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?`qrp_ar - Accurate calibration of interferometric gravitational wave detectors is essential for extracting reliable astrophysical informa-
tion from observed signals. The end-mirror power transmission TWE of the Fabry–Perot arm cavities in the Advanced Virgo detector is a
key parameter in the optical responsemodel, and an independent measurement technique is desirable to complement existing methods
based on finesse measurements and manufacturer specifications.

This thesis develops and validates a novel calibration method that exploits controlled backscattered light generated by a piezoelectric
bender mounted on the detector end bench. A beam transmitted through the end mirror is reflected off the oscillating bender surface
and re-injected into the arm cavity, producing a phase-modulated signal that is recorded at both themain output photodiode (B1) and the
end-bench photodiode (B8). From the ratio of the signal amplitudes at these two photodiodes, TWE can be extracted without requiring
knowledge of the absolute laser power or the intracavity field amplitude.

A time-domain simulation framework was constructed using the OSCAR FFT-based optical code to model the full scattering process,
including tilt-induced higher-order mode coupling, the frequency-dependent cavity transfer function, and the finite optical memory of
the arm cavity. The simulation demonstrates that the method recovers the injected reference value TWE;ref = 3:39 � 10�6 with a
sub-percent relative accuracy across the full range of drive frequencies tested (fmod = 1 mHz to 50 Hz). At low drive frequencies a
magnitude-only cavity pole correction is sufficient, at higher drive frequencies, where the signal frequency approaches or exceeds the
cavity pole at � 52 Hz, the cavity storage-time phase lag is removed by a time-domain deconvolution of the B1 signal prior to the
sinusoidal fit, restoring sub-percent accuracy.

An independent measurement of the cavity field decay rate is obtained from the double-exponential ring-down following a transient
scattered-light injection, yielding a value consistent with the known mirror reflectivities. The tilt-induced mode coupling is validated
through a Hermite–Gaussian modal decomposition of the intracavity field, confirming that the calibration signal is concentrated in the
TEM00 component within a narrow angular window around the bender zero-crossing.

The experimental hardware for the calibration (including the piezoelectric bender and a vacuum-compatible linear translation stage)
has been designed, characterised, and prepared for deployment on the Advanced Virgo end bench.

v



Icwumpbq - Gravitational wave observation, detector calibration, signal injection, light scattering, Fabry–Perot cavity, piezoelectric ben-
der, Advanced Virgo

vi



Calibrating Gravitational Wave Detectors
Using Scattered Light

Arthur Callens
Supervisor: Prof. Dr. Archisman Ghosh, Dr. Daniela Pascucci

Engineering Physics, Ghent University

Abstract—Accurate calibration of interferometric gravitational
wave detectors is essential for extracting reliable astrophysical
information from observed signals. This work develops and
validates a novel calibration method that exploits controlled
scattered light generated by a piezoelectric bender mounted
on the Advanced Virgo end bench. A small fraction of the
laser light transmitted through the arm cavity end mirror is
reflected off the oscillating bender surface and re-injected into
the cavity, producing a modulated signal that is recorded at two
photodiodes. Because the signals at these two photodiodes depend
on the end-mirror power transmission TWE in different ways,
their ratio allows TWE to be extracted without knowledge of
the absolute laser power. A time-domain simulation framework
demonstrates that the method recovers the injected reference
value with a sub-percent accuracy across the full range of drive
frequencies tested (1 mHz to 50 Hz), after applying a time-domain
deconvolution that removes the cavity storage-time phase lag
from the output signal. When combined with an independent
laboratory measurement of the mirror transmission, this provides
a direct test of the absolute strain calibration of the detector, fully
independent of both the photon calibrator and the Newtonian
calibrator.

Index Terms—Gravitational wave observation, detector cal-
ibration, signal injection, light scattering, Fabry–Perot cavity,
piezoelectric bender, Advanced Virgo

I. INTRODUCTION

The direct detection of gravitational waves by the LIGO and
Virgo collaborations in 2015 [1] opened a new observational
window onto the universe, enabling the study of astrophysical
phenomena from binary black hole mergers to neutron star
collisions. The scientific output of these observations depends
critically on calibration: the process of converting the raw
detector output into a calibrated gravitational wave strain time
series h(t). Any systematic error in this conversion propagates
directly into the inferred source parameters: masses, spins,
distances, and sky locations [2]. A 1 % bias in the calibration
amplitude, for example, translates directly into a 1 % error in
the luminosity distance, which in turn affects cosmological
parameter estimates when gravitational wave events are used
as standard sirens [3].

Advanced Virgo is a laser interferometer with two 3 km
Fabry–Perot arm cavities (figure 1). The laser light bounces
back and forth roughly 300 times inside each cavity, amplify-
ing the tiny length changes caused by a passing gravitational
wave. The amount of light that leaks out through the end
mirror on each bounce is characterised by the end-mirror
power transmission TWE. This parameter plays a dual role:
it determines the fraction of intracavity power reaching the

monitoring photodiodes behind the end mirror, and it sets
the coupling strength of any stray light re-entering the cavity
from the end bench. An independent measurement of TWE is
therefore valuable both for detector characterisation and for
modelling scattered-light noise, which is one of the most per-
sistent noise sources in the low-frequency band of Advanced
Virgo [4].

Was et al. [4] showed during the third observing run (O3)
that this scattered-light coupling can be turned from a noise
source into a calibration tool, using the natural seismic motion
of the end bench as the scattering source. The present work
extends this approach by developing a dedicated, controllable
scattering actuator (a piezoelectric bender driven at a known
frequency) and a simulation framework that models the full
scattering process, including effects that arise specifically from
the bender geometry.

Fig. 1. Optical layout of Advanced Virgo showing the field paths relevant
to the scattered-light calibration [4]. Light transmitted through the end mirror
reaches the end bench, where a fraction reflects back into the arm cavity.

II. SCATTERED LIGHT MODEL

A. Physical Principle

The calibration exploits the fact that the end mirror is not
perfectly reflective: a tiny fraction TWE � 3:4 ppm of the



intracavity power passes through it on every round trip. This
transmitted light reaches the end bench (figure 2), where a
beam splitter directs part of it onto a photodiode (B8) for
monitoring and part onto the piezoelectric bender. The bender
surface reflects a small fraction back toward the cavity. Be-
cause this returning light has travelled an additional round-trip
distance 2x(t) that varies with the bender displacement x(t),
it acquires a time-dependent phase shift ’sc(t) = 4�x(t)=�
relative to the intracavity field.

When this phase-shifted light re-enters the cavity through
the end mirror, it interferes with the circulating field. The
interference produces power fluctuations that are recorded at
both the main output photodiode (B1) at the interferometer’s
antisymmetric port and at B8 on the end bench. Crucially, the
two signals depend on TWE differently.

ETM

E0

BS

Piezo

B8

beam dump

transmitted beam

scattered light

Fig. 2. Simplified diagram of the end-bench optical layout. The transmitted
beam (red) passes through the end mirror (ETM) and is split by a beam
splitter (BS): one path reaches the B8 photodiode, the other illuminates the
piezoelectric bender. The scattered light (orange) returns along the same paths,
with half re-entering the arm cavity through the ETM.

B. Signal at the Two Photodiodes

Following Was et al. [4], the scattered field returning to the
cavity can be written as

Esc(t) /
p
TWE

p
fr;m E0 e

i’sc(t); (1)

where E0 is the intracavity field amplitude and fr;m = fr �fm
is the product of the surface reflectivity fr and the mode-
matching efficiency fm (the fraction of reflected light whose
spatial profile matches the cavity’s fundamental Gaussian
mode). Only this mode-matched fraction builds up resonantly
inside the cavity, all other spatial components are suppressed
by the large transverse mode frequency splitting (��10 �
10 kHz), which far exceeds the � 100 Hz cavity linewidth [5].

The scattered field re-entering the cavity is amplified by the
frequency-dependent cavity gain [6], [7]

G(f) =
Gmax

1 + if=farm
; (2)

where Gmax = 1=(1 � rrt) ’ 151 is the on-resonance
amplitude gain, rrt is the round-trip amplitude factor, and
farm � 52 Hz is the cavity pole frequency [5]. Using a signal
with frequency below the pole, the gain is large and nearly

constant. Above it, the gain falls as 1=f and acquires a phase
lag because the field oscillates faster than the cavity can follow.

The interference between the scattered light and the circu-
lating field produces measurable power fluctuations at both
photodiodes. Advanced Virgo uses a detection scheme called
DC readout, in which a small differential length offset  
between the two arm cavities is introduced so that a small
amount of carrier light leaks to the output port, serving as a
local oscillator [6]. In this configuration, the power at the main
output photodiode B1 is

PB1 � 1
2TIMjE0j2

h
 2 +  jGjTWE

p
fr;m sin’sc

i
; (3)

where TIM is the input mirror transmission. The first term
is the constant baseline power set by the readout offset.
The second is the oscillating scattered-light signal, whose
amplitude depends on the product G � TWE �

p
fr;m.

The power at the end-bench photodiode B8, which sits
outside the cavity, is

PB8 � 1
2 TWEjE0j2

h
1 +

p
fr;m cos’sc

i
: (4)

Here the oscillating term depends on
p
fr;m alone, the cavity

gain and the readout offset do not appear. This asymmetry
is the key to the calibration: dividing signal amplitudes by
baseline powers causes the intracavity power jE0j2 to cancel
in both equations, and combining the two ratios isolates TWE.

C. Equivalent Strain

The scattered-light signal at B1 mimics a gravitational
wave: both produce differential phase shifts between the two
arm cavities that are converted into power fluctuations at the
antisymmetric port. In the low-frequency limit (f � farm),
the scattered-light contribution can therefore be expressed as
an equivalent gravitational wave strain [4]:

hsc(t) =
TWE

p
fr;m

2L

�

4�
sin’sc(t): (5)

This expression is independent of both the cavity gain G
and the readout offset  , because the same detector response
that amplifies a real gravitational wave equally amplifies the
scattered-light signal: the two factors cancel when converting
power fluctuations back to strain. This cancellation is the
physical reason why the method can measure TWE without
independently knowing the cavity gain or the operating point.

If a laboratory measurement TLMA
WE of the mirror transmis-

sion is available, comparing the reconstructed strain to the
absolutely calibrated scattered-light signal directly tests the
accuracy of the detector calibration. During O3, Was et al.
found this ratio to be 1:009�0:05 for the west end mirror [4],
consistent with unity. The dominant uncertainty arose from
the 2–5 % precision of the laboratory coating measurement,
not from the scattered-light technique itself.



III. TILT-INDUCED MODE COUPLING

An important complication arises from the bender geometry.
The piezoelectric bender is a cantilever of length ‘ = 28 mm,
so a tip displacement xtip is necessarily accompanied by a
tilt � � xtip=‘ that deflects the reflected beam away from the
cavity axis. This tilt imposes a linear transverse phase ramp
on the scattered field [8], coupling power out of the cavity’s
fundamental Gaussian mode (TEM00) and into higher-order
Hermite–Gaussian modes [9], [10].

The fraction of scattered power that remains in TEM00, and
therefore builds up resonantly in the cavity, follows a Gaussian
envelope:

fm(�) = exp
�
�(kw�)2

�
; (6)

where k = 2�=� and w � 5:5 cm is the beam radius at the
end mirror [11]. This coupling efficiency equals unity when
the bender is perpendicular to the beam (� = 0) and drops
rapidly with increasing tilt. The characteristic angular scale is
�c = 1=(kw) � 3:1 �rad: beyond this angle, essentially no
scattered light couples back into the cavity mode.
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Fig. 3. Power coupled into each Hermite–Gaussian mode TEMm0 as a
function of bender tilt angle � (equation (6) generalised to all mode orders),
for Virgo arm cavity parameters. At � = 0 all scattered power resides in
TEM00 (m = 0). As j�j increases, the distribution shifts to higher orders,
and the TEM00 fraction drops rapidly.

During a sinusoidal bender oscillation, the tilt passes
through zero twice per cycle. The calibration signal is therefore
confined to narrow time windows around these zero-crossings,
where fm � 1 and the scattered field couples efficiently into
the cavity (figure 3). For the realistic parameters kw� � 115
and fmod = 10 mHz, the condition fm > 0:99 is satisfied
within j�tj < 14 ms of the true zero-crossing, making the
method robust to millisecond-level timing errors.

IV. SIMULATION FRAMEWORK

A. OSCAR Optical Code

The simulations use OSCAR [12], [13], a MATLAB-based
FFT code that represents the electromagnetic field on a two-
dimensional spatial grid. Mirror interactions are modelled as
spatially varying phase masks, and free-space propagation is
computed in the Fourier domain. A simplified model of the

Advanced Virgo west arm cavity was implemented with design
parameters (TIM = 1:3 %, TEM = 3:39 ppm, L = 3 km) [5],
[14], [15], including a 50/50 beam splitter and DC readout
offset. Power recycling, signal recycling, thermal effects, and
quantum noise are omitted, consistent with [4].

B. Time-Domain Cavity Dynamics

A standard frequency-domain treatment of the cavity re-
sponse is impractical here because the bender tip displacement
of � 10 �m at � = 1064 nm produces a modulation depth
� = 4�xtip=� � 118 [10], meaning the scattered-light signal
distributes its power across hundreds of frequency sidebands.
Combined with the tilt-induced spatial distortion, no small
number of modes suffices.

The cavity dynamics are instead formulated as a discrete-
time update [16], [7], [17]: at each time step, the intracavity
field is a weighted sum of the previous field (attenuated by
the round-trip losses) and a new contribution coupled through
the input mirror. For compatibility with OSCAR’s steady-state
solver, this is cast as an effective input field:

E
(n+1)
e� = foldE

(n)
e� + (1� fold)E(n+1)

new ; (7)

where fold = e�
�t is the fraction of intracavity energy
retained after one time step �t, and 
 = 2�farm � 327 s�1

is the cavity field decay rate. The corresponding storage time
is �cav = 1=
 ’ 3 ms. At each step, E(n+1)

e� is passed to
OSCAR as a static input, and the solver returns the intracavity
field. This formulation is the main methodological contribution
on the simulation side: it enables time-domain modelling of
the cavity response to arbitrarily modulated scattered fields
without modifying the OSCAR code.

V. CALIBRATION PROCEDURE

Near a zero-crossing, the baseline-subtracted B1 and B8
signals are locally sinusoidal. Their amplitudes can be written
as

AB1 = 1
2TIMjE0j2  GTWE

p
fr;m; (8)

AB8 = 1
2TWEjE0j2

p
fr;m: (9)

The procedure to extract TWE has four steps.

Step 1: determine fr;m from B8. Dividing AB8 by the B8
baseline power causes TWE and jE0j2 to cancel:

fr;m = (AB8=PB8;base)
2
: (10)

Step 2: verify  . The DC readout offset is cross-checked
from the B1 baseline power as a consistency check on the
operating point.

Step 3: recover TWE. Dividing AB1 by the B1 baseline
power similarly cancels jE0j2, and substituting fr;m from
Step 1 isolates the mirror transmission:

TWE =
 p
fr;m G

� AB1

PB1;base
: (11)

Step 4: averaging. Averaging the recovered TWE over
multiple zero-crossings across several bender oscillation cycles
reduces the statistical uncertainty.



Zero-crossing identification. In practice, the zero-crossing
times are identified from the data using three complementary
approaches: synchronisation with the recorded drive voltage,
the envelope of the B8 power burst (which peaks when fm �
1), and the corresponding B1 envelope as a consistency check.

VI. SIMULATION RESULTS

Synthetic data were generated with TWE;ref = 3:39�10�6,
fr = 10�6, xtip = 10 �m, and drive frequencies spanning
fmod 2 [10�3; 50] Hz.

A. Zero-Crossing Fits

Fig. 4. Baseline-subtracted �PB1 (top) and �PB8 (bottom) at fmod =
1 mHz, plotted against bender displacement. The sinusoidal fit (grey) matches
the simulation inside the zero-crossing window (shaded) and diverges outside,
where the mode-matching efficiency drops.

A single-frequency sinusoidal fit reproduces the simulated
photocurrents inside the nine-sample zero-crossing window
to numerical precision (figure 4). Outside the window the fit
diverges, as expected from the rapid drop in mode-matching
efficiency. The fitted frequency scales as f�t ’ 241 fmod,
exceeding � � fmod � 118 fmod. This is a geometric effect
of the finite bender length (the tilt adds a transverse phase
contribution), and does not affect the fitted amplitude entering
the calibration.

B. Frequency Dependence of Cavity Gain

The cavity amplitude gain G(�) was extracted as a function
of bender tilt for different drive frequencies. At low fmod

the gain traces a sharply peaked curve centred on � = 0,
reaching the DC value Gmax ’ 151:5. As fmod increases, the
peak is progressively reduced (figure 5) because the bender
sweeps through the zero-crossing faster than the cavity storage
time �cav ’ 2:9 ms: the intracavity field cannot fully build up
before the bender has moved on.

C. Cavity Decay Rate from Ring-Down

After the bender sweeps past a zero-crossing, the mode-
matching efficiency drops to fm � 0 and the intracavity
perturbation decays freely. Fitting a double-exponential model

Fig. 5. Cavity amplitude gain as a function of bender tilt angle, for different
drive frequencies. At low fmod the gain peaks at Gmax ’ 151:5. At higher
frequencies the bender sweeps through faster than the cavity storage time,
reducing the effective gain.

to the tail of the TEM00 power yields 
�t = 325:9 s�1, in
close agreement with 
known = 326:1 s�1 computed from
the mirror reflectivities (figure 6). This validates the cavity
memory model of equation (7) and provides an independent
measurement of the cavity pole: farm;�t = 
�t=(2�) =
51:9 Hz, consistent with the design value [11].

Fig. 6. TEM00 power for fmod = 3 Hz (blue) with the double-exponential
ring-down fit (orange dashed). The fitted decay rate 
�t = 325:9 s−1

corresponds to farm = 51:9 Hz.

D. End-Mirror Transmission Recovery

The main calibration result is shown in figure 7 and table I.
Two variants of the cavity gain correction are compared.

With a magnitude-only correction, Gcorr =
Gmax=

p
1 + (f�t=farm)2, the recovered TWE agrees with

the reference to within 0:2 % for fmod = 1 mHz to 50 mHz,
but develops a systematic upward bias at higher frequencies,
reaching TWE=TWE;ref = 2:09 at fmod = 3 Hz. The origin of



Fig. 7. Recovered TWE=TWE;ref as a function of drive frequency. Blue
circles: magnitude-only pole correction. Green diamonds: full complex correc-
tion via time-domain deconvolution (equation (12)). With the deconvolution,
sub-percent accuracy is maintained across the full range.

this bias is the neglected phase lag ’s = arctan(f�t=farm):
the magnitude-only correction accounts for the amplitude
roll-off above the cavity pole but not for the phase rotation,
which distorts the transient signal shape at the zero-crossing
and biases the fitted amplitude.

To understand why the phase lag biases a transient fit,
consider what the cavity does to the scattered-light burst
that occurs at each zero-crossing. When the bender passes
through � = 0, a short pulse of mode-matched light enters
the cavity and rings up the intracavity field. At low drive
frequencies this build-up is nearly instantaneous compared to
the bender motion, so the intracavity field tracks the input
faithfully and the signal shape at B1 is a clean sinusoid. At
high drive frequencies, however, the cavity responds with a
delay of order �cav: the field peak is shifted in time relative
to the input, and the leading and trailing edges of the burst
are asymmetrically distorted. A symmetric sinusoidal fit to
this asymmetric waveform systematically overestimates the
amplitude, producing the observed upward bias in TWE.

The bias is eliminated by deconvolving the cavity pole from
the B1 signal before fitting. The arm cavity acts as a single-
pole low-pass filter, whose inverse in the time domain is

�P
(deconv)
B1 (t) = �PB1(t) + �arm

d �PB1

dt
(t); (12)

where �arm = 1=(2�farm) is the cavity storage time. This
identity follows directly from rearranging the first-order or-
dinary differential equation that defines the cavity impulse
response [18]: x = y + �arm _y. It is exact for arbitrary
time dependence, including transient signals, and requires no
steady-state assumption.

The sinusoidal fit is then performed on the deconvolved
signal, and Gmax replaces Gcorr in equation (11). With this
full complex correction, sub-percent accuracy is maintained
across the entire range of drive frequencies tested, from 1 mHz
to 50 Hz (figure 7).

TABLE I
RECOVERED TWE FOR SELECTED DRIVE FREQUENCIES, COMPARING THE

MAGNITUDE-ONLY AND DECONVOLVED CORRECTIONS.

fmod [Hz] f�t [Hz] TWE
TWE,ref

(mag.) TWE
TWE,ref

(deconv.)
0.001 0.24 1.0016 1.0016
0.01 2.38 0.9874 1.0027
0.05 11.92 0.9893 1.0029
0.1 23.85 1.0251 1.0015
0.2 47.69 1.1340 0.9994
0.3 71.54 1.2554 0.9983
0.5 119.23 1.4645 0.9973
1.0 238.46 1.7801 0.9969
2.0 476.92 1.9785 0.9969
3.0 715.38 2.0656 0.9969
5.0 1207.36 2.3261 0.9982
30 7244.15 2.4473 0.9980
50 12073.58 2.5129 0.9977

E. Influence of Bender Length

The ratio f�t=fmod ’ 241 exceeds � � 118 because the
finite bender length couples tilt and displacement. Repeating
the simulation for several bender lengths while keeping xtip =
10 �m fixed confirms that f�t converges to � � fmod as ‘ !
1. The fitted amplitude, which is the quantity entering the
calibration, is independent of bender length.

Practical operating envelope. The minimum practical tip
displacement is approximately xtip;min � 0:15 �m, below
which too small a fraction of an optical fringe lies within the
zero-crossing window for a reliable sinusoidal fit. Operating
at higher fmod with proportionally reduced xtip shortens the
measurement time and reduces susceptibility to slow drifts
in the detector operating point, while the deconvolution of
equation (12) ensures that the cavity phase lag does not limit
the accessible frequency range.

VII. EXPERIMENTAL HARDWARE

The experimental setup for generating controlled scattered
light on the Advanced Virgo end bench consists of two main
components.

Piezoelectric bender. A Thorlabs PB4NB2S bimorph ben-
der provides up to �450 �m tip displacement with a resonant
frequency of 370 Hz and is vacuum-compatible to 10�7 Torr
(� 1:3� 10�7 mbar). It is driven differentially by a Thorlabs
MDT694B high-voltage controller. Two 10 k
 protection
resistors limit the system bandwidth to � 29 Hz.

Linear translation stage. A Newport Agilis AG-LS25-27
piezo stage (27 mm travel, 100 nm minimum incremental
motion) positions the bender into or out of the transmitted
beam path, controlled remotely via USB.

Initial laboratory tests revealed that the bare ceramic sur-
face of the bender absorbs most of the incident laser power
(� 2 W), causing rapid heating that risks damaging the piezo-
electric ceramic and causing outgassing under vacuum. On the
Advanced Virgo end bench, the transmitted power reaching
the bender position is expected to reach approximately 1:6 W
during O5 [19], focused to a � 1 mm spot. The baseline



solution is to apply a thin metallic coating to the bender
surface, increasing the reflectivity above 90 % at 1064 nm [20]
and reducing the absorbed power by roughly an order of
magnitude. A reflective coating also increases fr, directly
improving the calibration signal-to-noise ratio.

VIII. CONCLUSION

A novel method for measuring the end-mirror transmission
of the Advanced Virgo arm cavities has been developed, ex-
ploiting controlled scattered light from a piezoelectric bender.
The key findings are:

1) A time-domain simulation framework correctly models
the full scattering process, including tilt-induced higher-
order mode coupling and the frequency-dependent cavity
response.

2) TWE is recovered with sub-percent accuracy across the
full range of drive frequencies tested (1 mHz to 50 Hz),
using only measured power ratios. At low drive frequen-
cies a magnitude-only cavity pole correction suffices,
at higher frequencies, a time-domain deconvolution re-
moves the cavity phase lag from the B1 signal before
fitting, extending sub-percent accuracy to the full range.
The method is self-calibrating: it requires no knowledge
of the absolute laser power.

3) The cavity decay rate measured from the ring-down
(
�t = 325:9 s�1) matches the known value
(326:1 s�1), validating the cavity memory model.

4) The TEM00 mode-matching follows exp[�(kw�)2],
confirming that the calibration window is correctly re-
stricted to the bender zero-crossings.

When combined with a laboratory measurement of TWE,
the method provides an independent test of the absolute
calibration of the gravitational wave detector, complementing
existing techniques such as the photon calibrator [21], [22]
and the Newtonian calibrator [23]. The three methods cover
complementary frequency ranges: the Newtonian calibrator
operates at a few hertz, the photon calibrator at tens to
hundreds of hertz, and the scattered-light method at a few Hz
to a few kHz set by the bender drive.

IX. OUTLOOK

The remaining steps toward an in-situ measurement are:
applying a thin coating (e.g. � 100 nm aluminium [20]) or
a spectralon reflector [19] to the bender surface to reduce
absorbed power and increase the scattered-light signal, cali-
brating the bender displacement using an independent sensor
and verifying linearity well below the 370 Hz mechanical
resonance, measuring the surface reflectivity at 1064 nm to
determine the scattering parameter fr, and verifying vacuum
compatibility of the full assembly under representative thermal
load before installation on the suspended end bench.

