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?"qrp_ar - Accurate calibration of interferometric gravitational wave detectors is essential for extracting reliable astrophysical informa-
tion from observed signals. The end-mirror power transmission Ty of the Fabry-Perot arm cavities in the Advanced Virgo detector is a
key parameterin the optical response model, and an independent measurement technique is desirable to complement existing methods
based on finesse measurements and manufacturer specifications.

This thesis develops and validates a novel calibration method that exploits controlled backscattered light generated by a piezoelectric
bender mounted on the detector end bench. A beam transmitted through the end mirror is reflected off the oscillating bender surface
and re-injected into the arm cavity, producing a phase-modulated signal that is recorded at both the main output photodiode (B1) and the
end-bench photodiode (B8). From the ratio of the signal amplitudes at these two photodiodes, Tye can be extracted without requiring
knowledge of the absolute laser power or the intracavity field amplitude.

A time-domain simulation framework was constructed using the OSCAR FFT-based optical code to model the full scattering process,
including tilt-induced higher-order mode coupling, the frequency-dependent cavity transfer function, and the finite optical memory of
the arm cavity. The simulation demonstrates that the method recovers the injected reference value Tye.er = 3:39 10 6 with a
sub-percent relative accuracy across the full range of drive frequencies tested (0 = 1 mHz to 50 Hz). At low drive frequencies a
magnitude-only cavity pole correction is sufficient, at higher drive frequencies, where the signal frequency approaches or exceeds the
cavity pole at 52 Hz, the cavity storage-time phase lag is removed by a time-domain deconvolution of the B1 signal prior to the
sinusoidal fit, restoring sub-percent accuracy.

An independent measurement of the cavity field decay rate is obtained from the double-exponential ring-down following a transient
scattered-light injection, yielding a value consistent with the known mirror reflectivities. The tilt-induced mode coupling is validated
through a Hermite-Gaussian modal decomposition of the intracavity field, confirming that the calibration signal is concentrated in the
TEMgo component within a narrow angular window around the bender zero-crossing.

The experimental hardware for the calibration (including the piezoelectric bender and a vacuum-compatible linear translation stage)
has been designed, characterised, and prepared for deployment on the Advanced Virgo end bench.
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Abstract—Accurate calibration of interferometric gravitational
wave detectors is essential for extracting reliable astrophysical
information from observed signals. This work develops and
validates a novel calibration method that exploits controlled
scattered light generated by a piezoelectric bender mounted
on the Advanced Virgo end bench. A small fraction of the
laser light transmitted through the arm cavity end mirror is
reflected off the oscillating bender surface and re-injected into
the cavity, producing a modulated signal that is recorded at two
photodiodes. Because the signals at these two photodiodes depend
on the end-mirror power transmission Twe in different ways,
their ratio allows Twe to be extracted without knowledge of
the absolute laser power. A time-domain simulation framework
demonstrates that the method recovers the injected reference
value with a sub-percent accuracy across the full range of drive
frequencies tested (1 mHz to 50 Hz), after applying a time-domain
deconvolution that removes the cavity storage-time phase lag
from the output signal. When combined with an independent
laboratory measurement of the mirror transmission, this provides
a direct test of the absolute strain calibration of the detector, fully
independent of both the photon calibrator and the Newtonian
calibrator.

Index Terms—Gravitational wave observation, detector cal-
ibration, signal injection, light scattering, Fabry-Perot cavity,
piezoelectric bender, Advanced Virgo

I. INTRODUCTION

The direct detection of gravitational waves by the LIGO and
Virgo collaborations in 2015 [1] opened a new observational
window onto the universe, enabling the study of astrophysical
phenomena from binary black hole mergers to neutron star
collisions. The scientific output of these observations depends
critically on calibration; the process of converting the raw
detector output into a calibrated gravitational wave strain time
series h(t). Any systematic error in this conversion propagates
directly into the inferred source parameters: masses, spins,
distances, and sky locations [2]. A 1% bias in the calibration
amplitude, for example, translates directly into a 1% error in
the luminosity distance, which in turn affects cosmological
parameter estimates when gravitational wave events are used
as standard sirens [3].

