) The regularised [PSDs Sii3)s Sirag): and S7Z are then
defined as

Siaw) = Stomey + 107 Hz ™', (2.22a)
Stree) = Stome) + 107 Hz ™, (2.22b)
Sty = Slitey + 1072 Ha ™l (2.22)

On the other hand, the do not change. The choice of 107%2 Hz ™' for the 'secondary
noise level' is chosen somewhat arbitrarily, while still ensuring that the secondary noise does
not exceed the first order instrumental noise in line with expectation in literature. In any case,
this noise model can be seen as producing a upper bound to the uncertainties and a lower
bound to the [SNR| All methods are demonstrated in Figure [2.4] through a plot for the
of the X-channel.

Prodding the [Fisher Information Matrix (FIM)|

Next, in order to first estimate the influence of unequal noise on [LISA] the [FIM] will be used
and compared for various cases where different orbit files are used, with case EQ using an
orbit using equal arms and case ESA using the expected [ESA| orbit. In each case, the [FIM] will
further be calculated with the AET channels in three instances: symmetric noise, asymmetric
noise with the off-diagonals, and asymmetric noise with only the diagonals, noted as (AET)_,
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Figure 2.4: graph for the Michelson variable X (using the symmetric noise model)
to demonstrate each of the methods.

(AET),, and (AET)jzag respectively. Checking for each of these cases allows us the estimate
the effect of asymmetric noise as the off-diagonals are only present when the noise channels
are asymmetric.

We can then further estimate the effect of the contribution of the asymmetric cross-correlations
by comparing between (AET), and (AET)jzag. Each case will then be separated in whether
it uses the expected orbit by or an approximation in which the armlengths are kept equal
and constant. Furthermore, the chosen [SNR] method used will be masking since it is the
simplest method that still adheres to the noise models used in the literature.

posterior estimation

The last comparison one can finally make, is through calculating the full Bayesian posterior
distributions in each case. This was initially attempted through combining the two packages
fastlisaresponse and Jim, of which the former generates a full response for a given
channel through a [GPUlaccelerated algorithm and the latter is a very fast sampler
made for [GW] inference.(Wong et al/ (2023)); Wouters et al| (2024))

Jim had thus far only written code for ground-based [GW] detectors, so a new space-based
detector class used with the code by fastlisaresponse.(Katz et al.| (2022)) However, as
will be described in more detail in the next chapter, there occurred compatibility issues between
both packages and therefore a new code for the response generation was rewritten based on
fastlisaresponse. This attempt also appeared to be the unfruitful and these shortcomings
will be discussed as well.
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Using JAX and its benefits

JAX is a Python library optimised for [High-Performance Computing (HPC)| with framework
compatible for computations made with [CPUs, [GPUs, and [TPUs.(JAX authors (2025b)))
Specifically, this package was optimised for use in [Machine Learning (ML). This package
forms the basis for the numerical calculations made in Jim as it also exploits [ML] techniques
as part of its optimisation. The benefits of JAX can be summarised to the following points:

e It forms a quick to learn, [GPU}based alternative to perform NumPy-like calculations and
operations with through jax.numpy;

e it contains a built-in "Just-in-Time' compilation with jax.jit, which vastly improves
the run time after compilation;

e It allows for easy parallelisation and vectorised calculations through functions such as
jax.vmap and jax.lax.scan;

e It is capable of automatic differentiation through functions like jax.grad and jax.hessian.

Due to its benefits in automatic differentiation, a JAX-based code was also implemented in
order to derive the [FIM| All used code can be found in the following Github repository:
https://github.com/KarelPletsStriker/jim/tree/using_flr1.0.2


https://github.com/KarelPletsStriker/jim/tree/using_flr1.0.2




Chapter 3

Results

Le vent se léve ! Il faut tenter de vivre !
- Paul Valéry

3.1 comparisons

Examining first the effects on the [SNR] for all relevant cases, one can find the results in Table
[3.1] [SNR] density - the relative contribution of each frequency to the [SNR] - is provided for
each [SNR] method in Figure 3.1 From the onset, it is clear that the need for [SNR| methods
is justified, with the lack of any method producing unphysical SNRk next to the fact that the
for (XY Z) and (AET) do not correspond, even for the same noise model. One can
further see that the for the regularized noise model is significantly lower for the same
channels and noise models.

ISNR|method | (XY Z). (XYZ), (AET)- (AET)y,
None 33.0 2.47 x 10° 35.0 2.02 x 10°
Masking 32.8 26.6 35.2 30.3
Regularisation 32.8 26.6 36.3 30.2

Table 3.1: Tabel displaying the for each channel and noise model, calculated
with each method. The input parameters were (A, fo, fo,t, ¢o,?, 8,\) = (1.08 X
10722,25.0 mHz, 1.50 x 107! Hz* 1.12 rad, 4.9 rad, 2.33 rad, 0.92 rad, 5.2 rad).