Once installed, a commissioning phase will confirm that
the expected signals are produced and that no excess noise
is introduced into the detector output. The bender can be

retracted when not in use, leaving no residual effect on detector
sensitivity. If the experimental results confirm the sub-percent
accuracy demonstrated by the simulation, the scattered-light
method could become a valuable addition to the calibration
toolkit of current and future gravitational wave observato-
ries [21].
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���������� �4�U�B�H�F �D�B�M�J�C�S�B�U�J�P�O�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �-�B�T�F�S �T�P�V�S�D�F�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �5�I�F�S�N�B�M �B�C�T�P�S�Q�U�J�P�O �E�V�S�J�O�H �J�O�J�U�J�B�M �M�B�C�P�S�B�U�P�S�Z �U�F�T�U�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �0�V�U�M�P�P�L�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

���������� �4�P�M�V�U�J�P�O �U�P �U�I�F �I�F�B�U�J�O�H �Q�S�P�C�M�F�N�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
���������� �'�V�U�V�S�F �U�F�T�U�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
���������� �7�B�D�V�V�N �D�P�N�Q�B�U�J�C�J�M�J�U�Z�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
���������� �*�O�T�U�B�M�M�B�U�J�P�O �J�O �"�E�W�B�O�D�F�E �7�J�S�H�P�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

�� �$�P�O�D�M�V�T�J�P�O ����

�#�J�C�M�J�P�H�S�B�Q�I�Z ����

�4�P�D�J�F�U�B�M �S�F�ñ�F�D�U�J�P�O ����

�" �5�J�M�U���J�O�E�V�D�F�E �I�J�H�I�F�S���P�S�E�F�S �N�P�E�F �D�P�V�Q�M�J�O�H ����

�# �3�F�D�J�Q�S�P�D�J�U�Z ����

�$ �%�F�S�J�W�B�U�J�P�O �P�G �U�I�F �%�$ �S�F�B�E�P�V�U �Q�P�X�F�S �J�O�D�M�V�E�J�O�H �T�D�B�U�U�F�S�F�E���M�J�H�I�U �U�F�S�N�T����

�Y�W



�-�J�T�U �P�G �'�J�H�V�S�F�T

������ �&�G�G�F�D�U �P�G �U�I�F �U�X�P �H�S�B�W�J�U�B�U�J�P�O�B�M���X�B�W�F �Q�P�M�B�S�J�[�B�U�J�P�O �T�U�B�U�F�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �4�D�I�F�N�B�U�J�D �P�Q�U�J�D�B�M �M�B�Z�P�V�U �P�G �U�I�F �"�E�W�B�O�D�F�E �7�J�S�H�P �J�O�U�F�S�G�F�S�P�N�F�U�F�S�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �4�D�I�F�N�B�U�J�D �E�J�B�H�S�B�N �P�G �U�I�F �J�O�Q�V�U �N�P�E�F �D�M�F�B�O�F�S�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �4�D�I�F�N�B�U�J�D �P�G �B �T�J�O�H�M�F �"�E�W�B�O�D�F�E �7�J�S�H�P �'�B�C�S�Z�r�1�F�S�P�U �B�S�N �D�B�W�J�U�Z�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �4�J�H�O�B�M �T�J�E�F�C�B�O�E �B�N�Q�M�J�U�V�E�F �G�P�S �U�V�O�F�E �B�O�E �E�F�U�V�O�F�E �T�J�H�O�B�M �S�F�D�Z�D�M�J�O�H �D�P�O�ð�H�V�S�B�U�J�P�O�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �-�B�Z�P�V�U �B�O�E �X�P�S�L�J�O�H �P�G �U�I�F �P�V�U�Q�V�U �N�P�E�F �D�M�F�B�O�F�S�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �4�D�I�F�N�B�U�J�D �P�G �U�I�F �"�E�W�B�O�D�F�E �7�J�S�H�P �4�V�Q�F�S�B�U�U�F�O�V�B�U�P�S �T�F�J�T�N�J�D �J�T�P�M�B�U�J�P�O �T�Z�T�U�F�N�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ����
������ �/�P�J�T�F �C�V�E�H�F�U �P�G �"�E�W�B�O�D�F�E �7�J�S�H�P �E�V�S�J�O�H �0���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �%�F�U�B�J�M�F�E �T�D�I�F�N�B�U�J�D �P�G �B�O �"�E�W�B�O�D�F�E �7�J�S�H�P �Q�I�P�U�P�O �D�B�M�J�C�S�B�U�P�S �W�J�F�X�F�E �G�S�P�N �U�I�F �U�P�Q �<���>���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
�������� �/�F�X�U�P�O�J�B�O �D�B�M�J�C�S�B�U�P�S �T�Z�T�U�F�N �P�G �U�I�F �7�J�S�H�P �J�O�U�F�S�G�F�S�P�N�F�U�F�S �B�U �U�I�F �T�U�B�S�U �P�G �0���C�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �%�J�B�H�S�B�N �P�G �B �(�B�V�T�T�J�B�O �C�F�B�N�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �*�O�U�F�O�T�J�U�Z �Q�B�U�U�F�S�O�T �G�P�S �)�F�S�N�J�U�F���(�B�V�T�T�J�B�O �N�P�E�F�T �5�&�.mn �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �8�P�S�L�J�O�H �Q�S�J�O�D�J�Q�M�F �P�G �B �'�B�C�S�Z�r�1�F�S�P�U �D�B�W�J�U�Z�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �1�P�X�F�S �F�O�I�B�O�D�F�N�F�O�U �J�O �B �'�B�C�S�Z�r�1�F�S�P�U �D�B�W�J�U�Z�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �4�J�H�O�B�M �T�J�E�F�C�B�O�E �B�N�Q�M�J�U�V�E�F �G�P�S �B �'�B�C�S�Z�r�1�F�S�P�U�r�.�J�D�I�F�M�T�P�O �J�O�U�F�S�G�F�S�P�N�F�U�F�S�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �4�D�I�F�N�B�U�J�D �P�G �B �1�P�V�O�E�r�%�S�F�W�F�S�r�)�B�M�M �M�P�D�L�J�O�H �T�F�U�V�Q�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �#�F�T�T�F�M �G�V�O�D�U�J�P�O �B�N�Q�M�J�U�V�E�F�TJn (� ) �G�P�S �T�N�B�M�M �B�O�E �M�B�S�H�F �N�P�E�V�M�B�U�J�P�O �E�F�Q�U�I�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �0�Q�U�J�D�B�M �M�B�Z�P�V�U �P�G �U�I�F �4�8�&�# �B�O�E �4�/�&�# �F�O�E �C�F�O�D�I�F�T �B�T �Q�M�B�O�O�F�E �G�P�S �0���� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �0�W�F�S�W�J�F�X �P�G �U�I�F �N�P�T�U �J�N�Q�P�S�U�B�O�U �P�Q�U�J�D�B�M �F�M�F�N�F�O�U�T �P�G �U�I�F �7�J�S�H�P �E�F�U�F�D�U�P�S�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �$�P�N�Q�B�S�J�T�P�O �P�G �#�� �N�F�B�T�V�S�F�N�F�O�U�T �G�P�S �4�8�&�# �B�O�E �4�/�&�# �J�O�K�F�D�U�J�P�O �N�F�B�T�V�S�F�N�F�O�U�T �X�J�U�I �B�D�U�V�B�U�J�P�O �B�N�Q�M�J�U�V�E�FA = 140�� �� ����
������ �1�M�B�U�F�B�V �T�I�B�Q�F �D�P�N�Q�B�S�J�T�P�O �C�F�U�X�F�F�O �4�8�&�# �B�O�E �4�/�&�#�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �5�S�B�O�T�M�B�U�J�P�O�B�M �T�D�B�U�U�F�S�F�E �M�J�H�I�U �J�O�K�F�D�U�J�P�O �D�P�N�Q�B�S�J�T�P�O�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �3�P�U�B�U�J�P�O�B�M �T�D�B�U�U�F�S�F�E �M�J�H�I�U �J�O�K�F�D�U�J�P�O �D�P�N�Q�B�S�J�T�P�O�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �%�J�B�H�S�B�N �P�G �B �N�J�S�S�P�S �X�J�U�I �E�F�ð�O�J�O�H �Q�B�S�B�N�F�U�F�S�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �"�M�H�P�S�J�U�I�N �V�T�F�E �J�O �0�4�$�"�3 �U�P �D�P�N�Q�V�U�F �U�I�F �D�J�S�D�V�M�B�U�J�O�H �ð�F�M�E�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �4�J�N�Q�M�J�ð�F�E �E�J�B�H�S�B�N �P�G �U�I�F �F�O�E �C�F�O�D�I �P�Q�U�J�D�B�M �M�B�Z�P�V�U�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �1�J�F�[�P�F�M�F�D�U�S�J�D �C�F�O�E�F�S �E�F�ñ�F�D�U�J�P�O �Q�P�T�J�U�J�P�O�T�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �1�P�X�F�S �D�P�V�Q�M�F�E �J�O�U�P �I�J�H�I�F�S���P�S�E�F�S �N�P�E�F�T �B�T �B �G�V�O�D�U�J�P�O �P�G �C�F�O�E�F�S �U�J�M�U�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
������ �.�P�E�F���N�B�U�D�I�J�O�H �F�G�ð�D�J�F�O�D�Z �B�T �B �G�V�O�D�U�J�P�O �P�G �P�T�D�J�M�M�B�U�J�P�O �Q�I�B�T�F�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������

������ �4�J�O�V�T�P�J�E�B�M �ð�U�T �P�G �T�J�N�V�M�B�U�F�E �Q�I�P�U�P�D�V�S�S�F�O�U�T �O�F�B�S �U�I�F �C�F�O�E�F�S �[�F�S�P���D�S�P�T�T�J�O�H�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
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�C�J�B�T �U�I�B�U �B�S�J�T�F�T �B�C�P�W�F �U�I�F �D�B�W�J�U�Z �Q�P�M�F �X�I�F�O �V�T�J�O�H �B �N�B�H�O�J�U�V�E�F���P�O�M�Z �D�P�S�S�F�D�U�J�P�O��

�$�I�B�Q�U�F�S�� �Q�S�F�T�F�O�U�T �U�I�F �F�Y�Q�F�S�J�N�F�O�U�B�M �I�B�S�E�X�B�S�F�� �U�I�F �Q�J�F�[�P�F�M�F�D�U�S�J�D �C�F�O�E�F�S�
 �U�I�F �M�J�O�F�B�S �U�S�B�O�T�M�B�U�J�P�O �T�U�B�H�F�
 �B�O�E �U�I�F �M�B�T�F�S �T�P�V�S�D�F�
 �U�P�H�F�U�I�F�S
�X�J�U�I �U�I�F �P�V�U�M�P�P�L �G�P�S �E�F�Q�M�P�Z�N�F�O�U �P�O �U�I�F �"�E�W�B�O�D�F�E �7�J�S�H�P �F�O�E �C�F�O�D�I��

�$�I�B�Q�U�F�S�� �T�V�N�N�B�S�J�T�F�T �U�I�F �Q�S�J�O�D�J�Q�B�M �S�F�T�V�M�U�T�
 �E�J�T�D�V�T�T�F�T �U�I�F�J�S �J�N�Q�M�J�D�B�U�J�P�O�T �G�P�S �U�I�F �"�E�W�B�O�D�F�E �7�J�S�H�P �D�B�M�J�C�S�B�U�J�P�O �Q�S�P�H�S�B�N�N�F�
 �B�O�E �J�E�F�O�U�J�ð�F�T
�U�I�F �S�F�N�B�J�O�J�O�H �T�U�F�Q�T �U�P�X�B�S�E �B�O �J�O���T�J�U�V �N�F�B�T�V�S�F�N�F�O�U��



��
�"�E�W�B�O�D�F�E �7�J�S�H�P

������ �0�W�F�S�W�J�F�X �B�O�E �T�D�J�F�O�U�J�ð�D �D�P�O�U�F�Y�U

�"�E�W�B�O�D�F�E �7�J�S�H�P �	�"�E�7�
 �J�T �B �T�F�D�P�O�E���H�F�O�F�S�B�U�J�P�O �M�B�T�F�S �J�O�U�F�S�G�F�S�P�N�F�U�S�J�D �H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �E�F�U�F�D�U�P�S �M�P�D�B�U�F�E �B�U �U�I�F �&�V�S�P�Q�F�B�O �(�S�B�W�J�U�B�U�J�P�O�B�M
�0�C�T�F�S�W�B�U�P�S�Z �	�&�(�0�
 �O�F�B�S �$�B�T�D�J�O�B�
 �1�J�T�B�
 �*�U�B�M�Z�� �*�U �J�T �P�Q�F�S�B�U�F�E �C�Z �U�I�F �7�J�S�H�P �$�P�M�M�B�C�P�S�B�U�J�P�O�
 �B �M�B�S�H�F �J�O�U�F�S�O�B�U�J�P�O�B�M �H�S�P�V�Q �P�G �S�F�T�F�B�S�D�I �J�O�T�U�J�U�V�U�J�P�O�T
�B�D�S�P�T�T �&�V�S�P�Q�F�� �5�P�H�F�U�I�F�S �X�J�U�I �U�I�F �U�X�P �"�E�W�B�O�D�F�E �-�*�(�0 �E�F�U�F�D�U�P�S�T �J�O �U�I�F �6�O�J�U�F�E �4�U�B�U�F�T �B�O�E �U�I�F �,�"�(�3�" �E�F�U�F�D�U�P�S �J�O �+�B�Q�B�O�
 �"�E�W�B�O�D�F�E �7�J�S�H�P
�G�P�S�N�T �U�I�F �D�P�S�F �P�G �U�I�F �D�V�S�S�F�O�U �H�M�P�C�B�M �O�F�U�X�P�S�L �P�G �H�S�P�V�O�E���C�B�T�F�E �H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �P�C�T�F�S�W�B�U�P�S�J�F�T�� �5�I�J�T �O�F�U�X�P�S�L �I�B�T �F�O�B�C�M�F�E �U�I�F �E�F�U�F�D�U�J�P�O
�P�G �H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �T�J�H�O�B�M�T �G�S�P�N �D�P�N�Q�B�D�U �C�J�O�B�S�Z �D�P�B�M�F�T�D�F�O�D�F�T�
 �O�F�V�U�S�P�O �T�U�B�S �N�F�S�H�F�S�T�
 �B�O�E �P�U�I�F�S �B�T�U�S�P�Q�I�Z�T�J�D�B�M �F�W�F�O�U�T �T�J�O�D�F �U�I�F �ð�S�T�U
�E�J�S�F�D�U �E�F�U�F�D�U�J�P�O�
 �(�8�������������
 �J�O �������� �<���>��

�(�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F�T �B�S�F �S�J�Q�Q�M�F�T �J�O �U�I�F �G�B�C�S�J�D �P�G �T�Q�B�D�F�U�J�N�F�
 �Q�S�F�E�J�D�U�F�E �C�Z �"�M�C�F�S�U �&�J�O�T�U�F�J�O�n�T �H�F�O�F�S�B�M �U�I�F�P�S�Z �P�G �S�F�M�B�U�J�W�J�U�Z �J�O ���������� �5�I�F�Z �B�S�F
�H�F�O�F�S�B�U�F�E �C�Z �U�I�F �B�D�D�F�M�F�S�B�U�J�P�O �P�G �N�B�T�T�J�W�F �P�C�K�F�D�U�T�
 �N�P�T�U �O�P�U�B�C�M�Z �C�Z �U�I�F �J�O�T�Q�J�S�B�M �B�O�E �N�F�S�H�F�S �P�G �D�P�N�Q�B�D�U �C�J�O�B�S�Z �T�Z�T�U�F�N�T �T�V�D�I �B�T �Q�B�J�S�T �P�G
�C�M�B�D�L �I�P�M�F�T �P�S �O�F�V�U�S�P�O �T�U�B�S�T�� �"�T �U�I�F�T�F �P�C�K�F�D�U�T �P�S�C�J�U �F�B�D�I �P�U�I�F�S�
 �U�I�F�Z �M�P�T�F �F�O�F�S�H�Z �U�I�S�P�V�H�I �H�S�B�W�J�U�B�U�J�P�O�B�M �S�B�E�J�B�U�J�P�O�
 �D�B�V�T�J�O�H �U�I�F�J�S �P�S�C�J�U�T �U�P
�T�I�S�J�O�L �V�O�U�J�M �U�I�F�Z �F�W�F�O�U�V�B�M�M�Z �D�P�B�M�F�T�D�F�� �5�I�F �F�N�J�U�U�F�E �X�B�W�F�T �Q�S�P�Q�B�H�B�U�F �P�V�U�X�B�S�E �B�U �U�I�F �T�Q�F�F�E �P�G �M�J�H�I�U�
 �T�U�S�F�U�D�I�J�O�H �B�O�E �D�P�N�Q�S�F�T�T�J�O�H �T�Q�B�D�F�U�J�N�F
�U�S�B�O�T�W�F�S�T�F�M�Z �B�T �U�I�F�Z �Q�B�T�T �U�I�S�P�V�H�I �J�U��

�5�I�F �F�G�G�F�D�U �P�G �B �H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �P�O �B �S�J�O�H �P�G �G�S�F�F�M�Z �G�B�M�M�J�O�H �U�F�T�U �N�B�T�T�F�T �J�T �B �R�V�B�E�S�V�Q�P�M�B�S �E�J�T�U�P�S�U�J�P�O�� �U�I�F �S�J�O�H �J�T �B�M�U�F�S�O�B�U�F�M�Z �T�U�S�F�U�D�I�F�E
�B�M�P�O�H �P�O�F �B�Y�J�T �B�O�E �D�P�N�Q�S�F�T�T�F�E �B�M�P�O�H �U�I�F �Q�F�S�Q�F�O�E�J�D�V�M�B�S �B�Y�J�T�
 �X�J�U�I �U�I�F �U�X�P �Q�P�M�B�S�J�T�B�U�J�P�O �T�U�B�U�F�T �	h+ �B�O�Eh� �
 �S�P�U�B�U�F�E �C�Z45� �S�F�M�B�U�J�W�F �U�P
�F�B�D�I �P�U�I�F�S �	�ð�H�V�S�F�T�������B�B�O�E�������C�
�� �*�U �J�T �U�I�J�T �E�J�G�G�F�S�F�O�U�J�B�M �M�F�O�H�U�I �D�I�B�O�H�F �U�I�B�U �B �.�J�D�I�F�M�T�P�O���U�Z�Q�F �J�O�U�F�S�G�F�S�P�N�F�U�F�S �J�T �E�F�T�J�H�O�F�E �U�P �E�F�U�F�D�U��

�5�I�F �G�V�O�E�B�N�F�O�U�B�M �Q�I�Z�T�J�D�B�M �R�V�B�O�U�J�U�Z �U�I�B�U �"�E�W�B�O�D�F�E �7�J�S�H�P �J�T �E�F�T�J�H�O�F�E �U�P �N�F�B�T�V�S�F �J�T �U�I�F �H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �T�U�S�B�J�Oh(t)�
 �E�F�ð�O�F�E �B�T �U�I�F
�E�J�N�F�O�T�J�P�O�M�F�T�T �S�B�U�J�P �P�G �U�I�F �E�J�G�G�F�S�F�O�U�J�B�M �M�F�O�H�U�I �D�I�B�O�H�F�L �J�O�E�V�D�F�E �C�Z �B �Q�B�T�T�J�O�H �H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �U�P �U�I�F �B�S�N �M�F�O�H�U�IL �<���>��

h(t) =
2�L (t)

L
: �	�������


�'�P�S �B�T�U�S�P�Q�I�Z�T�J�D�B�M �T�P�V�S�D�F�T �X�J�U�I�J�O �U�I�F �E�F�U�F�D�U�J�P�O �C�B�O�E�
h �J�T �U�Z�Q�J�D�B�M�M�Z �P�G �P�S�E�F�S10� 21 �P�S �T�N�B�M�M�F�S �B�S�P�V�O�E ������ �)�[�
 �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P �B �E�J�G��
�G�F�S�F�O�U�J�B�M �E�J�T�Q�M�B�D�F�N�F�O�U �P�G �P�S�E�F�S10� 18 �N �G�P�S �U�I�F �� �L�N �7�J�S�H�P �B�S�N�T �	�B �G�S�B�D�U�J�P�O �P�G �U�I�F �E�J�B�N�F�U�F�S �P�G �B �Q�S�P�U�P�O�
�� �"�D�I�J�F�W�J�O�H �T�F�O�T�J�U�J�W�J�U�Z �B�U �U�I�J�T
�M�F�W�F�M �P�W�F�S �B �E�F�U�F�D�U�J�P�O �C�B�O�E �T�Q�B�O�O�J�O�H �S�P�V�H�I�M�Z ���� �)�[ �U�P �T�F�W�F�S�B�M �L�J�M�P�I�F�S�U�[ �S�F�R�V�J�S�F�T �T�V�Q�Q�S�F�T�T�J�O�H �D�M�B�T�T�J�D�B�M �B�O�E �R�V�B�O�U�V�N �O�P�J�T�F �T�P�V�S�D�F�T �U�P
�F�Y�U�S�B�P�S�E�J�O�B�S�Z �M�F�W�F�M�T�� �5�I�F �F�O�U�J�S�F �P�Q�U�J�D�B�M �B�O�E �N�F�D�I�B�O�J�D�B�M �E�F�T�J�H�O �P�G �"�E�W�B�O�D�F�E �7�J�S�H�P �J�T �P�S�H�B�O�J�T�F�E �B�S�P�V�O�E �U�I�J�T �D�I�B�M�M�F�O�H�F��

�5�I�F �D�P�O�D�F�Q�U�V�B�M �C�B�T�J�T �G�P�S �U�I�F �N�F�B�T�V�S�F�N�F�O�U �J�T �U�I�F �.�J�D�I�F�M�T�P�O �J�O�U�F�S�G�F�S�P�N�F�U�F�S�� �B �M�B�T�F�S �C�F�B�N �J�T �T�Q�M�J�U �J�O�U�P �U�X�P �P�S�U�I�P�H�P�O�B�M �B�S�N�T�
 �B�O�E �B
�H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �Q�B�T�T�J�O�H �U�I�S�P�V�H�I �U�I�F �E�F�U�F�D�U�P�S �E�J�G�G�F�S�F�O�U�J�B�M�M�Z �N�P�E�V�M�B�U�F�T �U�I�F �P�Q�U�J�D�B�M �Q�B�U�I �M�F�O�H�U�I�T�
 �D�B�V�T�J�O�H �B �N�F�B�T�V�S�B�C�M�F �D�I�B�O�H�F �J�O �U�I�F
�J�O�U�F�S�G�F�S�F�O�D�F �Q�B�U�U�F�S�O �B�U �U�I�F �P�V�U�Q�V�U �Q�P�S�U�� �5�I�F �N�B�U�I�F�N�B�U�J�D�B�M �G�P�V�O�E�B�U�J�P�O �G�P�S �I�P�X �B �'�B�C�S�Z�r�1�F�S�P�U �D�B�W�J�U�Z �J�O �B �D�B�W�J�U�Z���F�O�I�B�O�D�F�E �.�J�D�I�F�M�T�P�O
�J�O�U�F�S�G�F�S�P�N�F�U�F�S �S�F�T�Q�P�O�E�T �U�P �T�V�D�I �B �Q�I�B�T�F �T�J�H�O�B�M �J�T �E�F�W�F�M�P�Q�F�E �J�O �D�I�B�Q�U�F�S���
 �Q�B�S�U�J�D�V�M�B�S�M�Z �J�O �T�F�D�U�J�P�O�T�������B�O�E�������� �5�I�F �Q�S�F�T�F�O�U �D�I�B�Q�U�F�S
�U�S�B�O�T�M�B�U�F�T �U�I�B�U �G�P�V�O�E�B�U�J�P�O �J�O�U�P �U�I�F �Q�I�Z�T�J�D�B�M �B�O�E �F�O�H�J�O�F�F�S�J�O�H �S�F�B�M�J�U�Z �P�G �U�I�F �"�E�W�B�O�D�F�E �7�J�S�H�P �J�O�T�U�S�V�N�F�O�U�
 �G�P�M�M�P�X�J�O�H �U�I�F �Q�B�U�I �P�G �M�J�H�I�U �G�S�P�N
�U�I�F �M�B�T�F�S �T�P�V�S�D�F �U�I�S�P�V�H�I �U�I�F �N�B�J�O �P�Q�U�J�D�B�M �T�V�C�T�Z�T�U�F�N�T �U�P �U�I�F �ð�O�B�M �E�F�U�F�D�U�J�P�O�
 �Q�S�P�W�J�E�J�O�H �U�I�F �D�P�O�U�F�Y�U �O�F�F�E�F�E �U�P �V�O�E�F�S�T�U�B�O�E �X�I�B�U �U�I�F
�T�D�B�U�U�F�S�F�E �M�J�H�I�U �N�V�T�U �U�S�B�W�F�S�T�F �B�O�E �X�I�Z �H�F�O�F�S�B�U�J�O�H �B �D�M�F�B�O �T�D�B�U�U�F�S�F�E �M�J�H�I�U �D�B�M�J�C�S�B�U�J�P�O �T�J�H�O�B�M �J�T �D�I�B�M�M�F�O�H�J�O�H�� �"�O �P�W�F�S�W�J�F�X �P�G �U�I�F �E�F�U�F�D�U�P�S
�M�B�Z�P�V�U �J�T �T�I�P�X�O �J�O �ð�H�V�S�F��������

������ �0�Q�U�J�D�B�M �M�B�Z�P�V�U

�����������.�B�J�O �M�B�T�F�S �B�O�E �Q�S�F���T�U�B�C�J�M�J�T�B�U�J�P�O

�5�I�F �Q�S�J�N�B�S�Z �M�J�H�I�U �T�P�V�S�D�F �P�G �"�E�W�B�O�D�F�E �7�J�S�H�P �J�T �B �D�P�O�U�J�O�V�P�V�T���X�B�W�F �/�E���:�"�( �M�B�T�F�S �P�Q�F�S�B�U�J�O�H �B�U �B �X�B�W�F�M�F�O�H�U�I �P�G� = 1064 �O�N�
 �E�F�M�J�W�F�S�J�O�H �B�O
�P�V�U�Q�V�U �Q�P�X�F�S �P�G ���� �8 �B�G�U�F�S �U�I�F �Q�S�F���T�U�B�C�J�M�J�T�B�U�J�P�O �T�U�B�H�F �<���
�����>�� �5�I�F �D�I�P�J�D�F �P�G �X�B�W�F�M�F�O�H�U�I �S�F�ñ�F�D�U�T �B �D�P�N�C�J�O�B�U�J�P�O �P�G �G�B�D�U�P�S�T�� �U�I�F �B�W�B�J�M�B�C�J�M�J�U�Z

��



�������� �0�1�5�*�$�"�- �-�"�:�0�6�5 ��

�	�B�
+ �Q�P�M�B�S�J�[�B�U�J�P�O

�	�C�
� �Q�P�M�B�S�J�[�B�U�J�P�O

�'�J�H�V�S�F �������� �&�G�G�F�D�U �P�G �U�I�F �U�X�P �H�S�B�W�J�U�B�U�J�P�O�B�M���X�B�W�F �Q�P�M�B�S�J�[�B�U�J�P�O �T�U�B�U�F�T �P�O �B �S�J�O�H �P�G �G�S�F�F�M�Z �G�B�M�M�J�O�H �U�F�T�U �Q�B�S�U�J�D�M�F�T�� �5�I�F+ �Q�P�M�B�S�J�[�B�U�J�P�O �	�U�P�Q�

�Q�F�S�J�P�E�J�D�B�M�M�Z �T�U�S�F�U�D�I�F�T �T�Q�B�D�F �B�M�P�O�H �P�O�F �U�S�B�O�T�W�F�S�T�F �B�Y�J�T �X�I�J�M�F �D�P�N�Q�S�F�T�T�J�O�H �J�U �B�M�P�O�H �U�I�F �Q�F�S�Q�F�O�E�J�D�V�M�B�S �B�Y�J�T�� �5�I�F� �Q�P�M�B�S�J�[�B�U�J�P�O �	�C�P�U�U�P�N�

�Q�S�P�E�V�D�F�T �U�I�F �T�B�N�F �E�F�G�P�S�N�B�U�J�P�O �Q�B�U�U�F�S�O �S�P�U�B�U�F�E �C�Z45� �<���>��

�P�G �I�J�H�I���R�V�B�M�J�U�Z �P�Q�U�J�D�B�M �D�P�B�U�J�O�H�T �X�J�U�I �F�Y�U�S�F�N�F�M�Z �M�P�X �B�C�T�P�S�Q�U�J�P�O �B�O�E �T�D�B�U�U�F�S�J�O�H �B�U �U�I�J�T �X�B�W�F�M�F�O�H�U�I�
 �U�I�F �M�P�X �B�C�T�P�S�Q�U�J�P�O �J�O �G�V�T�F�E �T�J�M�J�D�B
�N�J�S�S�P�S �T�V�C�T�U�S�B�U�F�T�
 �B�O�E �U�I�F �D�P�N�Q�B�U�J�C�J�M�J�U�Z �X�J�U�I �N�B�U�V�S�F �B�O�E �S�F�M�J�B�C�M�F �/�E���:�"�( �M�B�T�F�S �U�F�D�I�O�P�M�P�H�Z��

�5�I�F �S�B�X �M�B�T�F�S �P�V�U�Q�V�U �D�P�O�U�B�J�O�T �G�S�F�R�V�F�O�D�Z �O�P�J�T�F�
 �J�O�U�F�O�T�J�U�Z �O�P�J�T�F�
 �B�O�E �Q�P�J�O�U�J�O�H �ñ�V�D�U�V�B�U�J�P�O�T �U�I�B�U �X�P�V�M�E �B�G�G�F�D�U �U�I�F �H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �T�J�H�O�B�M
�J�G �J�O�K�F�D�U�F�E �E�J�S�F�D�U�M�Z �J�O�U�P �U�I�F �J�O�U�F�S�G�F�S�P�N�F�U�F�S�� �5�I�F �Q�S�F���T�U�B�C�J�M�J�T�B�U�J�P�O �T�Z�T�U�F�N �	�1�4�-�
 �U�I�F�S�F�G�P�S�F �S�F�E�V�D�F�T �U�I�F�T�F �O�P�J�T�F �D�P�O�U�S�J�C�V�U�J�P�O�T �C�F�G�P�S�F �U�I�F
�C�F�B�N �F�O�U�F�S�T �U�I�F �J�O�Q�V�U �N�P�E�F �D�M�F�B�O�F�S �<�����>��

�'�S�F�R�V�F�O�D�Z �Q�S�F���T�U�B�C�J�M�J�T�B�U�J�P�O �J�T �B�D�I�J�F�W�F�E �C�Z �M�P�D�L�J�O�H �U�I�F �M�B�T�F�S �U�P �B �T�I�P�S�U�
 �S�J�H�J�E �S�F�G�F�S�F�O�D�F �D�B�W�J�U�Z �V�T�J�O�H �U�I�F �1�P�V�O�E�r�%�S�F�W�F�S�r�)�B�M�M �	�1�%�)�
 �U�F�D�I��
�O�J�R�V�F �E�F�T�D�S�J�C�F�E �J�O �T�F�D�U�J�P�O������������ �5�I�F �M�B�T�F�S �G�S�F�R�V�F�O�D�Z �J�T �T�F�S�W�P���D�P�O�U�S�P�M�M�F�E �U�P �U�S�B�D�L �U�I�F �S�F�T�P�O�B�O�D�F �P�G �U�I�F �S�F�G�F�S�F�O�D�F �D�B�W�J�U�Z�
 �B�O�E �S�F�T�J�E�V�B�M
�G�S�F�R�V�F�O�D�Z �O�P�J�T�F �B�U �U�I�F �1�%�) �F�S�S�P�S �Q�P�J�O�U �J�T �G�F�E �C�B�D�L �U�P �U�I�F �M�B�T�F�S �G�S�F�R�V�F�O�D�Z �B�D�U�V�B�U�P�S�
 �S�F�E�V�D�J�O�H �U�I�F �M�B�T�F�S �M�J�O�F�X�J�E�U�I �U�P �U�I�F �L�J�M�P�I�F�S�U�[ �M�F�W�F�M �P�S
�C�F�M�P�X �<�����>��

���������� �*�O�Q�V�U �N�P�E�F �D�M�F�B�O�F�S

�"�G�U�F�S �Q�S�F���T�U�B�C�J�M�J�T�B�U�J�P�O�
 �U�I�F �C�F�B�N �F�O�U�F�S�T �U�I�F �J�O�Q�V�U �N�P�E�F �D�M�F�B�O�F�S �	�*�.�$�
�
 �B �U�I�S�F�F���N�J�S�S�P�S �U�S�J�B�O�H�V�M�B�S �S�J�O�H �D�B�W�J�U�Z �X�J�U�I �B �S�P�V�O�E���U�S�J�Q �M�F�O�H�U�I �P�G
�B�Q�Q�S�P�Y�J�N�B�U�F�M�Z ������ �N�� �5�I�F �*�.�$ �T�F�S�W�F�T �U�I�S�F�F �E�J�T�U�J�O�D�U �Q�V�S�Q�P�T�F�T �T�J�N�V�M�U�B�O�F�P�V�T�M�Z��

�4�Q�B�U�J�B�M �ð�M�U�F�S�J�O�H���"�O�Z �I�J�H�I�F�S���P�S�E�F�S �)�F�S�N�J�U�F�r�(�B�V�T�T�J�B�O �N�P�E�F�T �Q�S�F�T�F�O�U �J�O �U�I�F �J�O�Q�V�U �C�F�B�N�
 �X�I�F�U�I�F�S �G�S�P�N �J�N�Q�F�S�G�F�D�U �M�B�T�F�S �P�V�U�Q�V�U �P�S �S�F�T�J�E��
�V�B�M �Q�P�J�O�U�J�O�H �ñ�V�D�U�V�B�U�J�P�O�T�
 �B�S�F �O�P�U �S�F�T�P�O�B�O�U �J�O �U�I�F �*�.�$�� �"�T �E�F�T�D�S�J�C�F�E �C�Z �U�I�F �U�S�B�O�T�W�F�S�T�F �N�P�E�F �G�S�F�R�V�F�O�D�Z �T�Q�M�J�U�U�J�O�H �P�G �F�R�V�B�U�J�P�O �	���������
�
 �F�B�D�I
�N�P�E�F �P�S�E�F�Sm + n �S�F�T�P�O�B�U�F�T �B�U �B �G�S�F�R�V�F�O�D�Z �T�I�J�G�U�F�E �G�S�P�N �U�I�F �5�&�.00 �S�F�T�P�O�B�O�D�F�� �'�P�S �U�I�F �*�.�$ �H�F�P�N�F�U�S�Z�
 �U�I�J�T �T�Q�M�J�U�U�J�O�H �J�T �M�B�S�H�F �D�P�N�Q�B�S�F�E
�U�P �U�I�F �D�B�W�J�U�Z �M�J�O�F�X�J�E�U�I�
 �T�P �P�O�M�Z �U�I�F �5�&�.00 �N�P�E�F �J�T �S�F�T�P�O�B�O�U�M�Z �U�S�B�O�T�N�J�U�U�F�E�� �5�I�J�T �F�O�T�V�S�F�T �U�I�B�U �U�I�F �C�F�B�N �F�O�U�F�S�J�O�H �U�I�F �N�B�J�O �J�O�U�F�S�G�F�S�P�N�F�U�F�S
�I�B�T �B �D�M�F�B�O�
 �X�F�M�M���E�F�ð�O�F�E �(�B�V�T�T�J�B�O �T�Q�B�U�J�B�M �Q�S�P�ð�M�F�
 �F�T�T�F�O�U�J�B�M �G�P�S �U�I�F �N�P�E�F���N�B�U�D�I�J�O�H �D�P�O�E�J�U�J�P�O�T �E�J�T�D�V�T�T�F�E �J�O �T�F�D�U�J�P�O�����������<�����>��

�'�V�S�U�I�F�S �G�S�F�R�V�F�O�D�Z �T�U�B�C�J�M�J�T�B�U�J�P�O���5�I�F �*�.�$ �J�T �B �I�J�H�I���ð�O�F�T�T�F �D�B�W�J�U�Z �B�O�E �U�I�F�S�F�G�P�S�F �Q�S�P�W�J�E�F�T �B �Q�S�F�D�J�T�F �P�Q�U�J�D�B�M �G�S�F�R�V�F�O�D�Z �S�F�G�F�S�F�O�D�F�� �5�I�F
�M�B�T�F�S �J�T �M�P�D�L�F�E �U�P �U�I�J�T �D�B�W�J�U�Z �W�J�B �B �1�%�) �F�S�S�P�S �T�J�H�O�B�M�
 �T�P �U�I�B�U �S�F�T�J�E�V�B�M �G�S�F�R�V�F�O�D�Z �ñ�V�D�U�V�B�U�J�P�O�T �B�C�P�W�F �U�I�F �*�.�$ �M�J�O�F�X�J�E�U�I �B�S�F �B�U�U�F�O�V�B�U�F�E �C�Z
�U�I�F �T�J�O�H�M�F���Q�P�M�F �D�B�W�J�U�Z �S�P�M�M���P�G�G �E�F�T�D�S�J�C�F�E �J�O �T�F�D�U�J�P�O�����������<�����>��

�*�O�U�F�O�T�J�U�Z �B�O�E �Q�P�J�O�U�J�O�H �O�P�J�T�F �S�F�E�V�D�U�J�P�O���"�O�B�M�P�H�P�V�T�M�Z �U�P �U�I�F �G�S�F�R�V�F�O�D�Z �ð�M�U�F�S�J�O�H�
 �U�I�F �*�.�$ �B�U�U�F�O�V�B�U�F�T �S�F�T�J�E�V�B�M �J�O�U�F�O�T�J�U�Z �B�O�E �Q�P�J�O�U�J�O�H
�O�P�J�T�F �B�U �G�S�F�R�V�F�O�D�J�F�T �B�C�P�W�F �J�U�T �M�J�O�F�X�J�E�U�I �<�����>��

�"�G�U�F�S �U�S�B�O�T�N�J�T�T�J�P�O �U�I�S�P�V�H�I �U�I�F �*�.�$�
 �U�I�F �C�F�B�N �I�B�T �S�F�E�V�D�F�E �T�Q�B�U�J�B�M �N�P�E�F �D�P�O�U�F�O�U�
 �J�N�Q�S�P�W�F�E �G�S�F�R�V�F�O�D�Z �T�U�B�C�J�M�J�U�Z�
 �B�O�E �M�P�X�F�S �J�O�U�F�O�T�J�U�Z �O�P�J�T�F
�D�P�N�Q�B�S�F�E �U�P �U�I�F �Q�S�F���T�U�B�C�J�M�J�T�F�E �M�B�T�F�S �P�V�U�Q�V�U�
 �B�O�E �J�T �S�F�B�E�Z �G�P�S �J�O�K�F�D�U�J�P�O �J�O�U�P �U�I�F �N�B�J�O �J�O�U�F�S�G�F�S�P�N�F�U�F�S �<�����>��
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�'�J�H�V�S�F �������� �4�J�N�Q�M�J�ð�F�E �T�D�I�F�N�B�U�J�D �P�Q�U�J�D�B�M �M�B�Z�P�V�U �P�G �U�I�F �"�E�W�B�O�D�F�E �7�J�S�H�P �J�O�U�F�S�G�F�S�P�N�F�U�F�S�� �-�J�H�I�U �U�S�B�W�F�M�T �G�S�P�N �U�I�F �M�B�T�F�S �U�I�S�P�V�H�I �U�I�F �J�O�Q�V�U �N�P�E�F
�D�M�F�B�O�F�S �	�*�.�$�
 �B�O�E �Q�P�X�F�S �S�F�D�Z�D�M�J�O�H �D�B�W�J�U�Z �	�1�3�$�
 �C�F�G�P�S�F �F�O�U�F�S�J�O�H �U�I�F �U�X�P �� �L�N �'�B�C�S�Z�r�1�F�S�P�U �B�S�N �D�B�W�J�U�J�F�T�� �5�I�F �H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �T�J�H�O�B�M �J�T
�S�F�B�E �P�V�U �B�U �U�I�F �B�O�U�J�T�Z�N�N�F�U�S�J�D �Q�P�S�U �W�J�B �U�I�F �P�V�U�Q�V�U �N�P�E�F �D�M�F�B�O�F�S �	�0�.�$�
 �B�O�E �U�I�F �#�� �Q�I�P�U�P�E�J�P�E�F �<���>��

���������� �1�P�X�F�S �S�F�D�Z�D�M�J�O�H �N�J�S�S�P�S

�5�I�F �C�F�B�N �U�S�B�O�T�N�J�U�U�F�E �U�I�S�P�V�H�I �U�I�F �*�.�$ �J�T �J�O�K�F�D�U�F�E �J�O�U�P �U�I�F �N�B�J�O �J�O�U�F�S�G�F�S�P�N�F�U�F�S �U�I�S�P�V�H�I �U�I�F �Q�P�X�F�S �S�F�D�Z�D�M�J�O�H �N�J�S�S�P�S �	�1�3�.�
�
 �X�I�J�D�I �G�P�S�N�T
�P�O�F �F�O�E �P�G �U�I�F �Q�P�X�F�S �S�F�D�Z�D�M�J�O�H �D�B�W�J�U�Z �	�1�3�$�
��

�8�I�F�O �U�I�F �J�O�U�F�S�G�F�S�P�N�F�U�F�S �J�T �P�Q�F�S�B�U�F�E �B�U �P�S �O�F�B�S �U�I�F �E�B�S�L �G�S�J�O�H�F �	�N�F�B�O�J�O�H �B�M�N�P�T�U �B�M�M �P�G �U�I�F �D�B�S�S�J�F�S �M�J�H�I�U �J�T �S�F�ñ�F�D�U�F�E �C�B�D�L �U�P�X�B�S�E �U�I�F �M�B�T�F�S
�S�B�U�I�F�S �U�I�B�O �U�S�B�O�T�N�J�U�U�F�E �U�P �U�I�F �P�V�U�Q�V�U �Q�P�S�U�
 �U�I�F �S�F�ñ�F�D�U�F�E �D�B�S�S�J�F�S �D�P�O�T�U�S�V�D�U�J�W�F�M�Z �J�O�U�F�S�G�F�S�F�T �X�J�U�I �U�I�F �J�O�D�P�N�J�O�H �M�B�T�F�S �C�F�B�N �J�G �U�I�F �1�3�$ �J�T
�S�F�T�P�O�B�O�U�� �-�J�H�I�U �U�I�B�U �X�P�V�M�E �P�U�I�F�S�X�J�T�F �C�F �M�P�T�U �J�T �U�I�F�S�F�C�Z �S�F�E�J�S�F�D�U�F�E �C�B�D�L �J�O�U�P �U�I�F �J�O�U�F�S�G�F�S�P�N�F�U�F�S�
 �J�O�D�S�F�B�T�J�O�H �U�I�F �D�J�S�D�V�M�B�U�J�O�H �Q�P�X�F�S �<�����>��

�5�I�F �1�3�$ �J�T �B �U�I�S�F�F���N�J�S�S�P�S �D�B�W�J�U�Z �G�P�S�N�F�E �C�Z �U�I�F �1�3�. �B�O�E �U�I�F �U�X�P �J�O�Q�V�U �U�F�T�U �N�B�T�T�F�T �	�*�5�.�T�
�
 �X�J�U�I �U�I�F �D�F�O�U�S�B�M �C�F�B�N �T�Q�M�J�U�U�F�S �F�G�G�F�D�U�J�W�F�M�Z
�B�D�U�J�O�H �B�T �Q�B�S�U �P�G �U�I�F �S�F�D�Z�D�M�J�O�H �D�B�W�J�U�Z �T�U�S�V�D�U�V�S�F�� �'�P�S �"�E�W�B�O�D�F�E �7�J�S�H�P�
 �U�I�F �Q�P�X�F�S �S�F�D�Z�D�M�J�O�H �H�B�J�O �B�N�Q�M�J�ð�F�T �U�I�F �J�O�Q�V�U �M�B�T�F�S �Q�P�X�F�S �C�Z �B �G�B�D�U�P�S
�P�G �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z �����
 �S�B�J�T�J�O�H �U�I�F �Q�P�X�F�S �B�U �U�I�F �C�F�B�N �T�Q�M�J�U�U�F�S �U�P �S�P�V�H�I�M�Z �� �L�8 �B�U �E�F�T�J�H�O �T�F�O�T�J�U�J�W�J�U�Z �<�����>�� �5�I�J�T �J�O�D�S�F�B�T�F�E �D�J�S�D�V�M�B�U�J�O�H �Q�P�X�F�S �J�T
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�B�S�N �D�B�W�J�U�Z �<�����>��

�5�I�F �1�3�$ �N�V�T�U �C�F �I�F�M�E �P�O �S�F�T�P�O�B�O�D�F �X�J�U�I �B�D�U�J�W�F �M�F�O�H�U�I �D�P�O�U�S�P�M�
 �B�D�I�J�F�W�F�E �V�T�J�O�H �B�O �B�V�Y�J�M�J�B�S�Z �1�%�) �M�P�D�L�J�O�H �T�D�I�F�N�F �X�J�U�I �S�B�E�J�P���G�S�F�R�V�F�O�D�Z
�	�3�'�
 �T�J�E�F�C�B�O�E�T �U�I�B�U �B�S�F �S�F�T�P�O�B�O�U �J�O �U�I�F �1�3�$ �C�V�U �O�P�U �J�O �U�I�F �B�S�N �D�B�W�J�U�J�F�T�� �5�I�J�T �G�S�F�R�V�F�O�D�Z �T�F�M�F�D�U�J�W�J�U�Z �T�F�Q�B�S�B�U�F�T �U�I�F �M�F�O�H�U�I �T�F�O�T�J�O�H �E�F�H�S�F�F�T
�P�G �G�S�F�F�E�P�N �P�G �U�I�F �U�X�P �D�B�W�J�U�Z �T�Z�T�U�F�N�T �B�O�E �B�M�M�P�X�T �J�O�E�F�Q�F�O�E�F�O�U �T�F�S�W�P �M�P�P�Q�T �U�P �D�P�O�U�S�P�M �U�I�F �1�3�$ �B�O�E �U�I�F �B�S�N �D�B�W�J�U�J�F�T �T�J�N�V�M�U�B�O�F�P�V�T�M�Z �<�����>��

���������� �$�F�O�U�S�B�M �C�F�B�N �T�Q�M�J�U�U�F�S

�"�G�U�F�S �F�O�U�F�S�J�O�H �U�I�F �Q�P�X�F�S �S�F�D�Z�D�M�J�O�H �D�B�W�J�U�Z�
 �U�I�F �C�F�B�N �B�S�S�J�W�F�T �B�U �U�I�F �D�F�O�U�S�B�M �C�F�B�N �T�Q�M�J�U�U�F�S �	�#�4�
�
 �B �G�V�T�F�E �T�J�M�J�D�B �P�Q�U�J�D �X�J�U�I �B ���������� �Q�P�X�F�S
�T�Q�M�J�U�U�J�O�H �S�B�U�J�P �U�I�B�U �E�J�W�J�E�F�T �U�I�F �J�O�D�P�N�J�O�H �M�J�H�I�U �F�R�V�B�M�M�Z �J�O�U�P �U�I�F �U�X�P �B�S�N�T �P�G �U�I�F �.�J�D�I�F�M�T�P�O �J�O�U�F�S�G�F�S�P�N�F�U�F�S �<�����
�����>��

�6�O�E�F�S �Q�F�S�G�F�D�U�M�Z �B�T�Z�N�N�F�U�S�J�D �D�P�O�E�J�U�J�P�O�T�
 �U�I�F �.�J�D�I�F�M�T�P�O �J�O�U�F�S�G�F�S�P�N�F�U�F�S �E�F�T�U�S�V�D�U�J�W�F�M�Z �J�O�U�F�S�G�F�S�F�T �B�M�M �D�B�S�S�J�F�S �M�J�H�I�U �B�U �U�I�F �P�V�U�Q�V�U �	�B�O�U�J�T�Z�N��
�N�F�U�S�J�D�
 �Q�P�S�U�
 �S�F�ñ�F�D�U�J�O�H �J�U �C�B�D�L �U�P�X�B�S�E �U�I�F �1�3�.�� �5�I�J�T �J�T �U�I�F �E�B�S�L �G�S�J�O�H�F �D�P�O�E�J�U�J�P�O�
 �B�O�E �J�U �J�T �X�I�B�U �N�B�L�F�T �Q�P�X�F�S �S�F�D�Z�D�M�J�O�H �Q�P�T�T�J�C�M�F��

�*�O �Q�S�B�D�U�J�D�F�
 �T�N�B�M�M �E�J�G�G�F�S�F�O�D�F�T �C�F�U�X�F�F�O �U�I�F �U�X�P �B�S�N�T �B�O�E �U�I�F �E�F�M�J�C�F�S�B�U�F �J�O�U�S�P�E�V�D�U�J�P�O �P�G �B �%�$ �E�J�G�G�F�S�F�O�U�J�B�M �B�S�N �P�G�G�T�F�U �	�E�F�T�D�S�J�C�F�E �J�O �T�F�D��
�U�J�P�O�����������
 �N�F�B�O �U�I�B�U �B �T�N�B�M�M �C�V�U �D�P�O�U�S�P�M�M�F�E �B�N�P�V�O�U �P�G �D�B�S�S�J�F�S �Q�P�X�F�S �J�T �B�M�X�B�Z�T �Q�S�F�T�F�O�U �B�U �U�I�F �P�V�U�Q�V�U �Q�P�S�U�� �5�I�F �N�B�O�B�H�F�N�F�O�U �P�G �U�I�J�T
�D�B�S�S�J�F�S �M�F�B�L�B�H�F �J�T �D�F�O�U�S�B�M �U�P �U�I�F �%�$ �S�F�B�E�P�V�U �U�F�D�I�O�J�R�V�F �<�����>��
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�'�J�H�V�S�F �������� �4�D�I�F�N�B�U�J�D �E�J�B�H�S�B�N �P�G �U�I�F �J�O�Q�V�U �N�P�E�F �D�M�F�B�O�F�S �	�*�.�$�
�� �5�I�F �U�S�J�B�O�H�V�M�B�S �S�J�O�H �D�B�W�J�U�Z �P�G �M�F�O�H�U�I �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z ������ �N �U�S�B�O�T�N�J�U�T �P�O�M�Z
�U�I�F �5�&�.00 �N�P�E�F �U�P �U�I�F �N�B�J�O �J�O�U�F�S�G�F�S�P�N�F�U�F�S �<�����>��

���������� �'�B�C�S�Z�r�1�F�S�P�U �B�S�N �D�B�W�J�U�J�F�T

�0�Q�U�J�D�B�M �M�B�Z�P�V�U �B�O�E �Q�B�S�B�N�F�U�F�S�T

�&�B�D�I �B�S�N �P�G �U�I�F �"�E�W�B�O�D�F�E �7�J�S�H�P �J�O�U�F�S�G�F�S�P�N�F�U�F�S �D�P�O�U�B�J�O�T �B �'�B�C�S�Z�r�1�F�S�P�U �D�B�W�J�U�Z �G�P�S�N�F�E �C�Z �B�O �J�O�Q�V�U �U�F�T�U �N�B�T�T �	�*�5�.�
 �B�O�E �B�O �F�O�E �U�F�T�U �N�B�T�T
�	�&�5�.�
�� �'�P�S �U�I�F �X�F�T�U �B�S�N�
 �U�I�F�T�F �B�S�F �U�I�F �8�* �	�X�F�T�U �J�O�Q�V�U�
 �B�O�E �8�& �	�X�F�T�U �F�O�E�
 �N�J�S�S�P�S�T�� �'�P�S �U�I�F �O�P�S�U�I �B�S�N�
 �U�I�F�Z �B�S�F �U�I�F �/�* �B�O�E �/�& �N�J�S�S�P�S�T�� �&�B�D�I
�B�S�N �D�B�W�J�U�Z �I�B�T �B �M�F�O�H�U�I �P�GL = 3 �L�N�
 �B�O�E �U�I�F �N�J�S�S�P�S�T �B�S�F �T�V�T�Q�F�O�E�F�E �C�Z �N�V�M�U�J���T�U�B�H�F �T�F�J�T�N�J�D �J�T�P�M�B�U�J�P�O �T�Z�T�U�F�N�T �E�F�T�D�S�J�C�F�E �J�O �T�F�D�U�J�P�O��������
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� 2 � 4:87 �D�N
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� 2 � 5:8 �D�N

�J�O�Q�V�U T �8�&

L = 3 �L�N

�'�J�H�V�S�F �������� �4�D�I�F�N�B�U�J�D �P�G �B �T�J�O�H�M�F �"�E�W�B�O�D�F�E �7�J�S�H�P �'�B�C�S�Z�r�1�F�S�P�U �B�S�N �D�B�W�J�U�Z�� �5�I�F �D�B�W�J�U�Z �J�T �G�P�S�N�F�E �C�Z �U�X�P �T�V�T�Q�F�O�E�F�E �N�J�S�S�P�S�T �T�F�Q�B�S�B�U�F�E �C�Z
L = 3 �L�N�� �5�I�F �C�F�B�N �S�B�E�J�J �B�U �U�I�F �J�O�Q�V�U �B�O�E �F�O�E �N�J�S�S�P�S�T �B�S�Fw�*�5�.� 4:87�D�N �B�O�Ew�&�5�.� 5:8 �D�N�
 �S�F�T�Q�F�D�U�J�W�F�M�Z �<�����>��

�5�I�F �N�J�S�S�P�S �H�F�P�N�F�U�S�Z �J�T �E�F�T�J�H�O�F�E �U�P �N�B�Y�J�N�J�T�F �U�I�F �C�F�B�N �T�J�[�F �P�O �U�I�F �U�F�T�U �N�B�T�T �T�V�S�G�B�D�F�T�
 �U�I�F�S�F�C�Z �N�J�O�J�N�J�T�J�O�H �U�I�F�S�N�B�M �O�P�J�T�F�
 �X�I�J�D�I �T�D�B�M�F�T
�J�O�W�F�S�T�F�M�Z �X�J�U�I �U�I�F �J�M�M�V�N�J�O�B�U�F�E �B�S�F�B �	�T�F�D�U�J�P�O�����������
�� �5�I�F �B�S�N �D�B�W�J�U�Z �N�J�S�S�P�S�T �I�B�W�F �S�B�E�J�J �P�G �D�V�S�W�B�U�V�S�FR�*�5�.= 1420 �N �B�O�ER�&�5�.=
1683�N �<�����>�
 �D�I�P�T�F�O �T�V�D�I �U�I�B�U �U�I�F �D�B�W�J�U�Z �J�T �H�F�P�N�F�U�S�J�D�B�M�M�Z �T�U�B�C�M�F �B�O�E �U�I�F �C�F�B�N �S�B�E�J�J �P�O �U�I�F �N�J�S�S�P�S �T�V�S�G�B�D�F�T �B�S�F �N�B�Y�J�N�J�T�F�E�� �5�I�F �S�F�T�V�M�U�J�O�H
�E�F�T�J�H�O �C�F�B�N �S�B�E�J�J �B�S�Fw�*�5�.= 48:7�N�N �B�O�Ew�&�5�.= 58 �N�N �<�����>�
 �X�J�U�I �U�I�F �N�F�B�T�V�S�F�E �W�B�M�V�F�T �E�V�S�J�O�H �0�� �S�F�Q�P�S�U�F�E �J�O �<�����>�� �5�I�F �T�U�B�C�J�M�J�U�Z
�D�S�J�U�F�S�J�P�O �B�O�E �C�F�B�N �S�B�E�J�V�T �D�B�M�D�V�M�B�U�J�P�O �B�S�F �E�F�S�J�W�F�E �J�O �T�F�D�U�J�P�O��������

�5�I�F �D�B�W�J�U�Z �H�F�P�N�F�U�S�Z �B�M�T�P �E�F�U�F�S�N�J�O�F�T �U�I�F �G�S�F�R�V�F�O�D�Z �T�Q�B�D�J�O�H �C�F�U�X�F�F�O �U�S�B�O�T�W�F�S�T�F �N�P�E�F�T�� �'�P�S �U�I�F �7�J�S�H�P �B�S�N �D�B�W�J�U�J�F�T�
 �U�I�F �O�F�B�S�F�T�U �I�J�H�I�F�S��
�P�S�E�F�S �N�P�E�F �S�F�T�P�O�B�O�D�F �M�J�F�T �B�U �B �G�S�F�R�V�F�O�D�Z �P�G�G�T�F�U �P�G �P�S�E�F�S� � 10 � 10�L�)�[ �G�S�P�N �U�I�F �D�B�S�S�J�F�S�
 �G�B�S �F�Y�D�F�F�E�J�O�H �U�I�F �D�B�W�J�U�Z �M�J�O�F�X�J�E�U�I �P�G
� 100�)�[�
 �F�O�T�V�S�J�O�H �U�I�B�U �I�J�H�I�F�S���P�S�E�F�S �N�P�E�F �D�P�O�U�S�J�C�V�U�J�P�O�T �B�S�F �T�U�S�P�O�H�M�Z �P�G�G���S�F�T�P�O�B�O�D�F�� �5�I�F �N�B�U�I�F�N�B�U�J�D�B�M �G�S�B�N�F�X�P�S�L �V�O�E�F�S�M�Z�J�O�H �U�I�J�T
�N�P�E�F �T�U�S�V�D�U�V�S�F �J�T �E�F�W�F�M�P�Q�F�E �J�O �T�F�D�U�J�P�O�T�������B�O�E�������� �5�I�F �J�O�Q�V�U �N�J�S�S�P�S �U�S�B�O�T�N�J�T�T�J�P�O �J�TT�*�5�.= 1 :3�� �<�����>�
 �X�I�J�M�F �U�I�F �F�O�E �N�J�S�S�P�S �J�T �O�F�B�S��
�Q�F�S�G�F�D�U�M�Z �S�F�ñ�F�D�U�J�W�F �X�J�U�IT�&�5�.� 3:39�Q�Q�N �<�����>��

�3�F�T�P�O�B�O�D�F �D�P�O�E�J�U�J�P�O �B�O�E �M�F�O�H�U�I �D�P�O�U�S�P�M

�5�I�F �B�S�N �D�B�W�J�U�J�F�T �N�V�T�U �C�F �I�F�M�E �P�O �S�F�T�P�O�B�O�D�F �X�J�U�I �F�Y�U�S�F�N�F �Q�S�F�D�J�T�J�P�O�� �B �E�J�G�G�F�S�F�O�U�J�B�M �N�J�S�S�P�S �E�J�T�Q�M�B�D�F�N�F�O�U �P�G�x � � /(2 F ) � 1 �O�N
�X�P�V�M�E �T�I�J�G�U �U�I�F �D�B�W�J�U�Z �G�S�P�N �S�F�T�P�O�B�O�D�F �U�P �U�I�F �I�B�M�G���Q�P�X�F�S �Q�P�J�O�U�� �"�D�U�J�W�F �M�F�O�H�U�I �D�P�O�U�S�P�M �B�D�I�J�F�W�F�T �N�J�S�S�P�S �Q�P�T�J�U�J�P�O �T�U�B�C�J�M�J�U�Z �B�U �U�I�F �T�V�C��
�O�B�O�P�N�F�U�S�F �M�F�W�F�M �V�T�J�O�H �U�I�F �1�%�) �F�S�S�P�S �T�J�H�O�B�M �E�F�T�D�S�J�C�F�E �J�O �T�F�D�U�J�P�O������������ �5�I�F �F�S�S�P�S �T�J�H�O�B�M �J�T �H�F�O�F�S�B�U�F�E �V�T�J�O�H �3�' �T�J�E�F�C�B�O�E�T �U�I�B�U �B�S�F �U�S�B�O�T��
�N�J�U�U�F�E �U�I�S�P�V�H�I �U�I�F �1�3�$ �C�V�U �M�J�F �B�C�P�W�F �U�I�F �B�S�N �D�B�W�J�U�Z �M�J�O�F�X�J�E�U�I�
 �T�P �U�I�F�Z �S�F�ñ�F�D�U �G�S�P�N �U�I�F �*�5�.�T �B�O�E �T�F�S�W�F �B�T �B �D�M�F�B�O �Q�I�B�T�F �S�F�G�F�S�F�O�D�F �<�����>��

�5�I�F �B�S�N �D�B�W�J�U�Z �S�F�T�P�O�B�O�D�F �D�P�O�E�J�U�J�P�O �B�M�T�P �T�F�U�T �U�I�F �P�Q�F�S�B�U�J�O�H �G�S�F�R�V�F�O�D�Z �G�P�S �U�I�F �D�B�S�S�J�F�S �M�B�T�F�S�
 �X�I�J�D�I �J�T �M�P�D�L�F�E �U�P �U�I�F �$�"�3�. �	�D�P�N�N�P�O �B�S�N
�M�F�O�H�U�I�
 �E�F�H�S�F�F �P�G �G�S�F�F�E�P�N �U�I�S�P�V�H�I �U�I�F �D�P�O�U�S�P�M �I�J�F�S�B�S�D�I�Z �E�F�T�D�S�J�C�F�E �J�O �T�F�D�U�J�P�O��������
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���������� �4�J�H�O�B�M �S�F�D�Z�D�M�J�O�H

�1�I�Z�T�J�D�B�M �N�F�D�I�B�O�J�T�N

�*�O �U�I�F �J�E�F�B�M �.�J�D�I�F�M�T�P�O �J�O�U�F�S�G�F�S�P�N�F�U�F�S �P�Q�F�S�B�U�F�E �B�U �U�I�F �E�B�S�L �G�S�J�O�H�F�
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�5�I�F �N�P�T�U �T�J�H�O�J�ð�D�B�O�U �D�P�O�U�S�J�C�V�U�J�P�O �J�T �D�P�B�U�J�O�H �#�S�P�X�O�J�B�O �O�P�J�T�F�
 �B�S�J�T�J�O�H �G�S�P�N �U�I�F�S�N�B�M�M�Z �E�S�J�W�F�O �ñ�V�D�U�V�B�U�J�P�O�T �J�O �U�I�F �E�J�F�M�F�D�U�S�J�D �N�J�S�S�P�S �D�P�B�U�J�O�H
�M�B�Z�F�S�T�� �5�I�F �I�J�H�I�M�Z �S�F�ñ�F�D�U�J�W�F �D�P�B�U�J�O�H�T �P�G �U�I�F �"�E�W�B�O�D�F�E �7�J�S�H�P �U�F�T�U �N�B�T�T�F�T �D�P�O�T�J�T�U �P�G �B�M�U�F�S�O�B�U�J�O�H �M�B�Z�F�S�T �P�G �U�J�U�B�O�J�B���E�P�Q�F�E �U�B�O�U�B�M�B �	�5�B���0�����5�J�0���

�I�J�H�I �S�F�G�S�B�D�U�J�W�F �J�O�E�F�Y�
 �B�O�E �T�J�M�J�D�B �	�4�J�0���
 �M�P�X �S�F�G�S�B�D�U�J�W�F �J�O�E�F�Y�
�� �5�I�F �U�B�O�U�B�M�B �M�B�Z�F�S�T �E�P�N�J�O�B�U�F �U�I�F �N�F�D�I�B�O�J�D�B�M �M�P�T�T �P�G �U�I�F �D�P�B�U�J�O�H �T�U�B�D�L �B�O�E
�U�I�F�S�F�G�P�S�F �T�F�U �U�I�F �#�S�P�X�O�J�B�O �O�P�J�T�F �ñ�P�P�S �<�����>�� �5�J�U�B�O�J�B �E�P�Q�J�O�H �S�F�E�V�D�F�T �U�I�F �N�F�D�I�B�O�J�D�B�M �M�P�T�T �P�G �U�B�O�U�B�M�B �C�Z �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z ���� �� �D�P�N�Q�B�S�F�E
�U�P �U�I�F �V�O�E�P�Q�F�E �N�B�U�F�S�J�B�M �<�����>�� �5�I�F �E�J�T�Q�M�B�D�F�N�F�O�U �O�P�J�T�F �T�Q�F�D�U�S�B�M �E�F�O�T�J�U�Z �G�S�P�N �D�P�B�U�J�O�H �#�S�P�X�O�J�B�O �O�P�J�T�F �J�T �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z �X�I�J�U�F �X�J�U�I�J�O �U�I�F
�E�F�U�F�D�U�J�P�O �C�B�O�E �B�O�E �T�D�B�M�F�T �J�O�W�F�S�T�F�M�Z �X�J�U�I �U�I�F �C�F�B�N �S�B�E�J�V�T �P�O �U�I�F �N�J�S�S�P�S �T�V�S�G�B�D�F�
 �X�I�J�D�I �J�T �P�O�F �P�G �U�I�F �Q�S�J�N�B�S�Z �N�P�U�J�W�B�U�J�P�O�T �G�P�S �N�B�Y�J�N�J�T�J�O�H
�U�I�F �C�F�B�N �T�J�[�F �P�O �U�I�F �U�F�T�U �N�B�T�T�F�T �<�����
�����>��
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�4�V�T�Q�F�O�T�J�P�O �U�I�F�S�N�B�M �O�P�J�T�F

�" �T�F�D�P�O�E �D�P�O�U�S�J�C�V�U�J�P�O �J�T �T�V�T�Q�F�O�T�J�P�O �U�I�F�S�N�B�M �O�P�J�T�F�
 �B�S�J�T�J�O�H �G�S�P�N �N�F�D�I�B�O�J�D�B�M �E�J�T�T�J�Q�B�U�J�P�O �J�O �U�I�F �G�V�T�F�E �T�J�M�J�D�B �ð�C�S�F�T �P�G �U�I�F �N�P�O�P�M�J�U�I�J�D �M�B�T�U��
�T�U�B�H�F �T�V�T�Q�F�O�T�J�P�O �<�����>�� �5�I�F �E�J�T�Q�M�B�D�F�N�F�O�U �O�P�J�T�F �G�S�P�N �U�I�J�T �T�P�V�S�D�F �T�D�B�M�F�T �B�T1/ f 2 �B�O�E �G�B�M�M�T �C�F�M�P�X �U�I�F �D�P�B�U�J�O�H �#�S�P�X�O�J�B�O �O�P�J�T�F �ñ�P�P�S �B�C�P�W�F
�B�Q�Q�S�P�Y�J�N�B�U�F�M�Z ���� �)�[ �G�P�S �U�I�F �"�E�W�B�O�D�F�E �7�J�S�H�P �D�P�O�ð�H�V�S�B�U�J�P�O �<�����
�����>��

���������� �/�P�J�T�F �C�V�E�H�F�U �B�O�E �T�F�O�T�J�U�J�W�J�U�Z

�'�J�H�V�S�F �������� �/�P�J�T�F �C�V�E�H�F�U �P�G �"�E�W�B�O�D�F�E �7�J�S�H�P �E�V�S�J�O�H �U�I�F �G�P�V�S�U�I �P�C�T�F�S�W�J�O�H �S�V�O �	�0���
�� �5�I�F �U�P�U�B�M �N�F�B�T�V�S�F�E �T�F�O�T�J�U�J�W�J�U�Z �	�C�M�B�D�L�
 �J�T �D�P�N�Q�B�S�F�E �U�P
�U�I�F �J�O�E�J�W�J�E�V�B�M �O�P�J�T�F �N�P�E�F�M �D�P�O�U�S�J�C�V�U�J�P�O�T �<�����>��

�5�I�F �D�P�N�C�J�O�F�E �F�G�G�F�D�U �P�G �B�M�M �O�P�J�T�F �T�P�V�S�D�F�T �Q�S�P�E�V�D�F�T �B �T�U�S�B�J�O �B�N�Q�M�J�U�V�E�F �T�Q�F�D�U�S�B�M �E�F�O�T�J�U�Z
p

Sh (f ) �U�I�B�U �E�F�ð�O�F�T �U�I�F �E�F�U�F�D�U�P�S �T�F�O�T�J�U�J�W�J�U�Z �B�T
�B �G�V�O�D�U�J�P�O �P�G �G�S�F�R�V�F�O�D�Z�� �"�U �E�F�T�J�H�O �T�F�O�T�J�U�J�W�J�U�Z�
 �"�E�W�B�O�D�F�E �7�J�S�H�P �B�D�I�J�F�W�F�T �B �Q�F�B�L �T�U�S�B�J�O �T�F�O�T�J�U�J�W�J�U�Z �P�G �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z2:2 � 10� 24 �)�[� 1/2

�O�F�B�S ������ �)�[�
 �X�J�U�I �Q�F�S�G�P�S�N�B�O�D�F �E�F�H�S�B�E�J�O�H �U�P�X�B�S�E �M�P�X�F�S �G�S�F�R�V�F�O�D�J�F�T �E�V�F �U�P �T�F�J�T�N�J�D �B�O�E �U�I�F�S�N�B�M �O�P�J�T�F �B�O�E �U�P�X�B�S�E �I�J�H�I�F�S �G�S�F�R�V�F�O�D�J�F�T
�E�V�F �U�P �T�I�P�U �O�P�J�T�F��

������ �$�V�S�S�F�O�U �D�B�M�J�C�S�B�U�J�P�O �N�F�U�I�P�E�T

�5�I�F �D�P�O�W�F�S�T�J�P�O �P�G �U�I�F �S�B�X �E�F�U�F�D�U�P�S �P�V�U�Q�V�U �J�O�U�P �B �D�B�M�J�C�S�B�U�F�E �T�U�S�B�J�O �U�J�N�F �T�F�S�J�F�Th(t) �S�F�R�V�J�S�F�T �B�O �B�D�D�V�S�B�U�F �L�O�P�X�M�F�E�H�F �P�G �U�I�F �E�F�U�F�D�U�P�S�n�T
�S�F�T�Q�P�O�T�F �G�V�O�D�U�J�P�O�� �5�I�J�T �S�F�T�Q�P�O�T�F �N�V�T�U �C�F �N�F�B�T�V�S�F�E �J�O�E�F�Q�F�O�E�F�O�U�M�Z �P�G �U�I�F �H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �T�J�H�O�B�M �J�U�T�F�M�G�
 �X�I�J�D�I �N�F�B�O�T �U�I�B�U �L�O�P�X�O�
 �X�F�M�M��
�D�I�B�S�B�D�U�F�S�J�T�F�E �E�J�T�Q�M�B�D�F�N�F�O�U�T �P�G �U�I�F �U�F�T�U �N�B�T�T�F�T �N�V�T�U �C�F �J�O�K�F�D�U�F�E �B�O�E �D�P�N�Q�B�S�F�E �B�H�B�J�O�T�U �U�I�F �E�F�U�F�D�U�P�S �P�V�U�Q�V�U�� �5�X�P �Q�S�J�N�B�S�Z �D�B�M�J�C�S�B�U�J�P�O
�N�F�U�I�P�E�T �B�S�F �D�V�S�S�F�O�U�M�Z �F�N�Q�M�P�Z�F�E �J�O �U�I�F �H�M�P�C�B�M �H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �E�F�U�F�D�U�P�S �O�F�U�X�P�S�L�� �U�I�F �Q�I�P�U�P�O �D�B�M�J�C�S�B�U�P�S�
 �X�I�J�D�I �V�T�F�T �S�B�E�J�B�U�J�P�O �Q�S�F�T�T�V�S�F
�G�S�P�N �B�O �B�V�Y�J�M�J�B�S�Z �M�B�T�F�S�
 �B�O�E �U�I�F �/�F�X�U�P�O�J�B�O �D�B�M�J�C�S�B�U�P�S�
 �X�I�J�D�I �F�Y�Q�M�P�J�U�T �U�I�F �H�S�B�W�J�U�B�U�J�P�O�B�M �B�U�U�S�B�D�U�J�P�O �P�G �S�P�U�B�U�J�O�H �N�B�T�T�F�T�� �#�P�U�I �N�F�U�I�P�E�T �B�S�F
�E�F�T�D�S�J�C�F�E �C�F�M�P�X�
 �B�T �U�I�F�Z �Q�S�P�W�J�E�F �U�I�F �D�P�O�U�F�Y�U �B�H�B�J�O�T�U �X�I�J�D�I �U�I�F �T�D�B�U�U�F�S�F�E���M�J�H�I�U �D�B�M�J�C�S�B�U�J�P�O �U�F�D�I�O�J�R�V�F �E�F�W�F�M�P�Q�F�E �J�O �U�I�J�T �U�I�F�T�J�T �T�I�P�V�M�E �C�F
�F�W�B�M�V�B�U�F�E��

���������� �1�I�P�U�P�O �D�B�M�J�C�S�B�U�J�P�O

�5�I�F �Q�I�P�U�P�O �D�B�M�J�C�S�B�U�P�S �	�1�$�B�M�
 �J�T �U�I�F �Q�S�J�O�D�J�Q�B�M �D�B�M�J�C�S�B�U�J�P�O �U�P�P�M �V�T�F�E �B�D�S�P�T�T �U�I�F �-�*�(�0�r�7�J�S�H�P�r�,�"�(�3�" �E�F�U�F�D�U�P�S �O�F�U�X�P�S�L �<�����
���>�� �5�I�F �U�F�D�I�O�J�R�V�F
�F�Y�Q�M�P�J�U�T �U�I�F �S�B�E�J�B�U�J�P�O �Q�S�F�T�T�V�S�F �F�Y�F�S�U�F�E �C�Z �B�O �B�V�Y�J�M�J�B�S�Z�
 �Q�P�X�F�S���N�P�E�V�M�B�U�F�E �M�B�T�F�S �C�F�B�N �S�F�ñ�F�D�U�J�O�H �P�G�G �P�O�F �P�G �U�I�F �T�V�T�Q�F�O�E�F�E �F�O�E �U�F�T�U �N�B�T�T�F�T��

�8�I�F�O �B �M�B�T�F�S �C�F�B�N �P�G �Q�P�X�F�SP �S�F�ñ�F�D�U�T �G�S�P�N �B �N�J�S�S�P�S�
 �J�U �U�S�B�O�T�G�F�S�T �N�P�N�F�O�U�V�N �B�U �B �S�B�U�F2P/ c�
 �F�Y�F�S�U�J�O�H �B �G�P�S�D�F

F�1�$�B�M(t) =
2P(t) �D�P�T�

c
; �	�������
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�X�I�F�S�F� �J�T �U�I�F �B�O�H�M�F �P�G �J�O�D�J�E�F�O�D�F �B�O�Ec �J�T �U�I�F �T�Q�F�F�E �P�G �M�J�H�I�U �<�����>�� �5�I�F �S�F�T�V�M�U�J�O�H �E�J�T�Q�M�B�D�F�N�F�O�U �P�G �U�I�F �T�V�T�Q�F�O�E�F�E �N�J�S�S�P�S �J�T

x �1�$�B�M(f ) =
F�1�$�B�M(f )

M (2�f )2 ; �	�������


�X�I�F�S�FM �J�T �U�I�F �N�J�S�S�P�S �N�B�T�T �B�O�Ef �J�T �U�I�F �N�P�E�V�M�B�U�J�P�O �G�S�F�R�V�F�O�D�Z�
 �W�B�M�J�E �B�C�P�W�F �U�I�F �T�V�T�Q�F�O�T�J�P�O �S�F�T�P�O�B�O�D�F �G�S�F�R�V�F�O�D�J�F�T �X�I�F�S�F �U�I�F �N�J�S�S�P�S
�C�F�I�B�W�F�T �B�T �B �G�S�F�F �N�B�T�T �<���>��

�*�O �"�E�W�B�O�D�F�E �7�J�S�H�P�
 �P�O�F �1�$�B�M �T�Z�T�U�F�N �J�T �J�O�T�U�B�M�M�F�E �B�U �F�B�D�I �F�O�E �T�U�B�U�J�P�O �	�/�& �B�O�E �8�&�
�� �&�B�D�I �T�Z�T�U�F�N �D�P�O�T�J�T�U�T �P�G �B�O �B�V�Y�J�M�J�B�S�Z �M�B�T�F�S �X�I�P�T�F �Q�P�X�F�S
�J�T �N�P�E�V�M�B�U�F�E �B�U �T�Q�F�D�J�ð�D �D�B�M�J�C�S�B�U�J�P�O �G�S�F�R�V�F�O�D�J�F�T�
 �E�J�S�F�D�U�F�E �P�O�U�P �U�I�F �I�J�H�I���S�F�ñ�F�D�U�J�W�J�U�Z �T�V�S�G�B�D�F �P�G �U�I�F �F�O�E �N�J�S�S�P�S�� �5�I�F �N�P�E�V�M�B�U�F�E �M�B�T�F�S �Q�P�X�F�S
�S�F�ñ�F�D�U�J�O�H �G�S�P�N �U�I�F �N�J�S�S�P�S �J�T �N�F�B�T�V�S�F�E �C�Z �D�B�M�J�C�S�B�U�F�E �Q�I�P�U�P�E�J�P�E�F�T�
 �Q�S�P�W�J�E�J�O�H �B�O �B�C�T�P�M�V�U�F �S�F�G�F�S�F�O�D�F �G�P�S �U�I�F �J�O�K�F�D�U�F�E �E�J�T�Q�M�B�D�F�N�F�O�U�� �5�X�P
�C�F�B�N�T �B�S�F �V�T�F�E�
 �T�Z�N�N�F�U�S�J�D�B�M�M�Z �E�J�T�Q�M�B�D�F�E �B�C�P�V�U �U�I�F �D�F�O�U�S�F �P�G �U�I�F �N�J�S�S�P�S �G�B�D�F�
 �U�P �N�J�O�J�N�J�T�F �U�I�F �F�Y�D�J�U�B�U�J�P�O �P�G �S�P�U�B�U�J�P�O�B�M �N�P�E�F�T �P�G �U�I�F
�T�V�T�Q�F�O�E�F�E �U�F�T�U �N�B�T�T �B�O�E �U�P �S�F�E�V�D�F �F�S�S�P�S�T �G�S�P�N �M�P�D�B�M�J�T�F�E �F�M�B�T�U�J�D �E�F�G�P�S�N�B�U�J�P�O �P�G �U�I�F �N�J�S�S�P�S �T�V�S�G�B�D�F �<�����>�� �*�O �"�E�W�B�O�D�F�E �7�J�S�H�P�
 �U�I�F �1�$�B�M
�M�B�T�F�S �C�F�B�N �J�T �H�F�O�F�S�B�U�F�E �X�J�U�I �B �E�J�P�E�F �M�B�T�F�S �T�P�V�S�D�F �P�G �������� �O�N �B�T �T�I�P�X�O �J�O �U�I�F �P�Q�U�J�D�B�M �T�L�F�U�D�I �P�G �U�I�F �J�O�K�F�D�U�J�P�O �B�O�E �S�F�ñ�F�D�U�J�P�O �C�F�O�D�I�F�T �J�O
�ð�H�V�S�F��������

�'�J�H�V�S�F �������� �%�F�U�B�J�M�F�E �T�D�I�F�N�B�U�J�D �P�G �B�O �"�E�W�B�O�D�F�E �7�J�S�H�P �Q�I�P�U�P�O �D�B�M�J�C�S�B�U�P�S �W�J�F�X�F�E �G�S�P�N �U�I�F �U�P�Q �<���>��
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�U�I�F �C�F�B�N �Q�B�T�T�F�T �U�I�S�P�V�H�I �U�I�F �G�P�D�B�M �Q�P�J�O�U��

�*�U �J�T �D�M�F�B�S �C�Z �M�P�P�L�J�O�H �B�U �F�R�V�B�U�J�P�O �	�������
 �U�I�B�U �U�I�F �G�B�S �ð�F�M�E�
 �X�I�F�S�Fz � zR �
 �U�I�F �C�F�B�N �S�B�E�J�V�T �H�S�P�X�T �M�J�O�F�B�S�M�Z �X�J�U�I �Q�S�P�Q�B�H�B�U�J�P�O �E�J�T�U�B�O�D�F �B�O�E
�U�I�F �C�F�B�N �F�Y�Q�B�O�E�T �M�J�L�F �B �D�P�O�F�� �5�I�F �I�B�M�G���B�O�H�M�F �P�G �U�I�J�T �D�P�O�F �J�T �U�I�F �E�J�W�F�S�H�F�O�D�F �B�O�H�M�F�
 �E�F�ð�O�F�E �B�T

� =
w0

zR
=

�
�w 0

: �	�������


����



�������� �(�"�6�4�4�*�"�/ �#�&�"�.�4 �"�/�% �)�&�3�.�*�5�&�r�(�"�6�4�4�*�"�/ �.�0�%�&�4 ����

�'�J�H�V�S�F �������� �%�J�B�H�S�B�N �P�G �B �(�B�V�T�T�J�B�O �C�F�B�N�
 �J�M�M�V�T�U�S�B�U�J�O�H �U�I�F �C�F�B�N �X�B�J�T�Uw0�
 �U�I�F �C�F�B�N �S�B�E�J�V�Tw(z)�
 �U�I�F �3�B�Z�M�F�J�H�I �S�B�O�H�FzR �
 �B�O�E �U�I�F �E�J�W�F�S��
�H�F�O�D�F �B�O�H�M�F� �<�����>��

�5�I�J�T �B�O�H�M�F �D�I�B�S�B�D�U�F�S�J�T�F�T �I�P�X �S�B�Q�J�E�M�Z �U�I�F �C�F�B�N �T�Q�S�F�B�E�T �C�F�Z�P�O�E �U�I�F �X�B�J�T�U �B�O�E �S�F�ñ�F�D�U�T �B �G�V�O�E�B�N�F�O�U�B�M �D�P�O�T�F�R�V�F�O�D�F �P�G �E�J�G�G�S�B�D�U�J�P�O�� �B �N�P�S�F
�U�J�H�I�U�M�Z �G�P�D�V�T�F�E �C�F�B�N �	�T�N�B�M�M�F�Sw0�
 �E�J�W�F�S�H�F�T �N�P�S�F �S�B�Q�J�E�M�Z�� �5�I�F �Q�S�P�E�V�D�U� � w0 �J�T �U�I�F�S�F�G�P�S�F �B �D�P�O�T�U�B�O�U �T�F�U �P�O�M�Z �C�Z �U�I�F �X�B�W�F�M�F�O�H�U�I�� �"
�W�J�T�V�B�M�J�T�B�U�J�P�O �P�G �B �(�B�V�T�T�J�B�O �C�F�B�N �J�T �T�I�P�X�O �J�O �ð�H�V�S�F��������

�" �Q�B�S�U�J�D�V�M�B�S�M�Z �D�P�N�Q�B�D�U �E�F�T�D�S�J�Q�U�J�P�O �P�G �B �(�B�V�T�T�J�B�O �C�F�B�N �J�T �Q�S�P�W�J�E�F�E �C�Z �U�I�F �D�P�N�Q�M�F�Y �C�F�B�N �Q�B�S�B�N�F�U�F�Sq(z)��

q(z) = z + izR =
�

1
R(z)

�
i�

�w (z)2

� � 1

: �	�������


�5�I�J�T �Q�B�S�B�N�F�U�F�S �F�O�D�P�E�F�T �C�P�U�I �U�I�F �X�B�W�F�G�S�P�O�U �D�V�S�W�B�U�V�S�F �B�O�E �U�I�F �C�F�B�N �S�B�E�J�V�T �J�O �B �T�J�O�H�M�F �D�P�N�Q�M�F�Y �O�V�N�C�F�S �<�����>��

�5�I�F �Q�S�P�Q�B�H�B�U�J�P�O �P�G �Q�B�S�B�Y�J�B�M �S�B�Z�T �U�I�S�P�V�H�I �P�Q�U�J�D�B�M �F�M�F�N�F�O�U�T �D�B�O �C�F �E�F�T�D�S�J�C�F�E �D�P�N�Q�B�D�U�M�Z �V�T�J�O�H2 � 2 �S�B�Z���U�S�B�O�T�G�F�S �N�B�U�S�J�D�F�T�
 �D�P�N�N�P�O�M�Z
�L�O�P�X�O �B�T �"�#�$�% �N�B�U�S�J�D�F�T �<�����>�� �*�O �U�I�J�T �G�P�S�N�B�M�J�T�N�
 �B �S�B�Z �B�U �B�O�Z �Q�M�B�O�F �J�T �D�I�B�S�B�D�U�F�S�J�T�F�E �C�Z �J�U�T �U�S�B�O�T�W�F�S�T�F �E�J�T�Q�M�B�D�F�N�F�O�Uy �G�S�P�N �U�I�F �P�Q�U�J�D�B�M
�B�Y�J�T �B�O�E �J�U�T �T�M�P�Q�F� = dy/ dz�� �"�O �P�Q�U�J�D�B�M �F�M�F�N�F�O�U �	�B �M�F�O�T�
 �N�J�S�S�P�S�
 �G�S�F�F���T�Q�B�D�F �Q�S�P�Q�B�H�B�U�J�P�O�
 �P�S �J�O�U�F�S�G�B�D�F�
 �N�B�Q�T �U�I�F �J�O�Q�V�U �S�B�Z(y1; � 1) �U�P
�U�I�F �P�V�U�Q�V�U �S�B�Z(y2; � 2) �W�J�B �

y2

� 2

�
=

�
A B
C D

� �
y1

� 1

�
: �	�������


�'�P�S �F�Y�B�N�Q�M�F�
 �G�S�F�F���T�Q�B�D�F �Q�S�P�Q�B�H�B�U�J�P�O �P�W�F�S �B �E�J�T�U�B�O�D�Fd �D�P�S�S�F�T�Q�P�O�E�T �U�PA = 1 �
B = d�
C = 0 �
D = 1 �
 �X�I�J�M�F �B �U�I�J�O �M�F�O�T �P�G �G�P�D�B�M
�M�F�O�H�U�If �I�B�TA = 1 �
B = 0 �
C = � 1/ f �
D = 1 �� �$�B�T�D�B�E�J�O�H �N�V�M�U�J�Q�M�F �F�M�F�N�F�O�U�T �J�T �B�D�I�J�F�W�F�E �C�Z �N�V�M�U�J�Q�M�Z�J�O�H �U�I�F�J�S �N�B�U�S�J�D�F�T �J�O �S�F�W�F�S�T�F
�P�S�E�F�S �<���>�� �5�I�F �"�#�$�% �G�P�S�N�B�M�J�T�N �F�Y�U�F�O�E�T �O�B�U�V�S�B�M�M�Z �U�P �(�B�V�T�T�J�B�O �C�F�B�N�T�� �S�B�U�I�F�S �U�I�B�O �U�S�B�O�T�G�P�S�N�J�O�H �U�I�F �S�B�Z �D�P�P�S�E�J�O�B�U�F�T�
 �P�O�F �U�S�B�O�T�G�P�S�N�T �U�I�F
�D�P�N�Q�M�F�Y �C�F�B�N �Q�B�S�B�N�F�U�F�Sq(z) �B�D�D�P�S�E�J�O�H �U�P

q0 =
Aq + B
Cq + D

: �	�������


�5�I�Fq���Q�B�S�B�N�F�U�F�S �J�T �U�I�F�S�F�G�P�S�F �B �Q�P�X�F�S�G�V�M �U�P�P�M �G�P�S �E�F�T�J�H�O�J�O�H �P�Q�U�J�D�B�M �T�Z�T�U�F�N�T �B�O�E �W�F�S�J�G�Z�J�O�H �N�P�E�F���N�B�U�D�I�J�O�H �D�P�O�E�J�U�J�P�O�T �B�O�B�M�Z�U�J�D�B�M�M�Z�
 �B�O�E �J�T
�V�T�F�E �F�Y�U�F�O�T�J�W�F�M�Z �G�P�S �E�F�T�D�S�J�C�J�O�H �B�O�E �T�I�B�Q�J�O�H �T�D�B�U�U�F�S�F�E �M�J�H�I�U �J�O �T�F�D�U�J�P�O�T�������B�O�E��������

�����������)�F�S�N�J�U�F���(�B�V�T�T�J�B�O �N�P�E�F�T

�5�I�F �5�&�.00 �N�P�E�F �J�T �U�I�F �M�P�X�F�T�U���P�S�E�F�S �N�F�N�C�F�S �P�G �B �D�P�N�Q�M�F�U�F�
 �P�S�U�I�P�H�P�O�B�M �G�B�N�J�M�Z �P�G �T�P�M�V�U�J�P�O�T �U�P �U�I�F �Q�B�S�B�Y�J�B�M �X�B�W�F �F�R�V�B�U�J�P�O�� �5�I�F �)�F�S�N�J�U�F��
�(�B�V�T�T�J�B�O �	�)�(�
 �N�P�E�F�T �5�&�.mn �B�S�F �P�C�U�B�J�O�F�E �C�Z �N�V�M�U�J�Q�M�Z�J�O�H �U�I�F �(�B�V�T�T�J�B�O �F�O�W�F�M�P�Q�F �C�Z �)�F�S�N�J�U�F �Q�P�M�Z�O�P�N�J�B�M�THm �B�O�EHn �J�O �U�I�Fx �B�O�Ey
�E�J�S�F�D�U�J�P�O�T�
 �S�F�T�Q�F�D�U�J�W�F�M�Z �<�����>��

umn (x; y; z) =
w0

w(z)
Hm

 p
2x

w(z)

!

Hn

 p
2y

w(z)

!

�F�Y�Q
�

�
x2 + y2

w(z)2

�
�F�Y�Q

�
� i

k(x2 + y2)
2R(z)

�
ei (m + n +1) � (z) : �	���������


�5�I�F �J�O�U�F�H�F�S�Tm �B�O�En �B�S�F �U�I�F �U�S�B�O�T�W�F�S�T�F �N�P�E�F �P�S�E�F�S�T �J�Ox �B�O�Ey�
 �B�O�EN = m + n �J�T �U�I�F �U�P�U�B�M �N�P�E�F �P�S�E�F�S�� �5�I�S�F�F �Q�S�P�Q�F�S�U�J�F�T �P�G �U�I�F
�)�( �N�P�E�F�T �B�S�F �Q�B�S�U�J�D�V�M�B�S�M�Z �J�N�Q�P�S�U�B�O�U �<���>��

�q�*�O�U�F�O�T�J�U�Z �Q�B�U�U�F�S�O���5�I�F �J�O�U�F�O�T�J�U�Zjumn j2 �E�J�T�Q�M�B�Z�T(m + 1)( n + 1) �M�P�C�F�T �B�S�S�B�O�H�F�E �J�O �B �S�F�D�U�B�O�H�V�M�B�S �H�S�J�E�� �5�&�.00 �I�B�T �B �T�J�O�H�M�F
�D�F�O�U�S�B�M �M�P�C�F�
 �5�&�.10 �I�B�T �U�X�P �I�P�S�J�[�P�O�U�B�M�M�Z �T�F�Q�B�S�B�U�F�E �M�P�C�F�T�
 �B�O�E �5�&�.20 �I�B�T �U�I�S�F�F �M�P�C�F�T�
 �B�T �J�M�M�V�T�U�S�B�U�F�E �J�O �ð�H�V�S�F��������



�������� �'�"�#�3�:�r�1�&�3�0�5 �$�"�7�*�5�:�� �'�*�&�-�%�4 �"�/�% �(�"�*�/ ����

�'�J�H�V�S�F �������� �/�P�S�N�B�M�J�T�F�E �J�O�U�F�O�T�J�U�Z �Q�B�U�U�F�S�O�Tjumn j2 �P�G �U�I�F �)�F�S�N�J�U�F���(�B�V�T�T�J�B�O �N�P�E�F�T �5�&�.mn �G�P�Sm 2 f 0; 1; 2; 3g �B�O�En 2 f 0; 1; 2g��
�.�P�W�J�O�H �S�J�H�I�U �J�O�D�S�F�B�T�F�T �U�I�F �O�V�N�C�F�S �P�G �M�P�C�F�T �J�O �U�I�Fx���E�J�S�F�D�U�J�P�O �	m + 1 �M�P�C�F�T�
�
 �N�P�W�J�O�H �E�P�X�O �J�O�D�S�F�B�T�F�T �U�I�F �O�V�N�C�F�S �P�G �M�P�C�F�T �J�O �U�I�Fy��
�E�J�S�F�D�U�J�P�O �	n + 1 �M�P�C�F�T�
��

�q�(�P�V�Z �Q�I�B�T�F���&�B�D�I �N�P�E�F �5�&�.mn �B�D�D�V�N�V�M�B�U�F�T �B�O �B�E�E�J�U�J�P�O�B�M �Q�I�B�T�F �T�I�J�G�U �P�G(m + n + 1) � (z)�
 �X�I�F�S�F� (z) �J�T �U�I�F �(�P�V�Z �Q�I�B�T�F �P�G
�U�I�F �5�&�.00 �N�P�E�F �E�F�ð�O�F�E �J�O �F�R�V�B�U�J�P�O�������� �4�J�O�D�F �U�I�J�T �Q�I�B�T�F �T�I�J�G�U �E�F�Q�F�O�E�T �P�O �U�I�F �N�P�E�F �P�S�E�F�S�
 �I�J�H�I�F�S���P�S�E�F�S �N�P�E�F�T �B�D�R�V�J�S�F �E�J�G�G�F�S�F�O�U
�U�P�U�B�M �Q�I�B�T�F�T �V�Q�P�O �Q�S�P�Q�B�H�B�U�J�P�O�� �"�T �X�J�M�M �C�F �E�J�T�D�V�T�T�F�E �J�O �4�F�D�U�J�P�O�������
 �U�I�J�T �M�F�B�E�T �U�P �B �G�S�F�R�V�F�O�D�Z �T�F�Q�B�S�B�U�J�P�O �C�F�U�X�F�F�O �U�S�B�O�T�W�F�S�T�F �N�P�E�F�T
�J�O �P�Q�U�J�D�B�M �D�B�W�J�U�J�F�T�� �5�I�J�T �F�G�G�F�D�U �J�T �F�Y�Q�M�P�J�U�F�E �J�O �B�S�N �D�B�W�J�U�Z �T�D�B�O�T �U�P �J�E�F�O�U�J�G�Z �B�O�E �N�F�B�T�V�S�F �J�O�E�J�W�J�E�V�B�M �I�J�H�I�F�S���P�S�E�F�S �N�P�E�F �D�P�O�U�S�J�C�V�U�J�P�O�T
�<�����>��

�q�0�S�U�I�P�H�P�O�B�M�J�U�Z �B�O�E �D�P�N�Q�M�F�U�F�O�F�T�T���5�I�F �)�( �N�P�E�F�T �G�P�S�N �B �D�P�N�Q�M�F�U�F �P�S�U�I�P�O�P�S�N�B�M �C�B�T�J�T �G�P�S �Q�B�S�B�Y�J�B�M �P�Q�U�J�D�B�M �ð�F�M�E�T�� �"�O�Z �ð�F�M�E �T�I�B�S�J�O�H
�U�I�F �T�B�N�F �C�F�B�N �B�Y�J�T �D�B�O �C�F �E�F�D�P�N�Q�P�T�F�E �B�T �<�����>

E(x; y; z) =
X

m;n

cmn umn (x; y; z); �	���������


�X�I�F�S�F �U�I�F �D�P�F�G�ð�D�J�F�O�U�T �B�S�F �H�J�W�F�O �C�Z �U�I�F �P�W�F�S�M�B�Q �J�O�U�F�H�S�B�M

cmn =
ZZ

u�
mn (x; y; z) E (x; y; z) �Ex �Ey: �	���������


�5�I�F �Q�P�X�F�S �G�S�B�D�U�J�P�O �D�B�S�S�J�F�E �C�Z �N�P�E�F �5�&�.mn �J�Tjcmn j2�� �5�I�J�T �E�F�D�P�N�Q�P�T�J�U�J�P�O �J�T �U�I�F �N�B�U�I�F�N�B�U�J�D�B�M �C�B�T�J�T �G�P�S �R�V�B�O�U�J�G�Z�J�O�H �C�P�U�I �N�P�E�F
�N�J�T�N�B�U�D�I �B�O�E �N�J�T�B�M�J�H�O�N�F�O�U�
 �B�O�E �J�T �V�T�F�E �J�O �T�F�D�U�J�P�O������������

������ �'�B�C�S�Z�r�1�F�S�P�U �D�B�W�J�U�Z�� �ð�F�M�E�T �B�O�E �H�B�J�O

�5�I�F �B�S�N �D�B�W�J�U�J�F�T �P�G �"�E�W�B�O�D�F�E �7�J�S�H�P �B�S�F �'�B�C�S�Z�r�1�F�S�P�U �S�F�T�P�O�B�U�P�S�T�
 �G�P�S�N�F�E �C�Z �U�X�P �G�B�D�J�O�H �N�J�S�S�P�S�T �U�I�B�U �U�S�B�Q �M�J�H�I�U �C�Z �B�M�M�P�X�J�O�H �J�U �U�P �C�P�V�O�D�F
�C�B�D�L �B�O�E �G�P�S�U�I �N�B�O�Z �U�J�N�F�T �C�F�G�P�S�F �M�F�B�L�J�O�H �P�V�U�� �5�I�J�T �N�V�M�U�J���Q�B�T�T �T�U�P�S�B�H�F �B�N�Q�M�J�ð�F�T �U�I�F �J�O�U�F�S�B�D�U�J�P�O �C�F�U�X�F�F�O �U�I�F �M�J�H�I�U �B�O�E �B�O�Z �Q�I�Z�T�J�D�B�M
�E�J�T�Q�M�B�D�F�N�F�O�U �P�G �U�I�F �N�J�S�S�P�S�T�
 �X�I�J�D�I �J�T �Q�S�F�D�J�T�F�M�Z �X�I�B�U �N�B�L�F�T �J�O�U�F�S�G�F�S�P�N�F�U�S�J�D �H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �E�F�U�F�D�U�J�P�O �Q�P�T�T�J�C�M�F�� �5�I�J�T �T�F�D�U�J�P�O �E�F�S�J�W�F�T
�U�I�F �L�F�Z �Q�B�S�B�N�F�U�F�S�T �P�G �B �'�B�C�S�Z�r�1�F�S�P�U �D�B�W�J�U�Z �U�I�B�U �B�S�F �V�T�F�E �U�I�S�P�V�H�I�P�V�U �U�I�F �T�D�B�U�U�F�S�F�E �M�J�H�I�U �N�P�E�F�M �P�G �T�F�D�U�J�P�O��������

�����������3�P�V�O�E���U�S�J�Q �ð�F�M�E �G�B�D�U�P�S �B�O�E �ð�O�F�T�T�F

�$�P�O�T�J�E�F�S �B �M�J�O�F�B�S �D�B�W�J�U�Z �G�P�S�N�F�E �C�Z �U�X�P �N�J�S�S�P�S�T �X�J�U�I �B�N�Q�M�J�U�V�E�F �S�F�ñ�F�D�U�J�W�J�U�J�F�Tr 1 �B�O�Er 2 �B�O�E �Q�P�X�F�S �U�S�B�O�T�N�J�T�T�J�P�O�TT1 = 1 � r 2
1 �B�O�E

T2 = 1 � r 2
2 �
 �T�F�Q�B�S�B�U�F�E �C�Z �B �M�F�O�H�U�IL �� �"�O �J�O�Q�V�U �ð�F�M�EE �J�O�F�O�U�F�S�T �U�I�S�P�V�H�I �U�I�F �J�O�Q�V�U �N�J�S�S�P�S�� �"�G�U�F�S �F�B�D�I �S�P�V�O�E �U�S�J�Q �P�G �M�F�O�H�U�I2L �
 �U�I�F
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�'�J�H�V�S�F �������� �8�P�S�L�J�O�H �Q�S�J�O�D�J�Q�M�F �P�G �B �'�B�C�S�Z�r�1�F�S�P�U �D�B�W�J�U�Z �T�I�P�X�J�O�H �U�I�B�U �U�I�F �J�O�U�S�B�D�B�W�J�U�Z �ð�F�M�E �J�T �U�I�F �D�P�I�F�S�F�O�U �T�V�N �P�G �B�M�M �N�V�M�U�J�Q�M�Z���S�F�ñ�F�D�U�F�E
�D�P�O�U�S�J�C�V�U�J�P�O�T �<�����>��

�ð�F�M�E �B�D�D�V�N�V�M�B�U�F�T �B �Q�I�B�T�F� = ! � 2L / c �B�O�E �J�T �B�U�U�F�O�V�B�U�F�E �C�Z �U�I�F �S�P�V�O�E���U�S�J�Q �B�N�Q�M�J�U�V�E�F �G�B�D�U�P�S

r �S�U= r 1r 2

p
1 � � �B�S�N; �	���������


�X�I�F�S�F� �B�S�N�N�P�E�F�M�T �B�O�Z �B�E�E�J�U�J�P�O�B�M �S�P�V�O�E���U�S�J�Q �Q�P�X�F�S �M�P�T�T �	�B�C�T�P�S�Q�U�J�P�O�
 �T�D�B�U�U�F�S�J�O�H�
 �D�M�J�Q�Q�J�O�H�
�� �5�I�F �J�O�U�S�B�D�B�W�J�U�Z �ð�F�M�E �J�T �U�I�F �D�P�I�F�S�F�O�U �T�V�N �P�G
�B�M�M �N�V�M�U�J�Q�M�Z���S�F�ñ�F�D�U�F�E �D�P�O�U�S�J�C�V�U�J�P�O�T �	�B�T �T�F�F�O �J�O �ð�H�V�S�F�������
�
 �G�P�S�N�J�O�H �B �H�F�P�N�F�U�S�J�D �T�F�S�J�F�T �U�I�B�U �D�P�O�W�F�S�H�F�T �U�P �U�I�F �T�U�F�B�E�Z���T�U�B�U�F �D�B�W�J�U�Z �ð�F�M�E �<�����>��

E �D�B�W=
it 1

1 � r �S�Uei� E �J�O: �	���������


�)�F�S�F�
t1 =
p

T1 �J�T �U�I�F �J�O�Q�V�U �N�J�S�S�P�S �B�N�Q�M�J�U�V�E�F �U�S�B�O�T�N�J�T�T�J�P�O�� �5�I�F �J�O�U�S�B�D�B�W�J�U�Z �Q�P�X�F�SP�D�B�W= jE �D�B�Wj2 �J�T �N�B�Y�J�N�J�T�F�E �B�U �S�F�T�P�O�B�O�D�F
�	� = 2 �n �
�
 �X�I�F�S�F �U�I�F �E�F�O�P�N�J�O�B�U�P�S �P�G �F�R�V�B�U�J�P�O �	���������
 �J�T �N�J�O�J�N�J�T�F�E�� �5�I�F �S�B�U�J�P �P�G �U�I�F �D�J�S�D�V�M�B�U�J�O�H �Q�P�X�F�S �B�U �S�F�T�P�O�B�O�D�F �U�P �U�I�F �J�O�Q�V�U �Q�P�X�F�S
�E�F�ð�O�F�T �U�I�F �Q�P�X�F�S �C�V�J�M�E���V�Q �G�B�D�U�P�S��

B =
P�D�B�W

P�J�O

�
�
�
�
�S�F�T

=
T1

(1 � r �S�U)2 : �	���������


�5�I�F �T�I�B�S�Q�O�F�T�T �P�G �U�I�F �S�F�T�P�O�B�O�D�F �J�T �D�I�B�S�B�D�U�F�S�J�T�F�E �C�Z �U�I�F �ð�O�F�T�T�FF �
 �E�F�ð�O�F�E �B�T �U�I�F �S�B�U�J�P �P�G �U�I�F �G�S�F�F �T�Q�F�D�U�S�B�M �S�B�O�H�F �	�'�4�3�
 �U�P �U�I�F �S�F�T�P�O�B�O�D�F
�M�J�O�F�X�J�E�U�I �	�G�V�M�M �X�J�E�U�I �B�U �I�B�M�G �N�B�Y�J�N�V�N�
 �'�8�)�.�
 �<���>��

F =
� �'�4�3

�� �'�8�)�.
=

�
p

r �S�U

1 � r �S�U
: �	���������


�5�I�F �G�S�F�F �T�Q�F�D�U�S�B�M �S�B�O�H�F� �'�4�3= c/2 L �J�T �U�I�F �G�S�F�R�V�F�O�D�Z �T�Q�B�D�J�O�H �C�F�U�X�F�F�O �D�P�O�T�F�D�V�U�J�W�F �S�F�T�P�O�B�O�D�F�T �B�O�E �F�R�V�B�M�T �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z ���� �L�)�[
�G�P�S �U�I�F �� �L�N �7�J�S�H�P �B�S�N �D�B�W�J�U�J�F�T�� �5�I�F �S�F�T�P�O�B�O�D�F �M�J�O�F�X�J�E�U�I �J�T �W�F�S�J�ð�F�E �U�P �C�F �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z ������ �)�[ �<�����
�����>�� �" �Q�M�P�U �P�G �U�I�F �D�B�W�J�U�Z �Q�P�X�F�S
�F�O�I�B�O�D�F�N�F�O�U �J�T �T�I�P�X�O �J�O �ð�H�V�S�F��������

���������� �'�S�F�R�V�F�O�D�Z���E�P�N�B�J�O �D�B�W�J�U�Z �S�F�T�Q�P�O�T�F

�8�I�F�O �B �ð�F�M�E �B�U �G�S�F�R�V�F�O�D�Z! 0 + 2 �f �	�P�G�G�T�F�U �C�Zf �G�S�P�N �U�I�F �D�B�S�S�J�F�S �S�F�T�P�O�B�O�D�F�
 �J�T �J�O�K�F�D�U�F�E �J�O�U�P �U�I�F �D�B�W�J�U�Z�
 �J�U �F�Y�Q�F�S�J�F�O�D�F�T �B �G�S�F�R�V�F�O�D�Z��
�E�F�Q�F�O�E�F�O�U �H�B�J�O�� �4�U�B�S�U�J�O�H �G�S�P�N �U�I�F �T�U�F�B�E�Z���T�U�B�U�F �D�B�W�J�U�Z �ð�F�M�E �P�G �F�R�V�B�U�J�P�O �	���������
�
 �U�I�F �F�Y�B�D�U �D�B�W�J�U�Z �H�B�J�O �B�U �G�S�F�R�V�F�O�D�Z �P�G�G�T�F�Uf �G�S�P�N �S�F�T�P�O�B�O�D�F
�J�T

G�F�Y�B�D�U(f ) =
1

1 � r �S�Ue� i 2�f t �3�5
; �	���������


�X�I�F�S�F �U�I�F �D�B�S�S�J�F�S �S�F�T�P�O�B�O�D�F �D�P�O�E�J�U�J�P�Oe� i! 0 t �3�5= 1 �I�B�T �C�F�F�O �V�T�F�E �U�P �B�C�T�P�S�C �U�I�F �D�B�S�S�J�F�S �Q�I�B�T�F�� �5�I�F �W�B�M�V�Ft �3�5�S�F�Q�S�F�T�F�O�U�T �U�I�F �U�J�N�F �B
�Q�I�P�U�P�O �O�F�F�E�T �U�P �N�B�L�F �P�O�F �S�P�V�O�E �U�S�J�Q �J�O �U�I�F �D�B�W�J�U�Z�� �5�I�J�T �J�T �T�J�N�Q�M�Z �F�R�V�B�M �U�P2L / c�� �*�O �U�I�F �M�J�N�J�Uf � � �'�4�3= 1/ t �3�5�
 �U�I�F �F�Y�Q�P�O�F�O�U�J�B�M �D�B�O
�C�F �F�Y�Q�B�O�E�F�E �U�P �ð�S�T�U �P�S�E�F�S��

e� i 2�f t �3�5� 1 � i2�f t �3�5; �	���������
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�'�J�H�V�S�F �������� �1�P�X�F�S �F�O�I�B�O�D�F�N�F�O�U �J�O �B �U�X�P���N�J�S�S�P�S �D�B�W�J�U�Z �B�T �B �G�V�O�D�U�J�P�O �P�G �U�I�F �P�G�G�T�F�U �P�G �U�I�F �M�B�T�F�S���M�J�H�I�U �G�S�F�R�V�F�O�D�Z �X�J�U�I �S�F�T�Q�F�D�U �U�P �U�I�F �O�P�N�J�O�B�M
�W�B�M�V�F�� �5�I�F �Q�F�B�L�T �N�B�S�L �U�I�F �S�F�T�P�O�B�O�D�F�T �P�G �U�I�F �D�B�W�J�U�Z�
 �B�U �X�I�J�D�I �U�I�F �J�O�K�F�D�U�F�E �M�J�H�I�U �J�T �S�F�T�P�O�B�O�U�M�Z �F�O�I�B�O�D�F�E�� �5�I�F �G�S�F�R�V�F�O�D�Z �T�Q�B�D�J�O�H �C�F�U�X�F�F�O
�D�P�O�T�F�D�V�U�J�W�F �Q�F�B�L�T �J�T �U�I�F �G�S�F�F �T�Q�F�D�U�S�B�M �S�B�O�H�F �	�'�4�3�
 �<���>��

�T�P �U�I�B�U �U�I�F �E�F�O�P�N�J�O�B�U�P�S �P�G �F�R�V�B�U�J�P�O �	���������
 �C�F�D�P�N�F�T

1 � r �S�Ue� i 2�f t �3�5� 1 � r �S�U+ i2�f r �S�Ut �3�5: �	���������


�'�B�D�U�P�S�J�O�H �P�V�U(1 � r �S�U) �B�O�E �V�T�J�O�Hr �S�U� 1 �J�O �U�I�F �I�J�H�I���ð�O�F�T�T�F �M�J�N�J�U �H�J�W�F�T

1 � r �S�Ue� i 2�f t �3�5� (1 � r �S�U)
�

1 + i
f

f �B�S�N

�
; �	���������


�X�I�F�S�F �U�I�F �D�B�W�J�U�Z �Q�P�M�F �G�S�F�R�V�F�O�D�Z �J�T �J�E�F�O�U�J�ð�F�E �B�T

f �B�S�N=
1 � r �S�U

2� t �3�5
=

(1 � r �S�U) c
4�L

=
� �'�4�3

2F
: �	���������


�4�V�C�T�U�J�U�V�U�J�O�H �F�R�V�B�U�J�P�O �	���������
 �J�O�U�P �F�R�V�B�U�J�P�O �	���������
 �H�J�W�F�T �U�I�F �T�J�O�H�M�F���Q�P�M�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �U�I�F �D�B�W�J�U�Z �H�B�J�O��

G(f ) =
1

1 � r �S�U
�

1
1 + if / f �B�S�N

; �	���������


�X�I�F�S�F1/(1 � r �S�U) �J�T �U�I�F �P�O���S�F�T�P�O�B�O�D�F �ð�F�M�E �C�V�J�M�E���V�Q �G�B�D�U�P�S �<�����>��

�5�I�F �D�B�W�J�U�Z �Q�P�M�F �T�F�U�T �U�I�F �C�B�O�E�X�J�E�U�I �P�G �U�I�F �B�S�N �D�B�W�J�U�Z�
 �X�I�J�D�I �B�D�U�T �B�T �B �M�P�X���Q�B�T�T �ð�M�U�F�S �G�P�S �U�I�F �J�O�K�F�D�U�F�E �T�J�H�O�B�M�� �4�J�H�O�B�M�T �B�U �G�S�F�R�V�F�O�D�J�F�T
f � f �B�S�N�B�S�F �B�N�Q�M�J�ð�F�E �C�Z �U�I�F �G�V�M�M �P�O���S�F�T�P�O�B�O�D�F �H�B�J�O1/(1 � r �S�U) � F / � �� �4�J�H�O�B�M�T �B�C�P�W�Ff �B�S�N�B�S�F �J�O�D�S�F�B�T�J�O�H�M�Z �T�V�Q�Q�S�F�T�T�F�E �B�T1/ f ��
�5�I�J�T �C�F�I�B�W�J�P�V�S �J�T �J�M�M�V�T�U�S�B�U�F�E �J�O �ð�H�V�S�F�������B�O�E �Q�M�B�Z�T �B �D�F�O�U�S�B�M �S�P�M�F �J�O �U�I�F �D�B�M�J�C�S�B�U�J�P�O �N�F�U�I�P�E �E�F�W�F�M�P�Q�F�E �J�O �T�F�D�U�J�P�O������������

�5�I�F �(�P�V�Z �Q�I�B�T�F �B�D�D�V�N�V�M�B�U�F�E �Q�F�S �S�P�V�O�E �U�S�J�Q �E�F�U�F�S�N�J�O�F�T �U�I�F �G�S�F�R�V�F�O�D�J�F�T �B�U �X�I�J�D�I �I�J�H�I�F�S���P�S�E�F�S �N�P�E�F�T �S�F�T�P�O�B�U�F�� �'�P�S �B �T�U�B�C�M�F �S�F�T�P�O�B�U�P�S�

�U�I�F �S�P�V�O�E���U�S�J�Q �(�P�V�Z �Q�I�B�T�F �J�T �E�F�U�F�S�N�J�O�F�E �C�Z �U�I�F �D�B�W�J�U�Z �H�F�P�N�F�U�S�Z �<�����>��

� � �3�5= 2 �B�S�D�D�P�T(
p

g1g2) : �	���������


�)�F�S�F�
gi = 1 � L / Ri �B�S�F �U�I�F �T�U�B�C�J�M�J�U�Z �Q�B�S�B�N�F�U�F�S�T �P�G �U�I�F �U�X�P �N�J�S�S�P�S�T �X�J�U�I �S�B�E�J�J �P�G �D�V�S�W�B�U�V�S�FRi �� �$�P�O�W�F�S�U�J�O�H �U�I�J�T �Q�I�B�T�F �D�P�O�E�J�U�J�P�O �J�O�U�P
�B �G�S�F�R�V�F�O�D�Z �D�P�O�E�J�U�J�P�O �V�T�J�O�H �U�I�F �G�S�F�F �T�Q�F�D�U�S�B�M �S�B�O�H�F �	� �'�4�3= c/(2 L)�
 �Z�J�F�M�E�T �U�I�F �S�F�T�P�O�B�O�D�F �G�S�F�R�V�F�O�D�J�F�T �P�G �U�I�F �U�S�B�O�T�W�F�S�T�F �N�P�E�F�T��

� qmn = � �'�4�3

�
q +

(m + n + 1)
�

�B�S�D�D�P�T
p

g1g2

�
: �	���������


�5�I�F �5�&�.mn �N�P�E�F �U�I�F�S�F�G�P�S�F �S�F�T�P�O�B�U�F�T �B�U �B �G�S�F�R�V�F�O�D�Z �T�I�J�G�U�F�E �G�S�P�N �U�I�F �5�&�.00 �S�F�T�P�O�B�O�D�F �C�Z

� � mn = ( m + n)
�B�S�D�D�P�T

p
g1g2

�
� �'�4�3: �	���������


�5�I�J�T �G�S�F�R�V�F�O�D�Z �T�Q�M�J�U�U�J�O�H �N�B�L�F�T �B�S�N �D�B�W�J�U�Z �T�D�B�O�T �B �Q�P�X�F�S�G�V�M �U�P�P�M �G�P�S �N�F�B�T�V�S�J�O�H �U�I�F �N�J�S�S�P�S �S�B�E�J�J �P�G �D�V�S�W�B�U�V�S�F �<�����>��



�������� �1�)�"�4�& �.�0�%�6�-�"�5�*�0�/ �"�/�% �4�*�%�&�#�"�/�% �(�&�/�&�3�"�5�*�0�/ ����

�'�J�H�V�S�F �������� �4�J�H�O�B�M �T�J�E�F�C�B�O�E �B�N�Q�M�J�U�V�E�F �G�P�S �B �'�B�C�S�Z�r�1�F�S�P�U�r�.�J�D�I�F�M�T�P�O �J�O�U�F�S�G�F�S�P�N�F�U�F�S�� �5�I�F �T�J�H�O�B�M �J�T �B �E�J�G�G�F�S�F�O�U�J�B�M �B�S�N �M�F�O�H�U�I �D�I�B�O�H�F
�E�F�U�F�D�U�F�E �B�U �U�I�F �B�O�U�J�T�Z�N�N�F�U�S�J�D �P�V�U�Q�V�U �Q�P�S�U�
 �T�I�P�X�O �B�T �B �G�V�O�D�U�J�P�O �P�G �T�J�H�O�B�M �G�S�F�R�V�F�O�D�Z�� �5�I�F �T�P�M�J�E �S�F�E �U�S�B�D�F �B�U �B�O �B�N�Q�M�J�U�V�E�F �P�G �� �D�P�S�S�F�T�Q�P�O�E�T
�U�P �U�I�F �D�B�T�F �X�J�U�I�P�V�U �B�S�N �D�B�W�J�U�J�F�T�� �5�I�F �P�U�I�F�S �U�X�P �U�S�B�D�F�T �T�I�P�X �U�I�F �J�O�D�S�F�B�T�F�E �B�N�Q�M�J�U�V�E�F �G�P�S �E�J�G�G�F�S�F�O�U �J�O�Q�V�U �N�J�S�S�P�S �S�F�ñ�F�D�U�J�W�J�U�J�F�T �<���>��

������ �1�I�B�T�F �N�P�E�V�M�B�U�J�P�O �B�O�E �T�J�E�F�C�B�O�E �H�F�O�F�S�B�U�J�P�O

�.�B�O�Z �P�G �U�I�F �T�F�O�T�J�O�H �B�O�E �D�P�O�U�S�P�M �T�Z�T�U�F�N�T �J�O �"�E�W�B�O�D�F�E �7�J�S�H�P �S�F�M�Z �P�O �J�O�U�S�P�E�V�D�J�O�H �B�E�E�J�U�J�P�O�B�M �G�S�F�R�V�F�O�D�Z �D�P�N�Q�P�O�F�O�U�T �J�O�U�P �U�I�F �M�B�T�F�S �ð�F�M�E��
�5�I�F�T�F �D�P�N�Q�P�O�F�O�U�T�
 �D�B�M�M�F�E �T�J�E�F�C�B�O�E�T�
 �B�S�F �H�F�O�F�S�B�U�F�E �C�Z �Q�I�B�T�F���N�P�E�V�M�B�U�J�O�H �U�I�F �D�B�S�S�J�F�S �C�F�G�P�S�F �J�U �F�O�U�F�S�T �U�I�F �J�O�U�F�S�G�F�S�P�N�F�U�F�S�� �5�I�J�T �T�F�D�U�J�P�O
�E�F�S�J�W�F�T �U�I�F �T�J�E�F�C�B�O�E �T�U�S�V�D�U�V�S�F �U�I�B�U �S�F�T�V�M�U�T �G�S�P�N �Q�I�B�T�F �N�P�E�V�M�B�U�J�P�O�
 �G�P�S�N�J�O�H �U�I�F �N�B�U�I�F�N�B�U�J�D�B�M �G�P�V�O�E�B�U�J�P�O �G�P�S �U�I�F �D�B�W�J�U�Z �S�F�T�Q�P�O�T�F �U�P �B�O
�P�T�D�J�M�M�B�U�J�O�H �T�D�B�U�U�F�S�J�O�H �F�M�F�N�F�O�U �E�F�W�F�M�P�Q�F�E �J�O �T�F�D�U�J�P�O������������

�����������1�I�B�T�F �N�P�E�V�M�B�U�J�P�O �P�G �B �N�P�O�P�D�I�S�P�N�B�U�J�D �ð�F�M�E

�$�P�O�T�J�E�F�S �B �N�P�O�P�D�I�S�P�N�B�U�J�D �M�B�T�F�S �ð�F�M�E �X�J�U�I �B�O�H�V�M�B�S �G�S�F�R�V�F�O�D�Z! 0�
 �X�I�P�T�F �F�M�F�D�U�S�J�D �ð�F�M�E �J�T

E0(t) = A ei! 0 t : �	���������


�*�G �U�I�J�T �ð�F�M�E �S�F�ñ�F�D�U�T �P�G�G �B �T�V�S�G�B�D�F �U�I�B�U �P�T�D�J�M�M�B�U�F�T �T�J�O�V�T�P�J�E�B�M�M�Z �B�U �B�O�H�V�M�B�S �G�S�F�R�V�F�O�D�Z
 �X�J�U�I �E�J�T�Q�M�B�D�F�N�F�O�U �B�N�Q�M�J�U�V�E�Fx0�
 �U�I�F �S�P�V�O�E���U�S�J�Q
�P�Q�U�J�D�B�M �Q�B�U�I �M�F�O�H�U�I �D�I�B�O�H�F�T �C�Z2x0 �T�J�O(
 t)�
 �B�O�E �U�I�F �S�F�ñ�F�D�U�F�E �ð�F�M�E �B�D�D�V�N�V�M�B�U�F�T �B�O �B�E�E�J�U�J�P�O�B�M �Q�I�B�T�F �<�����>��

E (t) = A ei! 0 t ei� �T�J�O(
 t ) ; �	���������


�X�I�F�S�F �U�I�F �N�P�E�V�M�B�U�J�P�O �E�F�Q�U�I� �J�T �E�F�ð�O�F�E �B�T

� =
2� � 2x0

�
=

4�x 0

�
: �	���������


�5�I�J�T �R�V�B�O�U�J�U�Z �H�J�W�F�T �U�I�F �Q�F�B�L �Q�I�B�T�F �F�Y�D�V�S�T�J�P�O �J�O �S�B�E�J�B�O�T�� �'�P�S �U�I�F �T�N�B�M�M �E�J�T�Q�M�B�D�F�N�F�O�U�T �U�Z�Q�J�D�B�M �J�O �H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �E�F�U�F�D�U�P�S�T�
� � 1��

���������� �+�B�D�P�C�J�r�"�O�H�F�S �F�Y�Q�B�O�T�J�P�O

�5�I�F �D�P�N�Q�M�F�Y �F�Y�Q�P�O�F�O�U�J�B�Mei� �T�J�O(
 t ) �J�T �Q�F�S�J�P�E�J�D �B�O�E �D�B�O �C�F �F�Y�Q�B�O�E�F�E �F�Y�B�D�U�M�Z �J�O �B �'�P�V�S�J�F�S �T�F�S�J�F�T �V�T�J�O�H �U�I�F �+�B�D�P�C�J�r�"�O�H�F�S �J�E�F�O�U�J�U�Z �<�����>��

ei� �T�J�O(
 t ) =
+ 1X

n = �1

Jn (� ) ein 
 t ; �	���������


�X�I�F�S�FJn (� ) �J�T �U�I�F �#�F�T�T�F�M �G�V�O�D�U�J�P�O �P�G �U�I�F �ð�S�T�U �L�J�O�E �P�G �P�S�E�F�Sn�� �4�V�C�T�U�J�U�V�U�J�O�H �J�O�U�P �F�R�V�B�U�J�P�O �	���������
 �H�J�W�F�T

E(t) = A
+ 1X

n = �1

Jn (� ) ei ( ! 0 + n 
) t : �	���������


�5�I�J�T �S�F�T�V�M�U �T�I�P�X�T �U�I�B�U �B �Q�I�B�T�F���N�P�E�V�M�B�U�F�E �ð�F�M�E �J�T �F�R�V�J�W�B�M�F�O�U �U�P �B �T�V�Q�F�S�Q�P�T�J�U�J�P�O �P�G �E�J�T�D�S�F�U�F �G�S�F�R�V�F�O�D�Z �D�P�N�Q�P�O�F�O�U�T�� �U�I�F �D�B�S�S�J�F�S �B�U! 0 �B�O�E
�B�O �J�O�ð�O�J�U�F �T�F�U �P�G �T�J�E�F�C�B�O�E�T �B�U �G�S�F�R�V�F�O�D�J�F�T! 0 � 
 �
! 0 � 2
 �
 �B�O�E �T�P �P�O�
 �T�Z�N�N�F�U�S�J�D�B�M�M�Z �T�Q�B�D�F�E �B�S�P�V�O�E �U�I�F �D�B�S�S�J�F�S �C�Z �J�O�U�F�H�F�S �N�V�M�U�J�Q�M�F�T
�P�G �U�I�F �N�P�E�V�M�B�U�J�P�O �G�S�F�R�V�F�O�D�Z
 ��



�������� �1�)�"�4�& �.�0�%�6�-�"�5�*�0�/ �"�/�% �4�*�%�&�#�"�/�% �(�&�/�&�3�"�5�*�0�/ ����

���������� �4�J�E�F�C�B�O�E �B�N�Q�M�J�U�V�E�F�T

�5�I�F �B�N�Q�M�J�U�V�E�F �P�G �F�B�D�I �G�S�F�R�V�F�O�D�Z �D�P�N�Q�P�O�F�O�U �J�T �E�F�U�F�S�N�J�O�F�E �C�Z �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �#�F�T�T�F�M �G�V�O�D�U�J�P�OJn (� )�� �'�P�S �T�N�B�M�M �N�P�E�V�M�B�U�J�P�O �E�F�Q�U�I
� � 1�
 �U�I�F �#�F�T�T�F�M �G�V�O�D�U�J�P�O�T �T�J�N�Q�M�J�G�Z �D�P�O�T�J�E�F�S�B�C�M�Z �V�T�J�O�H �U�I�F �T�N�B�M�M���B�S�H�V�N�F�O�U �B�Q�Q�S�P�Y�J�N�B�U�J�P�O�T��

J0(� ) � 1 �
� 2

4
� 1; �	���������


J1(� ) �
�
2

; �	���������


Jn (� ) �
1
n!

�
�
2

� n

� 0 �G�P�Sn � 2: �	���������


J � n (� ) = ( � 1)n Jn (� ); �G�P�Sn > 0: �	���������


�*�O �U�I�J�T �M�J�N�J�U�
 �P�O�M�Z �U�I�F �D�B�S�S�J�F�S �B�O�E �U�I�F �ð�S�T�U���P�S�E�F�S �T�J�E�F�C�B�O�E�T �B�U! 0 � 
 �D�B�S�S�Z �T�J�H�O�J�ð�D�B�O�U �Q�P�X�F�S�
 �B�O�E �U�I�F �ð�F�M�E �S�F�E�V�D�F�T �U�P

E(t) � A
h
J0(� ) ei! 0 t + J1(� ) ei ( ! 0 +
) t + J � 1(� ) ei ( ! 0 � 
) t

i
: �	���������


�6�T�J�O�HJ � 1(� ) = � J1(� )�
 �U�I�J�T �D�B�O �C�F �X�S�J�U�U�F�O �B�T

E(t) � A ei! 0 t
�
1 +

�
2

ei 
 t �
�
2

e� i 
 t
�

= A ei! 0 t [1 + i� �T�J�O(
 t)] ; �	���������


�S�F�D�P�W�F�S�J�O�H �U�I�F �ð�S�T�U���P�S�E�F�S �5�B�Z�M�P�S �F�Y�Q�B�O�T�J�P�O �P�G �F�R�V�B�U�J�P�O �	���������
 �E�J�S�F�D�U�M�Z�� �5�I�F �Q�P�X�F�S �G�S�B�D�U�J�P�O �D�B�S�S�J�F�E �C�Z �F�B�D�I �ð�S�T�U���P�S�E�F�S �T�J�E�F�C�B�O�E �S�F�M�B�U�J�W�F
�U�P �U�I�F �U�P�U�B�M �J�T(� /2) 2��

���������� �1�P�V�O�E�r�%�S�F�W�F�S�r�)�B�M�M �T�F�O�T�J�O�H

�5�I�F �1�P�V�O�E�r�%�S�F�W�F�S�r�)�B�M�M �	�1�%�)�
 �U�F�D�I�O�J�R�V�F �H�F�O�F�S�B�U�F�T �U�I�F �F�S�S�P�S �T�J�H�O�B�M �V�T�F�E �U�P �L�F�F�Q �U�I�F �B�S�N �D�B�W�J�U�J�F�T �P�O �S�F�T�P�O�B�O�D�F �<�����
�����>�� �*�U �F�Y�Q�M�P�J�U�T �U�I�F
�Q�I�B�T�F���N�P�E�V�M�B�U�F�E �T�J�E�F�C�B�O�E �T�U�S�V�D�U�V�S�F �E�J�T�D�V�T�T�F�E �J�O �U�I�F �Q�S�F�W�J�P�V�T �T�F�D�U�J�P�O�
 �B�O�E �J�U�T �P�Q�F�S�B�U�J�O�H �Q�S�J�O�D�J�Q�M�F �J�T �T�I�P�X�O �J�O �'�J�H�V�S�F��������

�'�J�H�V�S�F �������� �4�D�I�F�N�B�U�J�D �P�G �B �1�P�V�O�E�r�%�S�F�W�F�S�r�)�B�M�M �M�P�D�L�J�O�H �T�F�U�V�Q�� �1�I�B�T�F���N�P�E�V�M�B�U�F�E �M�J�H�I�U �J�T �T�F�O�U �J�O�U�P �U�I�F �D�B�W�J�U�Z �B�O�E �U�I�F �S�F�ñ�F�D�U�F�E �C�F�B�N �J�T
�E�F�U�F�D�U�F�E �C�Z �B �G�B�T�U �Q�I�P�U�P�E�J�P�E�F �B�O�E �N�J�Y�F�E �X�J�U�I �U�I�F �P�S�J�H�J�O�B�M �N�P�E�V�M�B�U�J�P�O �T�J�H�O�B�M�� �"�G�U�F�S �M�P�X���Q�B�T�T �ð�M�U�F�S�J�O�H�
 �U�I�F �S�F�T�V�M�U�J�O�H �F�S�S�P�S �T�J�H�O�B�M �J�T �G�F�E
�C�B�D�L �U�P �B�O �B�D�U�V�B�U�P�S �U�I�B�U �D�P�O�U�S�P�M�T �U�I�F �D�B�W�J�U�Z �M�F�O�H�U�I�� �"�E�B�Q�U�F�E �G�S�P�N �<�����>��

�1�I�B�T�F���N�P�E�V�M�B�U�F�E �M�J�H�I�U �X�J�U�I �D�B�S�S�J�F�S �G�S�F�R�V�F�O�D�Z! 0 �B�O�E �T�J�E�F�C�B�O�E�T �B�U! 0 � 
 �J�T �E�J�S�F�D�U�F�E �P�O�U�P �B �'�B�C�S�Z�r�1�F�S�P�U �D�B�W�J�U�Z �X�I�P�T�F �D�P�N�Q�M�F�Y
�S�F�ñ�F�D�U�J�P�O �D�P�F�G�ð�D�J�F�O�U �J�T

R(! ) =
r 1 � r 2 e2i!L / c

1 � r 1r 2 e2i!L / c
; �	���������


�X�J�U�Ir 1; r 2 �U�I�F �N�J�S�S�P�S �B�N�Q�M�J�U�V�E�F �S�F�ñ�F�D�U�J�W�J�U�J�F�T �B�O�EL �U�I�F �D�B�W�J�U�Z �M�F�O�H�U�I�� �#�F�D�B�V�T�F �U�I�F �D�B�W�J�U�Z �J�T �B �M�J�O�F�B�S �U�J�N�F���J�O�W�B�S�J�B�O�U �T�Z�T�U�F�N�
 �F�B�D�I
�G�S�F�R�V�F�O�D�Z �D�P�N�Q�P�O�F�O�U �S�F�ñ�F�D�U�T �J�O�E�F�Q�F�O�E�F�O�U�M�Z �B�O�E �U�I�F �S�F�ñ�F�D�U�F�E �ð�F�M�E �J�T

E �S�F�G(t) = E0 ei! 0 t �
R(! 0) J0(� ) + R(! 0 + 
) J1(� ) ei 
 t � R(! 0 � 
) J1(� ) e� i 
 t � : �	���������


�5�I�F �N�P�E�V�M�B�U�J�P�O �G�S�F�R�V�F�O�D�Z
 �J�T �D�I�P�T�F�O �G�B�S �B�C�P�W�F �U�I�F �D�B�W�J�U�Z �M�J�O�F�X�J�E�U�I�
 �T�P �U�I�F �T�J�E�F�C�B�O�E�T �S�F�ñ�F�D�U �Q�S�P�N�Q�U�M�Z �X�J�U�IR(! 0 � 
) � � 1�

�X�I�J�M�F �U�I�F �D�B�S�S�J�F�S �F�Y�Q�F�S�J�F�O�D�F�T �U�I�F �G�V�M�M �G�S�F�R�V�F�O�D�Z���E�F�Q�F�O�E�F�O�U �D�B�W�J�U�Z �S�F�T�Q�P�O�T�F��



�������� �1�)�"�4�& �.�0�%�6�-�"�5�*�0�/ �"�/�% �4�*�%�&�#�"�/�% �(�&�/�&�3�"�5�*�0�/ ����

�5�I�F �S�F�ñ�F�D�U�F�E �Q�P�X�F�SP�S�F�G= jE �S�F�Gj2 �D�P�O�U�B�J�O�T �U�F�S�N�T �B�U �%�$�
 �B�U
 �
 �B�O�E �B�U2
 �� �5�I�F �U�F�S�N�T �P�T�D�J�M�M�B�U�J�O�H �B�U
 �B�S�J�T�F �G�S�P�N �U�I�F �C�F�B�U �C�F�U�X�F�F�O
�U�I�F �S�F�ñ�F�D�U�F�E �D�B�S�S�J�F�S �B�O�E �U�I�F �Q�S�P�N�Q�U�M�Z �S�F�ñ�F�D�U�F�E �T�J�E�F�C�B�O�E�T �B�O�E �D�B�S�S�Z �U�I�F �Q�I�B�T�F �J�O�G�P�S�N�B�U�J�P�O �P�GR(! 0)�� �5�P �F�Y�U�S�B�D�U �U�I�J�T �J�O�G�P�S�N�B�U�J�P�O�

�U�I�F �Q�I�P�U�P�E�J�P�E�F �T�J�H�O�B�M �J�T �N�J�Y�F�E �X�J�U�I �B �Q�I�B�T�F���T�I�J�G�U�F�E �D�P�Q�Z �P�G �U�I�F �N�P�E�V�M�B�U�J�P�O �T�J�H�O�B�M �B�O�E �T�F�O�U �U�I�S�P�V�H�I �B �M�P�X���Q�B�T�T �ð�M�U�F�S�� �*�O �U�I�F �S�F�H�J�N�F

 � �� �'�8�)�.�
 �U�I�F �S�F�T�V�M�U�J�O�H �1�%�) �F�S�S�P�S �T�J�H�O�B�M �S�F�E�V�D�F�T �U�P �<�����>

� �1�%�)/ �*�N[R(! 0)] : �	���������


�5�I�J�T �F�S�S�P�S �T�J�H�O�B�M �I�B�T �U�X�P �Q�S�P�Q�F�S�U�J�F�T �U�I�B�U �N�B�L�F �J�U �J�E�F�B�M�M�Z �T�V�J�U�F�E �G�P�S �D�B�W�J�U�Z �M�P�D�L�J�O�H�� �'�J�S�T�U�
 �J�U �J�T �B�O�U�J�T�Z�N�N�F�U�S�J�D �J�O �U�I�F �E�F�U�V�O�J�O�H� = ! 0 � ! �S�F�T��
�J�U �D�I�B�O�H�F�T �T�J�H�O �B�D�S�P�T�T �S�F�T�P�O�B�O�D�F�
 �U�F�M�M�J�O�H �U�I�F �T�F�S�W�P �M�P�P�Q �O�P�U �P�O�M�Z �I�P�X �G�B�S �U�I�F �M�B�T�F�S �J�T �G�S�P�N �S�F�T�P�O�B�O�D�F �C�V�U �B�M�T�P �J�O �X�I�J�D�I �E�J�S�F�D�U�J�P�O �U�P �D�P�S�S�F�D�U��
�4�F�D�P�O�E�
 �J�U �J�T �M�J�O�F�B�S �O�F�B�S �S�F�T�P�O�B�O�D�F��

� �1�%�)� �
8J0(� ) J1(� )

�� �'�8�)�.
�; �	���������


�T�P �G�P�S �T�N�B�M�M �E�F�U�V�O�J�O�H�T �U�I�F �T�J�H�O�B�M �J�T �E�J�S�F�D�U�M�Z �Q�S�P�Q�P�S�U�J�P�O�B�M �U�P �U�I�F �G�S�F�R�V�F�O�D�Z �P�G�G�T�F�U�� �"�E�E�J�U�J�P�O�B�M�M�Z�
 �C�F�D�B�V�T�F �U�I�F �F�S�S�P�S �T�J�H�O�B�M �J�T �E�F�S�J�W�F�E �G�S�P�N
�B �Q�I�B�T�F �N�F�B�T�V�S�F�N�F�O�U�
 �J�U �S�F�T�Q�P�O�E�T �U�P �U�I�F �M�B�T�F�S �G�S�F�R�V�F�O�D�Z �J�O�E�F�Q�F�O�E�F�O�U�M�Z �P�G �J�O�U�F�O�T�J�U�Z �ñ�V�D�U�V�B�U�J�P�O�T�
 �X�I�J�D�I �J�T �B �E�F�D�J�T�J�W�F �B�E�W�B�O�U�B�H�F �P�W�F�S
�T�J�N�Q�M�F�S �N�F�U�I�P�E�T �T�V�D�I �B�T �B �T�J�E�F���P�G���G�S�J�O�H�F �M�P�D�L �<�����>��

�5�I�F �[�F�S�P �D�S�P�T�T�J�O�H �B�U �S�F�T�P�O�B�O�D�F �I�B�T �B �D�M�F�B�S �Q�I�Z�T�J�D�B�M �P�S�J�H�J�O�� �"�U �F�Y�B�D�U �S�F�T�P�O�B�O�D�F �U�I�F �D�B�S�S�J�F�S �J�T �G�V�M�M�Z �D�P�V�Q�M�F�E �J�O�U�P �U�I�F �D�B�W�J�U�Z �B�O�E �J�U�T �S�F�ñ�F�D�U�F�E
�B�N�Q�M�J�U�V�E�F �W�B�O�J�T�I�F�T�
R(! 0) = 0 �� �5�I�F �U�X�P �T�J�E�F�C�B�O�E�T �T�U�J�M�M �S�F�ñ�F�D�U�
 �C�V�U �U�I�F�Z �D�B�O �P�O�M�Z �C�F�B�U �B�H�B�J�O�T�U �F�B�D�I �P�U�I�F�S �B�U �G�S�F�R�V�F�O�D�Z2
 �
 �X�I�J�D�I �J�T
�S�F�K�F�D�U�F�E �C�Z �U�I�F �M�P�X���Q�B�T�T �ð�M�U�F�S�� �" �T�J�H�O�B�M �B�U
 �S�F�R�V�J�S�F�T �B �C�F�B�U �C�F�U�X�F�F�O �U�I�F �D�B�S�S�J�F�S �B�O�E �B �T�J�E�F�C�B�O�E�� �8�J�U�I�P�V�U �B �S�F�ñ�F�D�U�F�E �D�B�S�S�J�F�S �U�I�J�T �C�F�B�U
�J�T �B�C�T�F�O�U �B�O�E �U�I�F �F�S�S�P�S �T�J�H�O�B�M �J�T �F�Y�B�D�U�M�Z �[�F�S�P�� �+�V�T�U �P�G�G �S�F�T�P�O�B�O�D�F �B �T�N�B�M�M �D�B�S�S�J�F�S �B�N�Q�M�J�U�V�E�F �S�F�B�Q�Q�F�B�S�T �X�J�U�I �*�N[R(! 0)] 6= 0 �
 �S�F�T�U�P�S�J�O�H
�U�I�F �C�F�B�U �B�U
 �B�O�E �Q�S�P�E�V�D�J�O�H �B�O �F�S�S�P�S �T�J�H�O�B�M �X�I�P�T�F �T�J�H�O �J�O�E�J�D�B�U�F�T �X�I�J�D�I �T�J�E�F �P�G �S�F�T�P�O�B�O�D�F �U�I�F �D�B�W�J�U�Z �J�T �P�O�� �"�T �T�I�P�X�O �J�O �'�J�H�V�S�F�������
 �U�I�J�T
�T�J�H�O�B�M �J�T �G�F�E �C�B�D�L �U�I�S�P�V�H�I �B �T�F�S�W�P �M�P�P�Q �U�P �B�O �B�D�U�V�B�U�P�S �U�I�B�U �B�E�K�V�T�U�T �U�I�F �D�B�W�J�U�Z �M�F�O�H�U�I�
 �D�M�P�T�J�O�H �U�I�F �G�F�F�E�C�B�D�L �M�P�P�Q��

�*�O �"�E�W�B�O�D�F�E �7�J�S�H�P�
 �U�I�F �1�%�) �U�F�D�I�O�J�R�V�F �J�T �B�Q�Q�M�J�F�E �X�J�U�I �N�P�E�V�M�B�U�J�P�O �G�S�F�R�V�F�O�D�J�F�T �G�B�S �B�C�P�W�F �U�I�F �B�S�N �D�B�W�J�U�Z �M�J�O�F�X�J�E�U�I �<���>�
 �F�O�T�V�S�J�O�H �Q�S�P�N�Q�U
�T�J�E�F�C�B�O�E �S�F�ñ�F�D�U�J�P�O �B�O�E �B �D�M�F�B�O �Q�I�B�T�F �S�F�G�F�S�F�O�D�F�� �5�I�F �S�F�T�V�M�U�J�O�H �F�S�S�P�S �T�J�H�O�B�M�T �E�S�J�W�F �U�I�F �M�F�O�H�U�I �D�P�O�U�S�P�M �M�P�P�Q�T �U�I�B�U �N�B�J�O�U�B�J�O �U�I�F �D�B�W�J�U�J�F�T
�X�J�U�I�J�O �B �U�J�O�Z �G�S�B�D�U�J�P�O �P�G �B �M�J�O�F�X�J�E�U�I �P�G �S�F�T�P�O�B�O�D�F�
 �Q�S�F�T�F�S�W�J�O�H �U�I�F �Q�P�X�F�S �C�V�J�M�E���V�Q �G�B�D�U�P�S �P�O �X�I�J�D�I �E�F�U�F�D�U�P�S �T�F�O�T�J�U�J�W�J�U�Z �E�F�Q�F�O�E�T��

���������� �#�S�F�B�L�E�P�X�O �P�G �U�I�F �T�N�B�M�M���N�P�E�V�M�B�U�J�P�O �B�Q�Q�S�P�Y�J�N�B�U�J�P�O
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�4�N�B�M�M �N�P�E�V�M�B�U�J�P�O �E�F�Q�U�I� = 0 :3
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�-�B�S�H�F �N�P�E�V�M�B�U�J�P�O �E�F�Q�U�I� = 3 :0

J0 J1 J2 J3 J4 J5

�'�J�H�V�S�F �������� �#�F�T�T�F�M �G�V�O�D�U�J�P�O �B�N�Q�M�J�U�V�E�F�TJn (� ) �G�P�S �T�N�B�M�M �B�O�E �M�B�S�H�F �N�P�E�V�M�B�U�J�P�O �E�F�Q�U�I�� �	�B�
 �'�P�S� = 0 :3�
 �B�M�N�P�T�U �B�M�M �Q�P�X�F�S �S�F�T�J�E�F�T �J�O �U�I�F
�D�B�S�S�J�F�S �	J0�
 �B�O�E �U�I�F �ð�S�T�U �T�J�E�F�C�B�O�E �	J1�
�
 �K�V�T�U�J�G�Z�J�O�H �U�I�F �T�N�B�M�M���N�P�E�V�M�B�U�J�P�O �B�Q�Q�S�P�Y�J�N�B�U�J�P�O�� �	�C�
 �'�P�S� = 3 :0�
 �Q�P�X�F�S �J�T �E�J�T�U�S�J�C�V�U�F�E �B�D�S�P�T�T
�N�B�O�Z �P�S�E�F�S�T �B�O�E �U�I�F �T�N�B�M�M���N�P�E�V�M�B�U�J�P�O �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �C�S�F�B�L�T �E�P�X�O��

�5�I�F �T�J�E�F�C�B�O�E �E�F�D�P�N�Q�P�T�J�U�J�P�O �P�G �F�R�V�B�U�J�P�O �	���������
 �J�T �F�Y�B�D�U �G�P�S �B�O�Z �N�P�E�V�M�B�U�J�P�O �E�F�Q�U�I� �� �5�I�F �Q�S�B�D�U�J�D�B�M �V�U�J�M�J�U�Z �P�G �U�I�F �G�S�F�R�V�F�O�D�Z���E�P�N�B�J�O
�E�F�T�D�S�J�Q�U�J�P�O�
 �I�P�X�F�W�F�S�
 �E�F�Q�F�O�E�T �P�O �I�P�X �N�B�O�Z �T�J�E�F�C�B�O�E �P�S�E�F�S�T �D�B�S�S�Z �T�J�H�O�J�ð�D�B�O�U �Q�P�X�F�S�� �*�O �U�I�F �T�N�B�M�M���N�P�E�V�M�B�U�J�P�O �S�F�H�J�N�F� � 1�
 �P�O�M�Z �U�I�F
�ð�S�T�U���P�S�E�F�S �T�J�E�F�C�B�O�E�T �N�B�U�U�F�S �B�O�E �U�I�F �U�I�S�F�F���D�P�N�Q�P�O�F�O�U �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �F�R�V�B�U�J�P�O �	���������
 �J�T �T�V�G�ð�D�J�F�O�U�� �5�I�J�T �J�T �U�I�F �S�F�H�J�N�F �S�F�M�F�W�B�O�U �U�P �U�I�F
�N�P�E�V�M�B�U�J�P�O �T�J�E�F�C�B�O�E�T �V�T�F�E �G�P�S �1�%�) �T�F�O�T�J�O�H �J�O �"�E�W�B�O�D�F�E �7�J�S�H�P�
 �X�I�F�S�F� � 0:1�r0:3��

�*�O �U�I�J�T �U�I�F�T�J�T�
 �U�I�J�T �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �J�T �O�P�U �W�B�M�J�E �C�F�D�B�V�T�F �U�I�F �E�J�T�Q�M�B�D�F�N�F�O�U �B�N�Q�M�J�U�V�E�F�T �F�W�B�M�V�B�U�F�E �I�F�S�F �B�S�FxB � 10� �N�
 �H�J�W�J�O�H �B �N�P�E�V��
�M�B�U�J�P�O �E�F�Q�U�I �P�G

� B =
4�x B

�
� 118: �	���������




�������� �.�0�%�& �.�"�5�$�)�*�/�( �"�/�% �5�)�& �0�7�&�3�-�"�1 �*�/�5�&�(�3�"�- ����

�"�U �U�I�J�T �N�P�E�V�M�B�U�J�P�O �E�F�Q�U�I�
 �U�I�F �#�F�T�T�F�M �G�V�O�D�U�J�P�O �D�P�F�G�ð�D�J�F�O�U�TJn (� ) �S�F�N�B�J�O �T�J�H�O�J�ð�D�B�O�U �G�P�S �P�S�E�F�S�T �V�Q �U�Pn � � �
 �B�T �J�M�M�V�T�U�S�B�U�F�E �J�O �ð�H�V�S�F��������
�5�I�F �Q�I�B�T�F���N�P�E�V�M�B�U�F�E �ð�F�M�E �J�T �U�I�F�S�F�G�P�S�F �B �T�V�Q�F�S�Q�P�T�J�U�J�P�O �P�G �I�V�O�E�S�F�E�T �P�G �T�J�E�F�C�B�O�E�T �T�Z�N�N�F�U�S�J�D�B�M�M�Z �T�Q�B�D�F�E �B�S�P�V�O�E �U�I�F �D�B�S�S�J�F�S�
 �F�B�D�I �B�U �B
�G�S�F�R�V�F�O�D�Z! 0 + n
 B �X�J�U�In �S�B�O�H�J�O�H �G�S�P�N �S�P�V�H�I�M�Z� � �U�P+ � ��

������ �.�P�E�F �N�B�U�D�I�J�O�H �B�O�E �U�I�F �P�W�F�S�M�B�Q �J�O�U�F�H�S�B�M

�8�I�F�O �B �C�F�B�N �J�T �J�O�K�F�D�U�F�E �J�O�U�P �B�O �P�Q�U�J�D�B�M �D�B�W�J�U�Z�
 �P�O�M�Z �U�I�F �G�S�B�D�U�J�P�O �P�G �U�I�F �J�O�D�J�E�F�O�U �ð�F�M�E �U�I�B�U �T�Q�B�U�J�B�M�M�Z �D�P�J�O�D�J�E�F�T �X�J�U�I �B �D�B�W�J�U�Z �F�J�H�F�O�N�P�E�F �D�B�O
�C�V�J�M�E �V�Q �S�F�T�P�O�B�O�U�M�Z�� �"�O�Z �N�J�T�N�B�U�D�I �C�F�U�X�F�F�O �U�I�F �J�O�K�F�D�U�F�E �C�F�B�N �B�O�E �U�I�F �D�B�W�J�U�Z �N�P�E�F �D�P�V�Q�M�F�T �J�O�U�P �I�J�H�I�F�S���P�S�E�F�S �N�P�E�F�T �U�I�B�U �F�J�U�I�F�S �E�P �O�P�U
�S�F�T�P�O�B�U�F �J�O �U�I�F �D�B�W�J�U�Z �P�S �S�F�T�P�O�B�U�F �B�U �E�J�G�G�F�S�F�O�U �G�S�F�R�V�F�O�D�J�F�T�� �2�V�B�O�U�J�G�Z�J�O�H �U�I�J�T �D�P�V�Q�M�J�O�H �J�T �F�T�T�F�O�U�J�B�M �G�P�S �U�I�F �T�D�B�U�U�F�S�F�E �M�J�H�I�U �N�P�E�F�M �E�F�W�F�M�P�Q�F�E
�J�O �T�F�D�U�J�P�O��������

���������� �5�I�F �P�W�F�S�M�B�Q �J�O�U�F�H�S�B�M

�5�I�F �G�S�B�D�U�J�P�O �P�G �B�O �J�O�D�J�E�F�O�U �ð�F�M�EE �J�O�D�U�I�B�U �D�P�V�Q�M�F�T �J�O�U�P �B �U�B�S�H�F�U �N�P�E�Fumn �J�T �H�J�W�F�O �C�Z �U�I�F �P�W�F�S�M�B�Q �J�O�U�F�H�S�B�M
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�����������5�S�B�O�T�N�J�U�U�F�E �Q�P�X�F�S �B�O�E �F�O�E �C�F�O�D�I �M�B�Z�P�V�U
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�U�I�F �X�F�T�U �B�S�N �U�I�J�T �J�T �U�I�F �4�V�T�Q�F�O�E�F�E �8�F�T�U �&�O�E �#�F�O�D�I �	�4�8�&�#�
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 �B�O�E �G�P�S �U�I�F �O�P�S�U�I �B�S�N �J�U �J�T �U�I�F �4�V�T�Q�F�O�E�F�E �/�P�S�U�I �&�O�E �#�F�O�D�I �	�4�/�&�#�
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x(t); f r;m = f r f m : �	�������
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 �U�I�F �G�S�B�D�U�J�P�O �P�G �M�J�H�I�U �U�I�B�U �J�T �S�F�ñ�F�D�U�F�E �C�Z �U�I�F �T�D�B�U�U�F�S�J�O�H �F�M�F�N�F�O�U�
 �B�O�Ef m �
 �U�I�F �G�S�B�D�U�J�P�O �P�G �U�I�F �S�F�ñ�F�D�U�F�E �M�J�H�I�U �U�I�B�U �J�T �N�P�E�F��
�N�B�U�D�I�F�E �U�P �U�I�F �D�B�W�J�U�Z�� �5�I�F �E�J�T�U�J�O�D�U�J�P�O �C�F�U�X�F�F�O �U�I�F�T�F �U�X�P �G�B�D�U�P�S�T �J�T �J�N�Q�P�S�U�B�O�U �C�F�D�B�V�T�F �U�I�F �M�J�H�I�U �S�F�B�D�I�J�O�H �#�� �E�P�F�T �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �T�B�U�J�T�G�Z
�C�P�U�I �D�P�O�E�J�U�J�P�O�T�
 �B�O�E �T�Q�F�D�J�B�M �D�B�S�F �N�V�T�U �C�F �U�B�L�F�O �X�I�F�O �J�O�U�F�S�Q�S�F�U�J�O�H �U�I�F �N�F�B�T�V�S�F�E �T�J�H�O�B�M �	�T�F�F �T�F�D�U�J�P�O�����������
�� �8�I�F�O �U�I�F �T�D�B�U�U�F�S�J�O�H �F�M�F�N�F�O�U
�P�T�D�J�M�M�B�U�F�T�
f m �C�F�D�P�N�F�T �U�J�N�F���E�F�Q�F�O�E�F�O�U �U�I�S�P�V�H�I �U�I�F �J�O�T�U�B�O�U�B�O�F�P�V�T �U�J�M�U �B�O�H�M�F� (t) �P�G �U�I�F �T�D�B�U�U�F�S�J�O�H �T�V�S�G�B�D�F�
 �B�T �B�O�B�M�Z�T�F�E �J�O �E�F�U�B�J�M �J�O
�4�F�D�U�J�P�O������������ �*�O �U�I�F �D�B�T�F �D�P�O�T�J�E�F�S�F�E �I�F�S�F�
f r;m �J�T �U�S�F�B�U�F�E �B�T �B �D�P�O�T�U�B�O�U��

�5�I�F �R�V�B�O�U�J�U�Zx(t) �J�T �U�I�F �E�J�T�U�B�O�D�F �C�F�U�X�F�F�O �U�I�F �)�3 �T�V�S�G�B�D�F �P�G �U�I�F �8�& �N�J�S�S�P�S �B�O�E �U�I�F �T�D�B�U�U�F�S�J�O�H �F�M�F�N�F�O�U�
 �X�I�J�D�I �E�F�U�F�S�N�J�O�F�T �U�I�F �B�D�D�V�N�V��
�M�B�U�F�E �S�P�V�O�E���U�S�J�Q �Q�I�B�T�F��



�������� �'�*�&�-�% �.�0�%�&�-�� �5�3�"�/�4�.�*�5�5�&�% �"�/�% �4�$�"�5�5�&�3�&�% �'�*�&�-�%�4 ����

�'�J�H�V�S�F �������� �0�W�F�S�W�J�F�X �P�G �U�I�F �N�P�T�U �J�N�Q�P�S�U�B�O�U �P�Q�U�J�D�B�M �F�M�F�N�F�O�U�T �P�G �U�I�F �7�J�S�H�P �E�F�U�F�D�U�P�S �<���>��

�5�I�F �U�P�U�B�M �ð�F�M�E �S�F�B�D�I�J�O�H �U�I�F �#�� �Q�I�P�U�P�E�J�P�E�F �P�O �U�I�F �C�F�O�D�I �J�T �U�I�F �T�V�N �P�G �U�I�F �ð�F�M�E �U�S�B�O�T�N�J�U�U�F�E �P�V�U �P�G �U�I�F �D�B�W�J�U�Z �B�O�E �U�I�F �S�F�U�V�S�O�J�O�H �T�D�B�U�U�F�S�F�E
�ð�F�M�EE �T�D(t)�� �5�I�F �F�Y�B�D�U �G�P�S�N �P�G �U�I�J�T �F�Y�Q�S�F�T�T�J�P�O �E�F�Q�F�O�E�T �P�O �U�I�F �P�Q�U�J�D�B�M �M�B�Z�P�V�U �P�G �U�I�F �F�O�E �C�F�O�D�I�� �" �N�P�S�F �S�F�B�M�J�T�U�J�D �U�S�F�B�U�N�F�O�U �J�O�D�M�V�E�J�O�H �U�I�F
�C�F�B�N �T�Q�M�J�U�U�F�S �H�F�P�N�F�U�S�Z �J�T �Q�S�F�T�F�O�U�F�E �J�O �T�F�D�U�J�P�O������������ �*�O �U�I�F �T�J�N�Q�M�J�ð�F�E �N�P�E�F�M�
 �U�I�F �ð�F�M�E �B�O�E �Q�P�X�F�S �B�U �#�� �B�S�F �<���>

E �#��(t) =
p

� T �8�&E0(t)
�
1 +

p
f r;m ei� �T�D( t ) � ; �	�������


P�#��(t) = jE �#��(t)j
2 = � T �8�&jE0j2

�
�1 +

p
f r;m ei� �T�D( t )

�
�2

; �	�������


�X�I�F�S�F �U�I�F �G�B�D�U�P�S� �B�D�D�P�V�O�U�T �G�P�S �P�Q�U�J�D�B�M �M�P�T�T�F�T �C�F�U�X�F�F�O �U�I�F �8�& �N�J�S�S�P�S �B�O�E �U�I�F �#�� �Q�I�P�U�P�E�J�P�E�F�� �5�I�J�T �G�B�D�U�P�S �E�P�F�T �O�P�U �B�G�G�F�D�U �U�I�F �D�B�M�J�C�S�B�U�J�P�O
�N�F�U�I�P�E �B�O�E �J�T �J�O�D�M�V�E�F�E �P�O�M�Z �G�P�S �D�P�N�Q�M�F�U�F�O�F�T�T��

�5�I�F �R�V�B�O�U�J�U�Z �V�T�F�E �J�O �Q�S�B�D�U�J�D�F �J�T �U�I�F �S�F�M�B�U�J�W�F �J�O�U�F�O�T�J�U�Z �O�P�J�T�F �	�3�*�/�
�
 �E�F�ð�O�F�E �B�T �U�I�F �G�S�B�D�U�J�P�O�B�M �Q�P�X�F�S �D�I�B�O�H�F �B�U �#�� �E�V�F �U�P �U�I�F �T�D�B�U�U�F�S�J�O�H
�S�F�M�B�U�J�W�F �U�P �U�I�F �C�B�T�F�M�J�O�F �Q�P�X�F�S��

�P �#��(t)
P�#��

= 2
p

f r;m �D�P�T� �T�D(t) + O(f r;m ): �	�������


�5�I�J�T �F�Y�Q�S�F�T�T�J�P�O �Q�S�P�W�J�E�F�T �B �N�F�B�O�T �P�G �E�F�U�F�S�N�J�O�J�O�H �U�I�F �B�N�P�V�O�U �P�G �T�D�B�U�U�F�S�F�E �M�J�H�I�U �G�S�P�N �U�I�F �#�� �E�B�U�B�� �'�J�U�U�J�O�H �U�P �D�P�T2� �T�D(t) �S�B�U�I�F�S �U�I�B�O
�D�P�T� �T�D(t) �D�B�O �S�F�W�F�B�M �T�F�D�P�O�E���P�S�E�F�S �T�D�B�U�U�F�S�J�O�H�
 �J�O �X�I�J�D�I �U�I�F �M�J�H�I�U �Q�F�S�G�P�S�N�T �B�O �B�E�E�J�U�J�P�O�B�M �S�P�V�O�E �U�S�J�Q �C�F�G�P�S�F �S�F���F�O�U�F�S�J�O�H �U�I�F �D�B�W�J�U�Z��

�*�G �U�I�F �M�J�H�I�U �Q�F�S�G�P�S�N�T �U�X�P �S�P�V�O�E �U�S�J�Q�T�
 �U�I�F �B�N�Q�M�J�U�V�E�F �D�P�O�U�S�J�C�V�U�J�P�O �J�T/ f 2
r �B�O�E �B�Q�Q�F�B�S�T �B�T �D�P�T2� �T�D�J�O �U�I�F �#�� �3�*�/�� �.�P�S�F �H�F�O�F�S�B�M�M�Z�
 �J�G �U�I�F

�ð�F�M�E �B�U �#�� �J�T
E �#��/ 1 + a1ei� �T�D+ a2ei 2� �T�D+ � � � ; �	�������


�U�I�F�O
�P �#��

P�#��
� 2a1 �D�P�T� �T�D+ 2a2 �D�P�T2� �T�D+ � � � �	�������


�5�I�J�T �I�J�H�I�F�S���P�S�E�F�S �D�P�O�U�S�J�C�V�U�J�P�O �J�T �O�P�U �V�T�F�E �J�O �U�I�F �D�B�M�J�C�S�B�U�J�P�O �E�F�T�D�S�J�C�F�E �I�F�S�F�
 �P�X�J�O�H �U�Pf r;m � 1�� �)�F�S�Fa1 �B�O�Ea2 �B�S�F �H�F�O�F�S�B�M �D�P�F�G�ð�D�J�F�O�U�T
�S�F�Q�S�F�T�F�O�U�J�O�H �U�I�F �ð�S�T�U�� �B�O�E �T�F�D�P�O�E���P�S�E�F�S �T�D�B�U�U�F�S�J�O�H �B�N�Q�M�J�U�V�E�F�T��



�������� �'�*�&�-�% �.�0�%�&�-�� �5�3�"�/�4�.�*�5�5�&�% �"�/�% �4�$�"�5�5�&�3�&�% �'�*�&�-�%�4 ����

���������� �0�V�U�Q�V�U �Q�P�X�F�S �B�U �U�I�F �B�O�U�J�T�Z�N�N�F�U�S�J�D �Q�P�S�U

�5�I�F �T�D�B�U�U�F�S�F�E �M�J�H�I�U �U�I�B�U �S�F���F�O�U�F�S�T �U�I�F �D�B�W�J�U�Z �J�O�U�F�S�B�D�U�T �X�J�U�I �U�I�F �J�O�U�S�B�D�B�W�J�U�Z �ð�F�M�E �B�O�E �J�T �B�N�Q�M�J�ð�F�E �C�Z �U�I�F �G�S�F�R�V�F�O�D�Z���E�F�Q�F�O�E�F�O�U �D�B�W�J�U�Z �H�B�J�O
G(f )�� �*�O �J�U�T �T�J�N�Q�M�F�T�U �G�P�S�N�
 �U�I�J�T �H�B�J�O �J�T �H�J�W�F�O �C�Z �U�I�F �T�J�O�H�M�F���Q�P�M�F �N�P�E�F�M �P�G �F�R�V�B�U�J�P�O �	���������
��

G(f ) =
1

1 � r rt
�

1

1 + i
f

f �B�S�N

; r �S�U= r 1r 2

p
1 � � �B�S�N; �	�������


�X�I�F�S�F� �B�S�N�J�T �U�I�F �S�P�V�O�E���U�S�J�Q �M�P�T�T �B�O�Ef �B�S�N� (1 � r rt ) c/(4 �L ) �J�T �U�I�F �D�B�W�J�U�Z �Q�P�M�F�� �5�I�F �Q�S�F�G�B�D�U�P�S1/(1 � r rt ) �J�T �U�I�F �P�O���S�F�T�P�O�B�O�D�F
�ð�F�M�E �C�V�J�M�E���V�Q �G�B�D�U�P�S �	�T�F�F �F�R�V�B�U�J�P�O �	���������
�
��

�5�I�F �D�B�W�J�U�Z �H�B�J�OG(f ) �B�Q�Q�M�J�F�T �U�P �U�I�F �T�D�B�U�U�F�S�F�E �M�J�H�I�U �P�O�M�Z �J�O�T�P�G�B�S �B�T �J�U �J�T �B �Q�F�S�G�F�D�U �5�&�.00 �N�P�E�F �U�I�B�U �J�T �N�P�E�F���N�B�U�D�I�F�E �U�P �U�I�F �D�B�W�J�U�Z�� �*�G
�U�I�J�T �D�P�O�E�J�U�J�P�O �J�T �O�P�U �N�F�U�
 �U�I�F �F�G�G�F�D�U�J�W�F �H�B�J�O �J�T �S�F�E�V�D�F�E �B�O�E �U�I�F �B�O�B�M�Z�T�J�T �N�V�T�U �C�F �N�P�E�J�ð�F�E �B�D�D�P�S�E�J�O�H�M�Z�� �5�I�F �U�P�U�B�M �J�O�U�S�B�D�B�W�J�U�Z �ð�F�M�E �J�T �U�I�F
�T�V�N �P�G �U�I�F �V�O�Q�F�S�U�V�S�C�F�E �ð�F�M�E �B�O�E �U�I�F �B�N�Q�M�J�ð�F�E �T�D�B�U�U�F�S�F�E �D�P�O�U�S�J�C�V�U�J�P�O �G�S�P�N �F�R�V�B�U�J�P�O �	�������
��

E �D�B�W�J�U�Z(t) = E0(t)
�
1 + G T�8�&

p
f r;m ei� �T�D( t ) � : �	�������


�*�O �U�I�J�T �F�Y�Q�S�F�T�T�J�P�O�
G �S�F�Q�S�F�T�F�O�U�T �U�I�F �D�B�W�J�U�Z �H�B�J�O �B�U �U�I�F �G�S�F�R�V�F�O�D�Z �P�G �U�I�F �S�F�M�F�W�B�O�U �T�J�E�F�C�B�O�E �D�P�N�Q�P�O�F�O�U�� �4�J�O�D�F �U�I�F �T�D�B�U�U�F�S�F�E �ð�F�M�E �D�P�O�U�B�J�O�T
�N�B�O�Z �T�J�E�F�C�B�O�E �P�S�E�F�S�T �	�T�F�D�U�J�P�O�����������
�
 �B �G�V�M�M �U�S�F�B�U�N�F�O�U �S�F�R�V�J�S�F�T �B�Q�Q�M�Z�J�O�HG(n
) �U�P �F�B�D�I �P�S�E�F�Sn �J�O�E�J�W�J�E�V�B�M�M�Z�� �5�I�J�T �J�T �I�B�O�E�M�F�E �C�Z �U�I�F
�U�J�N�F���E�P�N�B�J�O �T�J�N�V�M�B�U�J�P�O �E�F�W�F�M�P�Q�F�E �J�O �D�I�B�Q�U�F�S����

�&�R�V�B�U�J�P�O �	�������
 �V�T�F�T �U�I�F �T�B�N�F �U�S�B�O�T�N�J�T�T�J�P�O �D�P�F�G�ð�D�J�F�O�UT�8�&�G�P�S �C�P�U�I �U�I�F �P�V�U�H�P�J�O�H �B�O�E �S�F�U�V�S�O�J�O�H �ð�F�M�E�T�� �5�I�J�T �B�T�T�V�N�Q�U�J�P�O �J�T �K�V�T�U�J�ð�F�E �C�Z
�P�Q�U�J�D�B�M �S�F�D�J�Q�S�P�D�J�U�Z�� �U�I�F �U�S�B�O�T�N�J�T�T�J�P�O �B�N�Q�M�J�U�V�E�F �U�I�S�P�V�H�I �B �E�J�F�M�F�D�U�S�J�D �N�V�M�U�J�M�B�Z�F�S �D�P�B�U�J�O�H �J�T �J�E�F�O�U�J�D�B�M �J�O �C�P�U�I �Q�S�P�Q�B�H�B�U�J�P�O �E�J�S�F�D�U�J�P�O�T�
 �F�W�F�O
�U�I�P�V�H�I �U�I�F �S�F�ñ�F�D�U�J�W�J�U�J�F�T �G�S�P�N �U�I�F �)�3 �B�O�E �"�3 �T�J�E�F�T �E�J�G�G�F�S�� �"�O �F�M�B�C�P�S�B�U�J�P�O �P�O �U�I�J�T �J�T �H�J�W�F�O �J�O �"�Q�Q�F�O�E�J�Y�#��

�5�I�F �T�D�B�U�U�F�S�F�E �M�J�H�I�U �U�I�F�S�F�G�P�S�F �N�P�E�J�ð�F�T �U�I�F �J�O�U�S�B�D�B�W�J�U�Z �ð�F�M�E �B�O�E �D�P�O�T�F�R�V�F�O�U�M�Z �U�I�F �Q�P�X�F�S �B�U �U�I�F �P�V�U�Q�V�U �Q�I�P�U�P�E�J�P�E�F �#���� �5�P �J�O�U�F�S�Q�S�F�U �U�I�J�T
�F�G�G�F�D�U�
 �J�U �J�T �V�T�F�G�V�M �U�P �D�P�N�Q�B�S�F �J�U �U�P �U�I�F �Q�I�B�T�F �T�I�J�G�U �Q�S�P�E�V�D�F�E �C�Z �B �S�F�B�M �H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F�
 �X�I�J�D�I �J�O�E�V�D�F�T �B �S�P�V�O�E���U�S�J�Q �E�J�G�G�F�S�F�O�U�J�B�M �Q�I�B�T�F
�P�G �<���>

� � �(�8(t) =
4�GL

�
h(t): �	���������


�5�I�F �7�J�S�H�P �E�F�U�F�D�U�P�S �P�Q�F�S�B�U�F�T �J�O �%�$ �S�F�B�E�P�V�U�
 �J�O �X�I�J�D�I �B �T�N�B�M�M �E�J�G�G�F�S�F�O�U�J�B�M �P�G�G�T�F�U �G�S�P�N �U�I�F �E�B�S�L �G�S�J�O�H�F �J�T �J�O�U�S�P�E�V�D�F�E �	�T�F�D�U�J�P�O�����������
��
�*�O�D�M�V�E�J�O�H �C�P�U�I �U�I�F �H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �Q�I�B�T�F �B�O�E �U�I�F �T�D�B�U�U�F�S�F�E �M�J�H�I�U �Q�F�S�U�V�S�C�B�U�J�P�O�
 �U�I�F �ð�F�M�E�T �S�F�U�V�S�O�J�O�H �U�P �U�I�F �C�F�B�N �T�Q�M�J�U�U�F�S �B�S�F �<�����>

E �D�B�W�J�U�Z;�X�F�T�U(t) =
p

T�*�.E0(t) ei (  
2 + 2 �GL

� h( t )) �
1 + G T�8�&

p
f r;m ei� �T�D( t ) � ; �	���������


E �D�B�W�J�U�Z;�O�P�S�U�I(t) =
p

T�*�.E0(t) e� i (  
2 + 2 �GL

� h( t )) : �	���������


�5�I�F �ð�F�M�E �B�O�E �Q�P�X�F�S �S�F�B�D�I�J�O�H �U�I�F �#�� �Q�I�P�U�P�E�J�P�E�F �B�S�F

E �P�V�U(t) =
1

p
2

�
E �D�B�W�J�U�Z;�X�F�T�U(t) � (1 � � ) E �D�B�W�J�U�Z;�O�P�S�U�I(t)

�
; �	���������


P�#��(t) =
1
2

�
�E �D�B�W�J�U�Z;�X�F�T�U(t) � (1 � � ) E �D�B�W�J�U�Z;�O�P�S�U�I(t)

�
�2

; �	���������


�X�I�F�S�F� �B�D�D�P�V�O�U�T �G�P�S �B�T�Z�N�N�F�U�S�J�F�T �C�F�U�X�F�F�O �U�I�F �U�X�P �B�S�N�T �B�O�E �U�I�F �G�B�D�U�P�S1/
p

2 �B�S�J�T�F�T �G�S�P�N �U�I�F �C�F�B�N �T�Q�M�J�U�U�F�S �U�S�B�O�T�N�J�T�T�J�P�O�� �&�Y�Q�B�O�E�J�O�H
�U�P �M�F�B�E�J�O�H �P�S�E�F�S �J�O �
h�
 �B�O�Ef r;m �	�T�F�F �B�Q�Q�F�O�E�J�Y�$�G�P�S �U�I�F �G�V�M�M �E�F�S�J�W�B�U�J�P�O�
�
 �U�I�F �Q�P�X�F�S �B�U �#�� �C�F�D�P�N�F�T

P�#��(t) �
T�*�.

2
jE0j2

h
 2 + � 2 + 2  

4�GL
�

h(t)

+ 2  G T �8�&
p

f r;m �T�J�O� �T�D(t) + 2 � G T �8�&
p

f r;m �D�P�T� �T�D(t)
i
: �	���������


�5�I�S�F�F �P�C�T�F�S�W�B�U�J�P�O�T �G�P�M�M�P�X �G�S�P�N �U�I�J�T �F�Y�Q�S�F�T�T�J�P�O�� �5�I�F �U�F�S�N2 (4�GL / � ) h(t) �J�T �U�I�F �H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �T�J�H�O�B�M�
 �M�J�O�F�B�S �J�Oh�� �5�I�F �U�F�S�N
�Q�S�P�Q�P�S�U�J�P�O�B�M �U�P �T�J�O� �T�D(t) �C�F�I�B�W�F�T �B�T �B�O �B�E�E�J�U�J�P�O�B�M �Q�I�B�T�F �T�J�H�O�B�M �X�I�J�D�I �D�P�V�M�E �C�F �D�P�N�Q�B�S�F�E �U�P �B �H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �T�J�H�O�B�M�� �5�I�F �U�F�S�N
�Q�S�P�Q�P�S�U�J�P�O�B�M �U�P �D�P�T� �T�D(t) �S�F�Q�S�F�T�F�O�U�T �B�O �B�N�Q�M�J�U�V�E�F���U�Z�Q�F �M�F�B�L�B�H�F �U�I�B�U �D�P�V�Q�M�F�T �U�I�S�P�V�H�I �U�I�F �D�P�O�U�S�B�T�U �E�F�G�F�D�U� ��

�" �N�P�S�F �D�P�N�Q�M�F�U�F �U�S�F�B�U�N�F�O�U �S�F�U�B�J�O�J�O�H �U�I�F �D�P�N�Q�M�F�Y �D�B�W�J�U�Z �H�B�J�O �	�B�Q�Q�F�O�E�J�Y�$�
 �H�J�W�F�T�
 �J�O �U�I�F �B�C�T�F�O�D�F �P�G �B �H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �T�J�H�O�B�M �B�O�E �B�S�N
�B�T�Z�N�N�F�U�S�J�F�T�


P�#��(t) =
T�*�.

2
jE0j2

2

6
4  2

|{z}
�%�$ �Q�P�X�F�S

+ 2  jG(f )j T�8�&
p

f r;m �T�J�O(� �T�D� ' )
| {z }

�T�D�B�U�U�F�S�F�E �M�J�H�I�U �s �Q�I�B�T�F �D�P�V�Q�M�J�O�H

3

7
5 ; �	���������




�������� �'�*�&�-�% �.�0�%�&�-�� �5�3�"�/�4�.�*�5�5�&�% �"�/�% �4�$�"�5�5�&�3�&�% �'�*�&�-�%�4 ����

�X�J�U�I

jG(f )j =
1

1 � r �S�U
�

1
p

1 + ( f / f �B�S�N)2
; �	���������


' (f ) = �B�S�D�U�B�O
�

f
f �B�S�N

�
: �	���������


�4�Z�N�C�P�M �.�F�B�O�J�O�H �6�O�J�U�T

E0 �$�B�S�S�J�F�S �ð�F�M�E �B�N�Q�M�J�U�V�E�F �J�O�T�J�E�F �U�I�F �X�F�T�U �'�B�C�S�Z�r�1�F�S�P�U �D�B�W�J�U�Z �B�U �U�I�F �)�3 �T�V�S�G�B�D�F �P�G �U�I�F �8�& �N�J�S�S�P�S�81/2 �P�S �B�S�C��

T�8�&; T�8�* �1�P�X�F�S �U�S�B�O�T�N�J�T�T�J�P�O �D�P�F�G�ð�D�J�F�O�U�T �P�G �8�&�
 �8�* �N�J�S�S�P�S�T�s

f r;m �'�S�B�D�U�J�P�O �P�G �M�J�H�I�U �T�D�B�U�U�F�S�F�E �C�B�D�L �J�O�U�P �5�&�.00 �N�P�E�F �B�O�E �N�P�E�F���N�B�U�D�I�F�E �U�P �U�I�F �D�B�W�J�U�Z�s

� �T�D(t) �4�D�B�U�U�F�S�F�E���M�J�H�I�U �S�P�V�O�E���U�S�J�Q �Q�I�B�T�F= 4 �x (t)/ � �S�B�E

x(t) �%�J�T�U�B�O�D�F �C�F�U�X�F�F�O �)�3 �T�V�S�G�B�D�F �P�G �8�& �N�J�S�S�P�S �B�O�E �T�D�B�U�U�F�S�J�O�H �T�V�S�G�B�D�F�N

� �-�B�T�F�S �X�B�W�F�M�F�O�H�U�I �	1064�O�N �G�P�S �7�J�S�H�P�
 �N

L �"�S�N �D�B�W�J�U�Z �M�F�O�H�U�I �	3 �L�N �G�P�S �7�J�S�H�P�
 �N

G(f ) �'�S�F�R�V�F�O�D�Z���E�F�Q�F�O�E�F�O�U �D�B�W�J�U�Z �H�B�J�O �s

 �%�$ �S�F�B�E�P�V�U �E�J�G�G�F�S�F�O�U�J�B�M �Q�I�B�T�F �P�G�G�T�F�U �S�B�E

� �$�P�O�U�S�B�T�U �E�F�G�F�D�U �Q�B�S�B�N�F�U�F�S �s

T�*�. �*�O�Q�V�U �N�J�S�S�P�S �Q�P�X�F�S �U�S�B�O�T�N�J�T�T�J�P�O �s

�#�� �1�I�P�U�P�E�J�P�E�F �P�O �U�I�F �F�O�E �C�F�O�D�I �N�P�O�J�U�P�S�J�O�H �T�D�B�U�U�F�S�F�E �M�J�H�I�U�s

h(t) �(�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �T�U�S�B�J�O �s

�5�B�C�M�F �������� �%�F�ð�O�J�U�J�P�O�T �P�G �T�Z�N�C�P�M�T �B�O�E �R�V�B�O�U�J�U�J�F�T �V�T�F�E �J�O �U�I�F �D�B�M�J�C�S�B�U�J�P�O �D�B�M�D�V�M�B�U�J�P�O��

���������� �&�R�V�J�W�B�M�F�O�U �T�U�S�B�J�O �G�S�P�N �T�D�B�U�U�F�S�J�O�H

�'�P�S �U�I�F �D�B�M�J�C�S�B�U�J�P�O �Q�S�P�D�F�E�V�S�F�
 �J�U �J�T �V�T�F�G�V�M �U�P �F�Y�Q�S�F�T�T �U�I�F �T�D�B�U�U�F�S�F�E �M�J�H�I�U �D�P�O�U�S�J�C�V�U�J�P�O �U�P �#�� �B�T �B�O �F�R�V�J�W�B�M�F�O�U �H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �T�U�S�B�J�O��
�5�I�J�T �J�T �U�I�F �T�U�S�B�J�O �U�I�B�U�
 �J�G �S�F�B�M�
 �X�P�V�M�E �Q�S�P�E�V�D�F �U�I�F �T�B�N�F �Q�I�P�U�P�E�J�P�E�F �T�J�H�O�B�M�� �5�I�J�T �J�T �P�C�U�B�J�O�F�E �C�Z �E�J�W�J�E�J�O�H �U�I�F �T�D�B�U�U�F�S�F�E �M�J�H�I�U �U�F�S�N�T �J�O
�F�R�V�B�U�J�P�O �	���������
 �C�Z �U�I�F �H�S�B�W�J�U�B�U�J�P�O�B�M �X�B�W�F �T�D�B�M�J�O�H �G�B�D�U�P�S2 (4�GL / � ) �<���>��

�'�S�P�N �U�I�F �T�J�O� �T�D�	�Q�I�B�T�F �D�P�V�Q�M�J�O�H�
 �U�F�S�N��

h�T�D;�Q�I�B�T�F(t) �
1
L

T�8�&
p

f r;m
�
4�

�T�J�O� �T�D(t): �	���������


�'�S�P�N �U�I�F �D�P�T' �T�D�	�B�N�Q�M�J�U�V�E�F �D�P�V�Q�M�J�O�H�
 �U�F�S�N��

h�T�D;�B�N�Q�M�J�U�V�E�F(t) �
�
 

�
1
L

T�8�&
p

f r;m
�
4�

�D�P�T� �T�D(t): �	���������


�5�I�F�T�F �F�Y�Q�S�F�T�T�J�P�O�T �B�S�F �W�B�M�J�E �J�O �U�I�F �M�P�X���G�S�F�R�V�F�O�D�Z �M�J�N�J�Uf � f �B�S�N�
 �X�I�F�S�F �U�I�F �D�B�W�J�U�Z �H�B�J�O �J�T �S�F�B�M �B�O�E �Q�P�T�J�U�J�W�F�� �5�I�F �H�F�O�F�S�B�M�J�T�B�U�J�P�O �U�P
�B�S�C�J�U�S�B�S�Z �T�J�H�O�B�M �G�S�F�R�V�F�O�D�J�F�T�
 �J�O �X�I�J�D�I �U�I�F �D�P�N�Q�M�F�Y �D�B�W�J�U�Z �H�B�J�O �J�O�U�S�P�E�V�D�F�T �B �Q�I�B�T�F �M�B�H� s = �B�S�D�U�B�O(f / f �B�S�N) �	�B�Q�Q�F�O�E�J�Y�$�
�
 �F�R�V�B�U�J�P�O �	�$�����
�

�J�T �U�S�F�B�U�F�E �J�O �T�F�D�U�J�P�O�����������B�O�E �W�B�M�J�E�B�U�F�E �O�V�N�F�S�J�D�B�M�M�Z �J�O �T�F�D�U�J�P�O��������

�5�X�P �J�N�Q�P�S�U�B�O�U �P�C�T�F�S�W�B�U�J�P�O�T �G�P�M�M�P�X�� �'�J�S�T�U�
 �U�I�F �Q�I�B�T�F �D�P�V�Q�M�J�O�H �U�F�S�N �	���������
 �J�T �J�O�E�F�Q�F�O�E�F�O�U �P�G �C�P�U�I �B�O�EG�� �*�U�T �B�N�Q�M�J�U�V�E�F �J�T �T�F�U �F�O�U�J�S�F�M�Z
�C�ZT�8�&�
f r;m �
 �B�O�E �U�I�F �X�B�W�F�M�F�O�H�U�I�� �5�I�J�T �J�O�E�F�Q�F�O�E�F�O�D�F �J�T �U�I�F �C�B�T�J�T �P�G �U�I�F �D�B�M�J�C�S�B�U�J�P�O �Q�S�P�D�F�E�V�S�F �J�O �D�I�B�Q�U�F�S������������ �4�F�D�P�O�E�
 �U�I�F �B�N�Q�M�J�U�V�E�F
�D�P�V�Q�M�J�O�H �U�F�S�N �	���������
 �J�T �T�V�Q�Q�S�F�T�T�F�E �S�F�M�B�U�J�W�F �U�P �U�I�F �Q�I�B�T�F �D�P�V�Q�M�J�O�H �C�Z �U�I�F �G�B�D�U�P�S� /  �� �4�J�O�D�F �"�E�W�B�O�D�F�E �7�J�S�H�P �P�Q�F�S�B�U�F�T �X�J�U�I� �  �
 �U�I�F
�B�N�Q�M�J�U�V�E�F �D�P�V�Q�M�J�O�H �J�T �B �T�N�B�M�M �D�P�S�S�F�D�U�J�P�O �B�O�E �J�T �O�F�H�M�F�D�U�F�E �J�O �U�I�F �M�F�B�E�J�O�H���P�S�E�F�S �D�B�M�J�C�S�B�U�J�P�O �B�O�B�M�Z�T�J�T��

�0�U�I�F�S �D�P�V�Q�M�J�O�H �Q�B�U�I�T �B�S�F �Q�S�F�T�F�O�U �C�V�U �B�S�F �J�S�S�F�M�F�W�B�O�U �G�P�S �U�I�F �D�B�M�J�C�S�B�U�J�P�O �D�P�O�T�J�E�F�S�F�E �J�O �U�I�J�T �U�I�F�T�J�T�� �/�V�N�F�S�J�D�B�M �T�J�N�V�M�B�U�J�P�O�T �B�O�E �B �E�F�U�B�J�M�F�E
�E�J�T�D�V�T�T�J�P�O �P�G �B�E�E�J�U�J�P�O�B�M �D�P�V�Q�M�J�O�H �N�F�D�I�B�O�J�T�N�T �B�S�F �Q�S�P�W�J�E�F�E �J�O �<���>��

�'�P�S �U�I�F �D�B�M�J�C�S�B�U�J�P�O �N�F�U�I�P�E �J�O �T�F�D�U�J�P�O�����������
 �U�I�F �N�P�S�F �H�F�O�F�S�B�M �F�R�V�B�U�J�P�O �	���������
 �J�T �V�T�F�E�� �"�M�M �R�V�B�O�U�J�U�J�F�T �B�O�E �U�I�F�J�S �E�F�ð�O�J�U�J�P�O�T �B�S�F �T�V�N�N�B�S�J�T�F�E
�J�O �U�B�C�M�F��������

�5�I�F �F�Y�Q�S�F�T�T�J�P�O�T �E�F�S�J�W�F�E �B�C�P�W�F �B�T�T�V�N�F �B �E�J�S�F�D�U �P�Q�U�J�D�B�M �Q�B�U�I �C�F�U�X�F�F�O �U�I�F �F�O�E �N�J�S�S�P�S �B�O�E �U�I�F �T�D�B�U�U�F�S�J�O�H �F�M�F�N�F�O�U�� �*�O �U�I�F �D�I�B�Q�U�F�S���
 �U�I�F�T�F
�B�S�F �H�F�O�F�S�B�M�J�T�F�E �U�P �B�D�D�P�V�O�U �G�P�S �B �C�F�B�N �T�Q�M�J�U�U�F�S �Q�S�F�T�F�O�U �P�O �U�I�F �F�O�E �C�F�O�D�I �	�ð�H�V�S�F�������
�
 �X�I�J�D�I �N�P�E�J�ð�F�T �U�I�F �O�V�N�F�S�J�D�B�M �Q�S�F�G�B�D�U�P�S�T �J�O �U�I�F �#��
�B�O�E �#�� �T�J�H�O�B�M �B�N�Q�M�J�U�V�E�F�T �X�I�J�M�F �M�F�B�W�J�O�H �U�I�F �T�U�S�V�D�U�V�S�F �P�G �U�I�F �D�B�M�J�C�S�B�U�J�P�O �Q�S�P�D�F�E�V�S�F �V�O�D�I�B�O�H�F�E��



�������� �4�$�"�5�5�&�3�&�% �-�*�(�)�5 �#�&�)�"�7�*�0�6�3 �*�/ �7�*�3�(�0 ����

�*�O �T�V�N�N�B�S�Z�
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�J�O �E�F�U�B�J�M �J�O �T�F�D�U�J�P�O��������

���������� �4�V�N�N�B�S�Z

�5�I�F �J�O�K�F�D�U�J�P�O �N�F�B�T�V�S�F�N�F�O�U�T �D�P�O�ð�S�N �U�I�F �U�I�F�P�S�F�U�J�D�B�M�N�P�E�F�M �P�G �4�F�D�U�J�P�O�������� �M�P�O�H�J�U�V�E�J�O�B�M �C�F�O�D�I �N�P�U�J�P�O �Q�S�P�E�V�D�F�T �Q�I�B�T�F���N�P�E�V�M�B�U�F�E �C�B�D�L�T�D�B�U��
�U�F�S�F�E �M�J�H�I�U �X�I�P�T�F �T�Q�F�D�U�S�B�M �T�J�H�O�B�U�V�S�F �	�Q�M�B�U�F�B�V �T�U�S�V�D�U�V�S�F�
 �B�S�D�I �N�P�S�Q�I�P�M�P�H�Z�
 �B�O�E �D�V�U�P�G�G �G�S�F�R�V�F�O�D�J�F�T�
 �N�B�U�D�I�F�T �U�I�F �Q�S�F�E�J�D�U�J�P�O�T �P�G �F�R�V�B��
�U�J�P�O�T �	���������
 �B�O�E �	���������
�� �3�P�U�B�U�J�P�O�B�M �J�O�K�F�D�U�J�P�O�T �E�F�N�P�O�T�U�S�B�U�F �U�I�B�U �B�O�H�V�M�B�S �D�P�V�Q�M�J�O�H �J�T �B�M�T�P �Q�S�F�T�F�O�U�
 �N�P�U�J�W�B�U�J�O�H �U�I�F �U�J�M�U �B�O�B�M�Z�T�J�T �E�F�W�F�M�P�Q�F�E
�J�O �$�I�B�Q�U�F�S���� �5�I�F�T�F �P�C�T�F�S�W�B�U�J�P�O�T �F�T�U�B�C�M�J�T�I �U�I�F �F�Y�Q�F�S�J�N�F�O�U�B�M �C�B�T�J�T �G�P�S �U�I�F �D�P�O�U�S�P�M�M�F�E �T�D�B�U�U�F�S�J�O�H �D�B�M�J�C�S�B�U�J�P�O �N�F�U�I�P�E��
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