Advanced Virgo is a laser interferometer with two 3km
Fabry—Perot arm cavities (figure 1). The laser light bounces
back and forth roughly 300 times inside each cavity, amplify-
ing the tiny length changes caused by a passing gravitational
wave. The amount of light that leaks out through the end
mirror on each bounce is characterised by the end-mirror
power transmission Twg. This parameter plays a dual role:
it determines the fraction of intracavity power reaching the

monitoring photodiodes behind the end mirror, and it sets
the coupling strength of any stray light re-entering the cavity
from the end bench. An independent measurement of Tyyg is
therefore valuable both for detector characterisation and for
modelling scattered-light noise, which is one of the most per-
sistent noise sources in the low-frequency band of Advanced
Virgo [4].

Was et al. [4] showed during the third observing run (O3)
that this scattered-light coupling can be turned from a noise
source into a calibration tool, using the natural seismic motion
of the end bench as the scattering source. The present work
extends this approach by developing a dedicated, controllable
scattering actuator (a piezoelectric bender driven at a known
frequency) and a simulation framework that models the full
scattering process, including effects that arise specifically from

the bender geometry.
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Fig. 1. Optical layout of Advanced Virgo showing the field paths relevant
to the scattered-light calibration [4]. Light transmitted through the end mirror
reaches the end bench, where a fraction reflects back into the arm cavity.

Il. SCATTERED LIGHT MODEL
A. Physical Principle

The calibration exploits the fact that the end mirror is not
perfectly reflective: a tiny fraction Twe 3:4ppm of the



intracavity power passes through it on every round trip. This
transmitted light reaches the end bench (figure 2), where a
beam splitter directs part of it onto a photodiode (B8) for
monitoring and part onto the piezoelectric bender. The bender
surface reflects a small fraction back toward the cavity. Be-
cause this returning light has travelled an additional round-trip
distance 2x(t) that varies with the bender displacement x(t),
it acquires a time-dependent phase shift s.(t) = 4 x(t)=
relative to the intracavity field.

When this phase-shifted light re-enters the cavity through
the end mirror, it interferes with the circulating field. The
interference produces power fluctuations that are recorded at
both the main output photodiode (B1) at the interferometer’s
antisymmetric port and at B8 on the end bench. Crucially, the
two signals depend on Te differently.
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Fig. 2. Simplified diagram of the end-bench optical layout. The transmitted
beam (red) passes through the end mirror (ETM) and is split by a beam
splitter (BS): one path reaches the B8 photodiode, the other illuminates the
piezoelectric bender. The scattered light (orange) returns along the same paths,
with half re-entering the arm cavity through the ETM.

B. Signal at the Two Photodiodes

Following Was et al. [4], the scattered field returning to the
cavity can be written as

pi HEd
Esc(t) /7 Twe pfr;m Eo gl sc(t); 1)

where Ej is the intracavity field amplitude and f., = fr i
is the product of the surface reflectivity f, and the mode-
matching efficiency f, (the fraction of reflected light whose
spatial profile matches the cavity’s fundamental Gaussian
mode). Only this mode-matched fraction builds up resonantly
inside the cavity, all other spatial components are suppressed
by the large transverse mode frequency splitting (10
10 kHz), which far exceeds the 100 Hz cavity linewidth [5].
The scattered field re-entering the cavity is amplified by the
frequency-dependent cavity gain [6], [7]

Gmax
Gf)= ——(——; 2
where Gmax = 1=(1 ry) ~ 151 is the on-resonance

amplitude gain, ry is the round-trip amplitude factor, and
farm 52 Hz is the cavity pole frequency [5]. Using a signal
with frequency below the pole, the gain is large and nearly

constant. Above it, the gain falls as 1=Ff and acquires a phase
lag because the field oscillates faster than the cavity can follow.