Furthermore, Figure shows [SNR] density, i.e. the relative contribution of each frequency
to the [SNR] for the same signal in each case. Noting first that L ~ 8.34(]I§ and therefore
1/2L ~ 60.0 mHz, one can clearly see the periodic bumps at each mode. This serves as
another justification for the use of the proposed methods. However, one must note the strange
discrepancies between the [SNRE using the same noise model. As (XY Z) and (AET) are mere
linear transformations of each other, it is notable they do not produce the same [SNRs. This
may be due to the fact the covariance matrices may still be ill-conditioned near the masked
regions and therefore may sometimes produce negative values in the integrand to be negated.
Since the masking method is the closest method currently used in the literature and more
physically justifiable, for all further runs, this method is therefore chosen when calculating the

=T

27
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Figure 3.1: Figure showing the density with the various methods. As the used

waveform is also quasi-monochromatic, the peak frequency is also indicated.

3.2 Estimating the [Fisher Information Matrix

One can find the (partial) covariance matrices for the extrinsic parameters (¢,, 3, A) for
each noise case in tables[3.2] and [3.3] Furthermore, the covariance is similarly visualised with
the corresponding multivariate gaussian distribution in figures and [3.3] For the intrinsic
relevant parameters (A, fo, fo, ¢0, L,1), there appeared to be numerical instabilities when
attempting invert the [FTM] as it appears that for all cases and noise models the variance is
nearly 0. This is to be expected as the waveform is quasi-monochromatic and therefore the
integrand is approximately a Dirac delta. After excluding fo, the table[3.4 and [3.5| and figures
and show the covariance for the remaining intrinsic relevant parameters for case EQ.

Comparing the individual variances for each noise model, one can determine that on the sym-
metric and purely diagonal asymmetric noise models underestimate the variance for all variables
except for the parameter. Taking the values of 5 in case ESA as an example, the variance
of both diagonal noise models is by as much as 45% and 43% lower than the more accurate
asymmetric model with off-diagonals. From this, one can infer that the diagonal models would
produce biases when sampling the posterior using the 'incorrect’ noise models.
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Figure 3.2: Covariance plot for extrinsic parameters for case EQ.

One can also compare the uncertainties for the intrinsic parameters as opposed to the intrinsic
ones. From the visualisations, it appears the extrinsic parameters have a closer alignment
amongst each other than the intrinsic ones. Indeed, if we compare the deviation in the vari-
ances for ¢ and v, we find that not only are they are consistently greater for the covariance
matrix with the intrinsic parameters, but the correspondence between the noise models is also
closer. For the diagonal noise models, both parameters underestimate the variance by 10-20%
with the covariance for the extrinsic parameters as opposed to 30-40% with the intrinsic pa-
rameters. This is probably due to the fact the extrinsic parameters are much more strongly
correlated, with + and 1 even being nearly colinear with 3, whereas they only exhibit this
correlation with A.
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(AET)» L ¥ g A
L 8.133 x 10~ 1.66 x 107* —1.584 x 107*  5.036 x 107°
0 1.66 x 1074 5.956 x 107°  1.406 x 1073  —3.216 x 1073
B —1.584 x 10™*  1.406 x 103 1.073 x 107*  —6.978 x 1074
A 5.036 x 107° —3.216 x 107® —6.978 x 107*  3.021 x 1073
(AET)%"e L " 3 A
L 6.487 x 10~ 5.73x 107  —1.459 x 10~*  7.66 x 107°
0 5.73 x 107° 4.854 x 1072 1.059 x 1073 —2.836 x 1073
B —1.459 x 107*  1.059 x 103 6.098 x 10™° —6.185 x 1074
A 7.66 x 107° —2.836 x 1073 —6.185 x 107* 2.815x 1073
(AET)_ L ¥ B A
L 7257 x 107° 5197 x 1079 —1.729 x 107* 1.184 x 10~*
0 5197 x 107 5414 x107*  1.132x 107® —3.398 x 1073
B —1.729 x 107*  1.132x 1073 5864 x 107 —7.473 x 1074
A 1.184 x 107*  —3.398 x 1073  —7.473 x 107*  3.491 x 1073

Table 3.2: Covariance matrix for the extrinsic parameters in case ESA

(AET)» L Y g A
L 8.084 x 10°  1.388 x107* —1.594 x 10~*  7.005 x 107°
0 1.388 x 107* 5769 x 1073 1.326 x 10™3  —2.986 x 1073
B —1.594 x 107*  1.326 x 1073 9.082 x 107®  —6.494 x 1074
A 7.005 x 107°  —2.986 x 1073 —6.494 x 107*  2.947 x 1073
(AET)S™ L " 3 A
L 6.485 x 107°  3.867 x 10 —1.459 x 107*  9.272 x 107°
0 3.867 x 107°  4.62x 1073  9.878 x 107*  —2.657 x 1073
B —1.459 x 107* 9878 x 10™*  4.96 x 10>  —5.871 x 1074
A 9.272 x 107 —2.657 x 1073 —5.871 x 107*  2.772 x 1073
(AET)- L Y 6] A
L 7277 x 107" —1276x 107° —1.727x10~%* 1377 x 10*
0 —1.276 x 107°  5.122x 1073 1.056 x 107*  —3.215 x 1073
B —1.727 x 107*  1.056 x 1073 4.897 x 107° —7.197 x 1074
A 1.377 x 107*  —=3.215 x 1073 —7.197 x 10~*  3.46 x 1073

Table 3.3: Covariance matrix for the extrinsic parameters in case FQ
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Figure 3.3: Covariance plot for extrinsic parameters for case ESA.

It is also noteworthy to mention the strong correspondence between both diagonal noise
models. This is likely due to the fact the asymmetric noise parameters A;; and F;; average
out to the symmetric noise parameters. As described in fappendix A} the [PSDf for the (AET)
channels are themselves weighted averages of the [PSDk and [CSDE for the (XY Z) channels.
Averaging these parameters out then roughly approximates the symmetric [PSDp. This expla-
nation would also be consistent with the conclusions made by (Hartwig et al.| (2023)).

By examining the results between the two orbits through the relevant graphs, one can see
that they match well, following the same patterns for predicted covariance. This implies that
the difference in is purely a consequence of the noise model and not dependent on the orbit

type.
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(AET), A Jo L Po Y
A 1.453 x 107%  —7.617x 107 6.072x 107%® 1.671 x 10**  1.888 x 10~
o —7.617x 1073 3454 x 1073  —538x 107" 947 x 107" —8.996 x 10~
L 6.072 x 1072®° —5.38x 107  4.083 x 10™* 4941 x 107*  1.059 x 1073
bo 1.671 x 1072 9.47 x 10717 4941 x 107*  3.611 x 1072  2.178 x 1073
0 1.888 x 10724 —8.996 x 1071  1.059 x 1073 2.178 x 1073  2.604 x 1073
(AET)%"8 A fo . o VY
A 1.018 x 107*  —6.44 x 1073 3835 x107%® 124 x107%* 1.231 x 10~*
o —6.44 x 107% 2593 x 1073 —4.084 x 1071 6.791 x 10°'7 —4.357 x 10~
L 3.835 x 1072° —4.084 x 107'® 2617 x 107*  4.059 x 10™*  6.946 x 10~*
b0 1.24 x 107 6.791 x 10717 4.059 x 10~* 2.63 x 1072 1.471 x 1073
0 1.231 x 1072 —4.357 x 1079 6.946 x 107* 1471 x 1073  1.743 x 1073
(AET): A f() L ¢0 ¢
A 1.079 x 107 —752x107% 378 x107%®  1.388 x 1072* 1.215 x 10~
o —752x107% 2721 x 1073 —44x 107  6.815 x 10717 —4.987 x 107
L 3.78 x 1072 —4.4 % 10718 2.556 x 107 4.965 x 107*  6.886 x 10~*
b0 1.388 x 107 6.815 x 10717 4965 x 107*  2.704 x 1072 1.489 x 1073
0 1.215 x 1072 —4.987 x 107  6.886 x 107*  1.489 x 1073 1.75 x 1073
Table 3.4: Covariance matrix for the intrinsic parameters in case ESA
(AET), A fo L o Y
A 1.296 x 107%  —5.727 x 107% 5.162 x 10°%® 1.955 x 107** 1.733 x 10~ **
o —5.727 x 1073 3.047 x 1073 —3.993 x 1071 8.517 x 10717 1.167 x 107'8
L 5162 x 1072 —3.993 x 107  3.506 x 107*  7.318 x 107*  9.749 x 10~*
b0 1.955 x 10724 8.517 x 10717 7318 x 107*  3.363 x 1072 2.527 x 1073
0 1.733 x 1072 1.167 x 107 9.749 x 107* 2,527 x 1073 2.509 x 1073
(AET)%"e A o L bo ¥
A 9.831 x 107 —6.306 x 1073 3.224 x 107% 1.547 x 1072* 1.125 x 10~
o —6.306 x 1073 2438 x 1073 —352x 107 6.197 x 1077  6.54 x 107
L 3.224 x 107%® —3.52x 1071 2207 x107* 6253 x 107* 6.434 x 10~*
b0 1.547 x 107 6.197 x 1077 6.253 x 107* 2549 x 1072  1.672 x 1073
0 1.125 x 10~ 6.54 x 1071 6.434 x 107*  1.672x 107* 1.706 x 1073
(AET): A fo L gbo @ZJ
A 9.217 x 1074 5225 x 1073 3273 x 1072° 1.415 x 107%* 1.137 x 10~*
o —5.225 x 1073 2311 x 1073 —3.188 x 107'® 6.147 x 10717 7.986 x 10~*
L 3.273 x 1072° —3.188 x 107'® 2261 x 10™* 5504 x 10~*  6.465 x 10~*
b0 1.415x 107 6.147 x 1077 5504 x 10™* 2466 x 1072 1.676 x 1073
0 1.137 x 1072 7986 x 107"  6.465 x 107*  1.676 x 1073 1.695 x 1073