The interference between the scattered light and the circu-
lating field produces measurable power fluctuations at both
photodiodes. Advanced Virgo uses a detection scheme called
DC readout, in which a small differential length offset
between the two arm cavities is introduced so that a small
amount of carrier light leaks to the output port, serving as a
local oscillator [6]. In this configuration, the power at the main
output photodiode B1 is

h P i

Peir  3TimiEoi® %+ jGjTwe frmsin’sc; (3)
where Ty is the input mirror transmission. The first term
is the constant baseline power set by the readout offset.
The second is the oscillating scattered-lighbsignal, whose
amplitude depends on the product G Twe

The power at the end-bench photodiode B8, which sits

outside the cavity, is

fr;m.

h p___ i
Pes 5 TwejEof® 1+ Frm cos g : 4
Here the oscillating term depends on pm alone, the cavity
gain and the readout offset do not appear. This asymmetry
is the key to the calibration: dividing signal amplitudes by
baseline powers causes the intracavity power jEqj? to cancel
in both equations, and combining the two ratios isolates Twe.

C. Equivalent Strain

The scattered-light signal at B1 mimics a gravitational
wave: both produce differential phase shifts between the two
arm cavities that are converted into power fluctuations at the
antisymmetric port. In the low-frequency limit (f farm),
the scattered-light contribution can therefore be expressed as
an equivalent gravitational wave strain [4]:

P
T fr

heo(t) = 5" 2 sin "so(t): (5)
This expression is independent of both the cavity gain G
and the readout offset , because the same detector response
that amplifies a real gravitational wave equally amplifies the
scattered-light signal: the two factors cancel when converting
power fluctuations back to strain. This cancellation is the
physical reason why the method can measure Twg Without
independently knowing the cavity gain or the operating point.

If a laboratory measurement T4 of the mirror transmis-
sion is available, comparing the reconstructed strain to the
absolutely calibrated scattered-light signal directly tests the
accuracy of the detector calibration. During O3, Was et al.
found this ratio to be 1:009 0:05 for the west end mirror [4],
consistent with unity. The dominant uncertainty arose from
the 2-5% precision of the laboratory coating measurement,
not from the scattered-light technique itself.



I11. TILT-INDUCED MODE COUPLING

An important complication arises from the bender geometry.
The piezoelectric bender is a cantilever of length © = 28 mm,
so a tip displacement Xqp is necessarily accompanied by a
tilt Xtip=" that deflects the reflected beam away from the
cavity axis. This tilt imposes a linear transverse phase ramp
on the scattered field [8], coupling power out of the cavity’s
fundamental Gaussian mode (TEMgg) and into higher-order
Hermite—Gaussian modes [9], [10].

The fraction of scattered power that remains in TEMgg, and
therefore builds up resonantly in the cavity, follows a Gaussian
envelope:

fn()=exp (kw )*; (6)

where k =2 = and w 5:5 cm is the beam radius at the
end mirror [11]. This coupling efficiency equals unity when
the bender is perpendicular to the beam ( = 0) and drops
rapidly with increasing tilt. The characteristic angular scale is

¢ = 1=(kw) 3:1 rad: beyond this angle, essentially no
scattered light couples back into the cavity mode.
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Fig. 3. Power coupled into each Hermite—Gaussian mode TEMmo as a

function of bender tilt angle (equation (6) generalised to all mode orders),
for Virgo arm cavity parameters. At = 0 all scattered power resides in
TEMogo (m = 0). As j j increases, the distribution shifts to higher orders,
and the TEMqo fraction drops rapidly.

During a sinusoidal bender oscillation, the tilt passes
through zero twice per cycle. The calibration signal is therefore
confined to narrow time windows around these zero-crossings,
where T, 1 and the scattered field couples efficiently into
the cavity (figure 3). For the realistic parameters kw 115
and foq = 10 mHz, the condition f, > 0:99 is satisfied
within j tj < 14 ms of the true zero-crossing, making the
method robust to millisecond-level timing errors.