Table 3.5: Covariance matrix for the intrinsic parameters in case EQ)
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2025-86-81 13:35:30.125467: W external/xla/xla/service/hlo_rematerialization.cc:3085] Can't reduce memory use below
ly reduced to 146.71GiB (157525596897 bytes), down from 147.84GiB (15 80673 bytes) originally
amework/bfc_allocator.cc:482] Allocator (GPU_B_bfc) ran out of memory trying to allocate 147.846iB (rounded to
6)requested by op
:35:52.561927: W external/xla/xla/tsl/framework/bfc_allocator.cc:494]

E@601 13:35:52.561966 2844299 pjrt_stream executor client.cc:3067] Execution of replica @ failed: RESOURCE_EXHAUSTED: Out of memory while trying to allocate 157886688734
bytes.

Global Tuning:  ©%]| | e/2e [11:15¢?, 2it/s]
jax.errors.SimplifiedTraceback: For simplicity, JAX has removed its internal frames from the traceback of the following exception. Set JAX TRACEBACK_FILTERING=off to
include these.

The above exception was the direct cause of the following exception:

Traceback (most recent call last):
hard-mounts/leuven-data/347/vsc34717/GWThesis/letsanalyse/. /corr_LISA.py”, line 336, in <module>
ple(key)
/fdata/leuven/347/vsc34717/python/miniconda3/e pacejim/1ib/python3.18/site-packages/jimgw/jim.py”, line 138, in sample
itial position, None) # ty gnore
/ 5c34717/python/miniconda3/envs/spacejin/ 1ib/python3. 18/site-packages/flowMC/Sampler.py”, line 204, in sample
strategy(
/data/leuve sc34717/python/miniconda3/envs/spacejim/ 1ib/python3.18/site-packages/flowMC/strategy/global_tuning.py”, line 174, in _ call__
[ ple(
" /data/leuven/ <c34717/python/miniconda3/envs/spacejim/1ib/python3.18/site-packages/flowMC/proposal /NF_proposal.py”, line 138, in sample
proposal_position, log_prob_proposal, log_prob_nf_proposal = self.sample flow(
File "/data/leuve 534717/ python/miniconda3/e pacejim/1ib/python3.16/site-packages/flowMC/proposal/NF_proposal.py”, line 21, in sample_flow
log prob_propos: self.logpdf vmap(proposal position, data)
jaxlib.xla extension.XlaRuntimeError: RESOURCE_EXHAUSTED: Out of memory while trying to allocate 157836608784 bytes.

Figure 3.6: Screenshot of the aforementioned error message

3.3 Attempting Parameter Estimation with JIM

As stated before, this part of the thesis project eventually turned out to be unsuccessful. De-
spite several attempts to mend these issues, it nevertheless turned out to be mostly in vain.
First, it was discovered there were incompatibility issues between Jim and fastlisaresponse,
more specifically through JAX. As JIM exploits JAX's vectorisation and compilation features,
it first examines the relevant functions by sending abstract variables as the input parameters,
such as for the sampling and thus also response generation. fastlisaresponse's NumPy-
and CuPy-based code cannot interpret these abstract tracers, thus raising concretisation er-
rors.(JAX authors (2025a)) Because of this, it is therefore impossible to create any code
incorporating both JIM and fastlisaresponse to create a space-based detector class within
the same framework.

However, it is still possible to create the space-based detector class with the response genera-
tion if one is able to rewrite all of fastlisaresponse with JAX, turning the equations ([2.1)),
(2.5), (2:12) and (2.16)) into Python code and applying Lagrange interpolation where applica-
ble, analogous to fastlisaresponse. This attempt can also be found in the aforementioned
Github repository. Nevertheless, while it did become possible to generate waveforms within
reasonable time, issues still remained, making it impossible for properly implement the space-
based detector within the time frame of this thesis project. To be specific, in spite of attempts
made to balance the memory usage with computation time, the code kept on running into [Out]
lof Memory (OOM))| errors, such as the one shown in Figure [3.6] It is suspected these errors
are a result from each signal - which are stored as double-precision arrays with sizes on the
order of tens of millions points - is improperly deleted when attempting to sample with JIM.
Due to the time constraints of this master thesis project, it was not possible to find out the
true cause of this error, nor to correct it.
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Chapter 4

Conclusions

In this thesis project, the effects of asymmetric noise were examined for [LISAl While proper
[PE| was not achieved, it was nevertheless possible to assess the effects by proxy through view-
ing the [SNR| and comparing the [FIM] between various cases. Through the [SNR] results we
were able to develop simple methods to handle the [T Dl| artifacts and maintain reasonable and
consistent values. Finally, the failed attempt at developing a fast posterior sampler for JIM
was described and discussed.

While a full analysis and [PE| did not turn out possible within the current timeline, the [FTM]
analysis indicated a symmetric or diagonal noise model would underestimate the uncertainties
by a significant degree. This would then imply that when analysing [LISA] signals, biases could
arise if the proper noise model is not applied. Nevertheless, this could only be inferred through
the [FTM] and this would only be possible by properly sampling a posterior distribution for a
noisy signal. Furthermore, another consequence of this project was determine the applicability
of the quasi-orthogonal (AET) channel, which relies on the symmetry of the various noise
channels and armlengths, of which the latter is definitely known not to apply. It is therefore
evident to say the (AET) variables have only a limited usage in the real case seeing as it does
not approximate the asymmetric values as well as is desirable.

In conclusion, despite not fully confirming the hypothesis, this thesis project was able to
effectively indicate the dangers of asymmetric noise for |LISA| whether it is applies to the
calculation of the [SNR] or the assessment of the uncertainties through the [FTM]

Suggestions for future research

For future projects, it will first be fruitful to determine the effects of asymmetric noise and
different orbits on [PE| Then one can actually see what possible biases could come out as well
as the uncertainties. As has been discussed in (Hartwig et al.|(2023)) and (Katz et al.| (2022)),
it is guaranteed the noise levels as well as the orbit of [LISA] will be asymmetric. Nonetheless,
the goal of developing a fast MCMC] sampler for [LISA] remains a challenge in spite of the hopes
at the start of this project. Due to the differences between ground-based detectors such as
and space-based detectors such as[LISA] it will not be trivial to simply emulate a sampler
optimised for one type to a sampler applicable for the other without forethought. Particularly
since the sources expected for[LISA]are much longer and will therefore also require signals with
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points on the order of tens of millions, the parallelisation may work adversely by consuming
too much memory as demonstrated by the aforementioned errors. It is suspected Python has
a more difficult time deleting memory allocated by JAX variables, which could be investigated
further.

Furthermore, it would also be useful to perform the same analyses for other types of signals -
more notably [MBHBE and [EMRIs, which are known to have a more spread-out contribution
to the [SNR] as opposed to the near-monochromatic [GBF - or other types of channels such as
the Sagnac variables which are known to have no artifacts for f < 120 mHzﬂ(HartWig
and Muratore (2022))) One would then expect the Sagnac variables be less affected by the
[SNR] methods. It would also be a quick and easy comparison to expand the [FTM] calculations
to these variables as well. Given how the waveform parameters were not as affected by the
different noise models as the spatial parameters. Given how important sky localisation is for
much of [LISAJ's science goals, it is nevertheless important to therefore correctly verify whether
the localisation is as troublesome for different types of sources as well.

Finally, despite the recent work by (Cireddu et al.| (2024)), it remains unclear how a tri-
angular would be affected for asymmetric noise. As this thesis has shown, the asymmetry
does have an effect on both the [SNR] and calculations. Since it is also expected [ET]s
correlated noise will be asymmetric, it could be fruitful to assess the potential biases brought
upon. This endeavour may be less worthwhile, though, seeing as it is expected that [ET[s
[PSDF and [CSDEs will vary over time, like[[VK] As general networks of correlated detectors tend
to have asymmetric correlations as well, symmetry is often used as an approximation without
issue. Nonetheless, it may be an interesting research topic to verify the lack of influence due
to asymmetry.