IV. SIMULATION FRAMEWORK
A. OSCAR Optical Code

The simulations use OSCAR [12], [13], a MATLAB-based
FFT code that represents the electromagnetic field on a two-
dimensional spatial grid. Mirror interactions are modelled as
spatially varying phase masks, and free-space propagation is
computed in the Fourier domain. A simplified model of the

Advanced Virgo west arm cavity was implemented with design
parameters (Tym = 1:3%, Tem = 3:39 ppm, L = 3 km) [5],
[14], [15], including a 50/50 beam splitter and DC readout
offset. Power recycling, signal recycling, thermal effects, and
quantum noise are omitted, consistent with [4].

B. Time-Domain Cavity Dynamics

A standard frequency-domain treatment of the cavity re-
sponse is impractical here because the bender tip displacement
of 10 mat = 1064 nm produces a modulation depth

=4 Xip= 118 [10], meaning the scattered-light signal
distributes its power across hundreds of frequency sidebands.
Combined with the tilt-induced spatial distortion, no small
number of modes suffices.

The cavity dynamics are instead formulated as a discrete-
time update [16], [7], [17]: at each time step, the intracavity
field is a weighted sum of the previous field (attenuated by
the round-trip losses) and a new contribution coupled through
the input mirror. For compatibility with OSCAR’s steady-state
solver, this is cast as an effective input field:

EMD = fua EM + (1 Foa) EGEY; )

new

where fog = e U is the fraction of intracavity energy
retained after one time step t,and =2 fam 327s !
is the cavity field decay rate. The corresponding storage time
iS cav = 1= 7 3 ms. At each step, Eé”ﬂ) is passed to
OSCAR as a static input, and the solver returns the intracavity
field. This formulation is the main methodological contribution
on the simulation side: it enables time-domain modelling of
the cavity response to arbitrarily modulated scattered fields
without modifying the OSCAR code.

V. CALIBRATION PROCEDURE

Near a zero-crossing, the baseline-subtracted B1 and B8
signals are locally sinusoidal. Their amplitudes can be written
as

N P_—
Ag1 = 3TimiEoj* GTwe frm; 8
Ags = 3TwejEoj® frm: 9)
The procedure to extract Tywe has four steps.

Step 1: determine f., from B8. Dividing Agg by the B8
baseline power causes Twe and jEgj? to cancel:

fr;m = (ABSZPBB;base)2 : (10)

Step 2: verify . The DC readout offset is cross-checked
from the B1 baseline power as a consistency check on the
operating point.

Step 3: recover Twe. Dividing Agi by the Bl baseline
power similarly cancels jEoj?, and substituting ., from
Step 1 isolates the mirror transmission:

As1
WE fr;m G PBl;base

Step 4: averaging. Averaging the recovered Twg over
multiple zero-crossings across several bender oscillation cycles
reduces the statistical uncertainty.

(11)



Zero-crossing identification. In practice, the zero-crossing
times are identified from the data using three complementary
approaches: synchronisation with the recorded drive voltage,
the envelope of the B8 power burst (which peaks when fi,
1), and the corresponding B1 envelope as a consistency check.

VI. SIMULATION RESULTS

Synthetic data were generated with Tywe:ref = 3:39 10 6,
f, = 10 S, Xtip = 10 m, and drive frequencies spanning
Tmoa 2 [10 3; 50] Hz.

A. Zero-Crossing Fits
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Fig. 4. Baseline-subtracted Pgi (top) and Ppgg (bottom) at fioq =
1 mHz, plotted against bender displacement. The sinusoidal fit (grey) matches
the simulation inside the zero-crossing window (shaded) and diverges outside,
where the mode-matching efficiency drops.

A single-frequency sinusoidal fit reproduces the simulated
photocurrents inside the nine-sample zero-crossing window
to numerical precision (figure 4). Outside the window the fit
diverges, as expected from the rapid drop in mode-matching
efficiency. The fitted frequency scales as f ¢ * 241 fmoq,
exceeding fmod 118 fiog. This is a geometric effect
of the finite bender length (the tilt adds a transverse phase
contribution), and does not affect the fitted amplitude entering
the calibration.