'More exactly, this corresponds to the second mode for the Michelson variables.
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Appendix A

Addendum on the noise modelling

A.1 Deriving the LISA][PSDks and [CSDs

Let us start with the definition of [Power Spectral Density| and [Cross Power Spectral Density|
For detectors k and [ in a network of N detectors, their [PSD] and [CSD] are given by:

<AFf) 5= 0(f ~ )5 Sulf) (A1)

For [LISA] we have 6 single-link phase detectors, which will be noted as S;; for a single-link shot
from satellite ¢ and received in satellite j. In literature, the two main noise sources identified
for these single-link detectors are the [Test Mass (TM) and |Optical Metrology Systems (OMS)|
noise and are modelled as the following in the literature (e.g. Hartwig et al| (2023); Alvey
et al.| (2024)):

2 4
STN(f) = 1079 x A%, <1 + (0-43?HZ) ) x (1 T (&%H) ) x (27 fe) " x m?s~?,
(A.2)

4 2
SOMS(f) = 1072 x P2 x (1 + <2H}HZ> ) x (?) x m?Hz ™", (A.3)

where A;; and P;; are dimensionless detector-specific parameters and c is light speed. Fur-

thermore, we can then identify the full noise contribution in the measurement (in the time
domain):(?)

=n () + g™ () + nM(E— L ().

ij ij
Here, we call D;; the delay operator, which delays the noise (in the time domain) by the time-
dependent armlength L;;(t) (using coordinates where ¢ =1 ). In order to generate the [PSDf,
and [CSDf in the frequency domain, the change of the armlength across time needs to be
specified. However, if the assumption is made that the armlengths are roughly constant across
time, the delay operator’s contributions the noise terms contributes to a factor exp(—2mi fL;;)
in the frequency domain.E] Through some simple algebra using equation ((A.4)), we find that

'This can easily be seen through the following identity:

~

(Di;[wD(f) = /szjy(t)efmftdt: /y(t—Lz’j)ff*Q”ftdt = e 2mIhug(f)

o1



52 APPENDIX A. ADDENDUM ON THE NOISE MODELLING

these noise terms then have the following (cross-)power spectral densities:
OMS ™ ™
Sijag = Oy T 5%+, (A.5)
Sij,ji = 627riijiS;gM + e_zm;fLij S;I;M (A6)

Note how this is only accurate for constant (though not necessarily equal) armlengths (L;;(t) =
L;;). If the armlengths are allowed to vary by time, the orbit function needs to be specified.

Sampling noise

When generating the noise samples from a given or covariance matrix S(f), it is assumed
the (complex) noise is gaussian and therefore follow a circularly symmetric comlex normal
distribution in the frequency space. More exactly, for digital signals with frequency resolution
A f the noise at frequency f is sampled from the following distribution:(Wikipedia contributors
(2025a))

. . Re[S(/fk)] —Im[S(fk)q>
Re[n ,Im[n ~ N (0,0);2A . AT
However, for fully symmetric noise models, the [CSD| becomes real and therefore the real and
imaginary parts become uncorrelated. This in turn simplifies the noise sampling to merely
sampling from the same multivariate normal distribution:

Re[n(f)], Im[n(f)] ~ N(0;S(fx))- (A.8)

As triangular is currently expected to have real [CSDE, this simplified form is used when
creating mock data.(Cireddu et al | (2024)))

A.2 Michelson Variables (XYZ)

Let us restate the Michelson variables, described as the following sum of phase measurements
and delay operators:

X = (1 = D13Ds1)[y12 + Dio[ya1]] — (1 — D12Da1) (113 + Dislysi]- (A.9)

We can find the other detectors Y and Z by performing cycle substitutions between (XY 7) «—
(123). Physically, we can interpret each term as the phase difference of the arriving and re-
turning [EM] waves for each arm. The difference of these terms is then clearly the kind of phase
measurement that would be made by a Michelson interferometer with constant arms. We can
then verify that this physically represents the phase measurement of a would-be Michelson
interferometer.

Let us now derive the relevant [PSDk and [CSDk. Assuming constant arms, we can find that
the data streams for the X — and the Y —channel in the frequency domain become:

X = (1 _ G—QWif(L13+L31))(g12 + 6_2mL12g21) _ (1 _ e—QWif(L12+L21))(g13 + e—%ifhsg?)l)‘
(A.10)