B. Frequency Dependence of Cavity Gain

The cavity amplitude gain G( ) was extracted as a function
of bender tilt for different drive frequencies. At low fiog
the gain traces a sharply peaked curve centred on = 0,
reaching the DC value Gmax ~ 151:5. As fih0q increases, the
peak is progressively reduced (figure 5) because the bender
sweeps through the zero-crossing faster than the cavity storage
time cav ” 2:9 ms: the intracavity field cannot fully build up
before the bender has moved on.

C. Cavity Decay Rate from Ring-Down

After the bender sweeps past a zero-crossing, the mode-
matching efficiency drops to T, 0 and the intracavity
perturbation decays freely. Fitting a double-exponential model
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Fig. 5. Cavity amplitude gain as a function of bender tilt angle, for different
drive frequencies. At low finoqg the gain peaks at Gmax ~ 151:5. At higher
frequencies the bender sweeps through faster than the cavity storage time,
reducing the effective gain.

to the tail of the TEMgg power yields = 325:9 s 1, in
close agreement with nown = 326:1 s 1 computed from
the mirror reflectivities (figure 6). This validates the cavity
memory model of equation (7) and provides an independent
measurement of the cavity pole: farm: ¢t = (2 ) =
51:9 Hz, consistent with the design value [11].
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Fig. 6. TEMgo power for fog = 3 Hz (blue) with the double-exponential
ring-down fit (orange dashed). The fitted decay rate ¢ = 325:9 s—1
corresponds to farm = 51:9 Hz.

D. End-Mirror Transmission Recovery

The main calibration result is shown in figure 7 and table I.
Two variants of the cavity gain correction are compared.

With,, a magnitude-only  correction,  Georr =
Gmax= 1+ (f =Fam)?, the recovered Twe agrees with
the reference to within 0:2% for f,0og = 1 mHz to 50 mHz,
but develops a systematic upward bias at higher frequencies,
reaching Twe=Twe:ref = 2:09 at fnoq = 3 Hz. The origin of
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Fig. 7. Recovered Twe=Twe:ref as a function of drive frequency. Blue
circles: magnitude-only pole correction. Green diamonds: full complex correc-
tion via time-domain deconvolution (equation (12)). With the deconvolution,
sub-percent accuracy is maintained across the full range.

this bias is the neglected phase lag *s = arctan(f =farm):
the magnitude-only correction accounts for the amplitude
roll-off above the cavity pole but not for the phase rotation,
which distorts the transient signal shape at the zero-crossing
and biases the fitted amplitude.

To understand why the phase lag biases a transient fit,
consider what the cavity does to the scattered-light burst
that occurs at each zero-crossing. When the bender passes
through = 0, a short pulse of mode-matched light enters
the cavity and rings up the intracavity field. At low drive
frequencies this build-up is nearly instantaneous compared to
the bender motion, so the intracavity field tracks the input
faithfully and the signal shape at B1 is a clean sinusoid. At
high drive frequencies, however, the cavity responds with a
delay of order (,y: the field peak is shifted in time relative
to the input, and the leading and trailing edges of the burst
are asymmetrically distorted. A symmetric sinusoidal fit to
this asymmetric waveform systematically overestimates the
amplitude, producing the observed upward bias in Twe.

The bias is eliminated by deconvolving the cavity pole from
the B1 signal before fitting. The arm cavity acts as a single-
pole low-pass filter, whose inverse in the time domain is

4 Pe1y,

Pédleconv)(t) = Pei()+ am at

(12)
where am = 1=(2 fum) is the cavity storage time. This
identity follows directly from rearranging the first-order or-
dinary differential equation that defines the cavity impulse
response [18]: X = y + 4mY. It is exact for arbitrary
time dependence, including transient signals, and requires no
steady-state assumption.

The sinusoidal fit is then performed on the deconvolved
signal, and Gmax replaces Georr in equation (11). With this
full complex correction, sub-percent accuracy is maintained
across the entire range of drive frequencies tested, from 1 mHz
to 50 Hz (figure 7).