}7 — (1 _ e*?ﬂ'if(L2l+L12))(g23 _'_ e*QTA’iLQgggQ) _ (1 _ e*Qﬂif(L23+L32))<g2l + e*27l’ifL21gl2>'
(A1)
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We can further make our calculations easier when assessing the [PSDks and [CSDEk by noting the
fact that < n;j|ng > 0 only if ij = kl or ij = k. Using this identity and equations ((A.5]),
(A.6) and (A.10]), our X —channel’s SXX then becomes
SXX _ |1 o 6—27rif(L13+L31)|2<512712 + 821721 + €—2m‘L12512721 + 627rifL12321712) (A12a)
+ |1 — e EastLan) | 2(G 0 10+ Sy gy + e 2B G 5 00 + 2T Gy 1),
= 4sin®[m (L1 + Loy)](SOMS  SOMS 96 TM 4 9 5TM
+ e?ﬂif(Lzl—le)S;rzM _'_ e—47rifL125;I;lM _|_ 6_2mf(L21_L12)S;F2M + 6471'2'[/125;.[;[1\/[) (A12b)
+ 4sin[rf (L1 + L3)](SOMS  SOMS 4 9GTM 4 9 5IM
+ eQﬂif(Lglleg)SiIéM + 6747rifL135:;1’1M + 672771'([/317[/13)5;1;}\/[ + e47rifL135?:I‘1M)

= 4 gin? [7f(Lia + Lzl)KS%MS + SglMS + 40032[7rf(L12 — Lgl)]SlTQM + 4 cos? [7f (L2 + Lgl)])SQTlM)
+ 4 sin2[7rf(L13 + Lgl)](S%MS + S:?lMS + 4 COS2 [ﬂ'f(ng — Lgl)]SE;’M =+ 4COSQ[7Tf(L13 + Lgl)])S?EM)
(A.12¢)

This last expression can then finally be simplified in the fully symmetric case (i.e. when
Lij = L,S{M = S™ and SM5 = SOM3) to the following equation:(Hartwig et al, (2023))

S*X = 16sin? (21 fL)(SOMS + (3 + cos(4m f L)) Sp™). (A.13)

We can also make a slightly weaker approximation that is commonly used across the literature:
assuming that the armlength in each direction is equal. More exactly, L;; = L;; for all detectors
ij (while still assuming SSMS’TM + SOMSTM) “Using this approximation on top of the constant

arm approximation, we can reduce (A.12)) to
SXX = 45in?[27 f L15] (SO 4 SOMS + 45T 4 4 cos®[2m f L1) Si™)
+ 4sin?[27 f L13] (SO + SOMS 1 45TM 4 4 cos?[27 f L3]S ™). (A.14)
Next, we can analogously find the off-diagonal term S*Y . Luckily, the only relevant terms are

the ones containing n12 and nio;. Applying the same principles and techniques, we derive our
expression for SXV:

gXY _ _(1 _ 627Fif(L13+L31))(1 _ 6*27Fif(L23+L32)>(512 01 + 627Fif(L12*L21)5'21 12 (A.15a)

—2milL 2milL
+e 2 S1919 + €T 12591 91),

— _(1 _ 627Fif(L13+L31) _ €—2Trif(L23+L32) + 627rif(L13+L31—L23—L32)>
><(e‘2me21 52011\/15 + [2 cos(27TfL12) + e2mif Lz + 62mf(L21—2L12)]S2TlM

+ 627rifL125«102MS + [2 COS(27TfL12) + e2mifL1z + 6—27TifL21]SiF2M), (A.15b)

We can further find simplified versions of this equation through the same assumptions of
symmetry. For the fully symmetric case, we find the following cross term:

S*Y = —4sin(2n fL) sin(47 fL)(SOMS + 45™). (A.16)
Similarly to (A.14)), we can find the same type of result under the same approximations:
SXY = (1 — etmifls _ gmdmiflay y dmif(Lis—Las)) (A.17)

X (e_meLmSSlMS + emeL“S%MS + 4cos(27rfL12)(SglM + SITQM))
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Finally, we also note the 2 versions for Michelson vairables (XYZ), which are used to
reduce the shot noise below secondary noise levels. Since multiple candidates exist to suppress
this noise, we state an often-used one, following (Hartwig et al.| (2023))):

X, = (1-D3Di,)X. (A.18)

Due to the fact the second generation [TDI| variables are only useful when the armlengths are
both non-equal and varying in time, no simple or elegant [PSD] or [CSD| has been provided as
they would also be dependent on the orbit.

A.3 Sagnac Variables (af7()

The Sagnac variables are written in function of the single links the following fashion{Tinto and
Dhurandhar (2021)

a = (y12 + Di12y2s + D12Da3ys1) — (y13 + Disysa + D13Dsayas), (A.19)
¢ = Di2(ys1 — y32) + Daz(y12 — y13) + D31(y23 — y21)- (A.20)

Analogous to the Michelson variables, one can also write the § and v channels through
cyclic permutation with «. It is also analogously easy to physically interpret for the reader
as the clockwise laser stream (the first term in (|A.19)) interfering with the corresponding
counterclockwise laser stream (the second term in ((A.19)). ( itself is not fully independent of
the other Sagnac variables as it can be related to the other channels via the following relation:

(1 = Dy3D31D12)¢ = (Da3 — D31Drg)ax + (D31 — Da3Dio) B + (D12 — DasDsr)y.  (A.21)

It has been shown that any other set of [TDI| variables can be generated by a set of 4 gen-
erators, such as {«, 3,7, (}.(Hartwig et al.| (2023)) Similarly to the Michelson variables, the
corresponding [PSDk and [CSDE can be calculated. This will be left as an exercise to the reader
and only the fully symmetric case with equal armlengths will be provided:

S = 6SOMS 1 4(3 — 2cos(2nfL) — cos(6mfL))S™, (A.22)
5P = 9(cos(4m fL) + 2cos(2m fL))SOM5 + 4(1 — cos(2nfL))S™, (A.23)
5% = 6SM 1 12(1 — cos(2mfL))S™, (A.24)
526 = 0. (A.25)

Finally, [TDI}2 variants of the Sagnac variables have been proposed in order to take the arm-
length variation into account. Such a possible, often-used choice for o and ( is

ay = (1 — D12D93Ds;)a, (A.26)
(2 = (D31 — D12Da3)(C. (A.27)

A.4 Diagonalisation through the (AET) base

Assuming full symmetry between all detectors (i.e. A;; = Ay, P;j = Py, Lij(t) = L (t) =
D;;(t) = Djx(t) for all detectors ij and kl), it can be argued through symmetry that the
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covariance matrix for both for both the Michelson variables (XYZ) and the Sagnac variables
(afy) will have the following form:

D C C
s(fy=|c D c| ). (A.28)
C C D

After a brief analysis and applying our knowledge of linear algebra, one can find that this
covariance matrix has a convenient orthogonal base transformation to make it a diagonal
matrix with eigenvalues piy = pup = D —C and pup = D+ 2C and corresponding orthonormal
eigenvectors:

€3 — €

€4 = \/i )
-2
op - T ter (4.20)

e +e; +e;s

5

er =

with e, € {ex, ey, e} or {ea, e, e,} depending on your choice of variablesf| This coordinate
transformation thus allows us simplify our inner product for < s|h > to the following expression

(slh) = Re [/ st (s™) ﬁdf} : (A.30)
B R ey e .

As one can see from the above equation, this base transformation turns our inner product
from a sum of 6 terms with an otherwise undetermined inverse for the covariance to a sum of
3 easier integrals, which is why it is a popular choice in literature for analysis as it simplifies
the likelihood functions.

+ Re + Re

Since there are several cases where the off-diagonal terms in the AET base are actually non-
zero (e.g. when taking unequal noise into account or when the stochastic gravitational wave
background is modelled as gaussian noise), it might also be relevant to note the coordinate
transformation for the covariance matrix in general. For a matrix S of the form

Sll 5«12 513
S= (s 52 58|, (A.31)
(513)’f (5«23>T 533

2Even though the choice of order for ey, is arbitrary due to symmetry in their noise, the convention is
to pick e; = ex, e; = ey and e3 = ez for the Michelson variables and e; = e, e; = eg and e3 = e,.
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we find their elements in the AET base to be:
gAA _ 33 + SH — 2Re[S™]

2 3
gop _ 5%+ S —Re[25" + 25 — 5%
= G )
STT B Sll + 522 + 533 + 2Re [512 + 813 + 523]
= 3 ,
2(8%) 1 — 2812 — G114 §33 4 94Im [S13
SAT B 833 o Sll + 513 . <512)T + 523 + 2:Im [813]
\/6 )

gpr _ ST+ 5% —25% + 2Re [ST] 4 ST 4 (ST — 25 — 2(512)T
= Ve '




Appendix B

Miscellaneous figures

In this appendix the covariance graphs for the Michelson variables (XY Z) and the quasi-
orthogonal variables (AET) are provided, both with symmetric noise and asymmetric noise
(indicated with a subscript #). Note that since the is non-real in the asymmetric case,
the absolute value is shown. One more interesting thing to note is that since the (AET)
variables were created to elimate the [CSDf, the off-diagonals for the symmetric (AET) noise
model are always 0 and therefore not visible in the log-log plot.
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Figure B.1: |[LISA (noted as XX,YY, and ZZ) and (noted as XYY Z ZX
etc.) graphs for the Michelson variables XY Z.
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Figure B.2: [LISA (noted as AA, EE, and T'T) and (noted as AE, ET, T A etc.)
plots for the quasi-orthogonal variables AET.
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