TABLE |
RECOVERED Tyg FOR SELECTED DRIVE FREQUENCIES, COMPARING THE
MAGNITUDE-ONLY AND DECONVOLVED CORRECTIONS.

fmoa [Hz] F « [Hz] TVTVVEVE,ef (mag.) TVTVvaif (deconv.)
0.001 0.24 1.0016 1.0016
0.01 2.38 0.9874 1.0027
0.05 11.92 0.9893 1.0029
0.1 23.85 1.0251 1.0015
0.2 47.69 1.1340 0.9994
0.3 71.54 1.2554 0.9983
0.5 119.23 1.4645 0.9973
1.0 238.46 1.7801 0.9969
2.0 476.92 1.9785 0.9969
3.0 715.38 2.0656 0.9969
5.0 1207.36 2.3261 0.9982
30 7244.15 2.4473 0.9980
50 12073.58 2.5129 0.9977

E. Influence of Bender Length

The ratio f =Fmoq ~ 241 exceeds 118 because the
finite bender length couples tilt and displacement. Repeating
the simulation for several bender lengths while keeping X¢ip =
10 m fixed confirms that ¥ ¢ converges to  fog as “ ¥
1. The fitted amplitude, which is the quantity entering the
calibration, is independent of bender length.

Practical operating envelope. The minimum practical tip
displacement is approximately Xtip:;min 0:15 m, below
which too small a fraction of an optical fringe lies within the
zero-crossing window for a reliable sinusoidal fit. Operating
at higher fimoq With proportionally reduced Xtip shortens the
measurement time and reduces susceptibility to slow drifts
in the detector operating point, while the deconvolution of
equation (12) ensures that the cavity phase lag does not limit
the accessible frequency range.

VII.

The experimental setup for generating controlled scattered
light on the Advanced Virgo end bench consists of two main
components.

Piezoelectric bender. A Thorlabs PB4ANB2S bimorph ben-
der provides up to 450 m tip displacement with a resonant
frequency of 370 Hz and is vacuum-compatible to 10 ’ Torr
( 1:3 10 7 mbar). It is driven differentially by a Thorlabs
MDT694B high-voltage controller. Two 10 k protection
resistors limit the system bandwidth to 29 Hz.

Linear translation stage. A Newport Agilis AG-LS25-27
piezo stage (27 mm travel, 100 nm minimum incremental
motion) positions the bender into or out of the transmitted
beam path, controlled remotely via USB.

EXPERIMENTAL HARDWARE

Initial laboratory tests revealed that the bare ceramic sur-
face of the bender absorbs most of the incident laser power
(2 W), causing rapid heating that risks damaging the piezo-
electric ceramic and causing outgassing under vacuum. On the
Advanced Virgo end bench, the transmitted power reaching
the bender position is expected to reach approximately 1:6 W
during O5 [19], focused to a 1 mm spot. The baseline



solution is to apply a thin metallic coating to the bender
surface, increasing the reflectivity above 90 % at 1064 nm [20]
and reducing the absorbed power by roughly an order of
magnitude. A reflective coating also increases f,, directly
improving the calibration signal-to-noise ratio.

VIIlI. CONCLUSION

A novel method for measuring the end-mirror transmission
of the Advanced Virgo arm cavities has been developed, ex-
ploiting controlled scattered light from a piezoelectric bender.
The key findings are:

1) A time-domain simulation framework correctly models
the full scattering process, including tilt-induced higher-
order mode coupling and the frequency-dependent cavity
response.

2) Twe is recovered with sub-percent accuracy across the
full range of drive frequencies tested (1 mHz to 50 Hz),
using only measured power ratios. At low drive frequen-
cies a magnitude-only cavity pole correction suffices,
at higher frequencies, a time-domain deconvolution re-
moves the cavity phase lag from the B1 signal before
fitting, extending sub-percent accuracy to the full range.
The method is self-calibrating: it requires no knowledge
of the absolute laser power.

3) The cavity decay rate measured from the ring-down
( ¢+ = 3259 s 1) matches the known value
(326:1s 1), validating the cavity memory model.

4) The TEMgo mode-matching follows exp[ (kw )?],
confirming that the calibration window is correctly re-
stricted to the bender zero-crossings.

When combined with a laboratory measurement of Twe,
the method provides an independent test of the absolute
calibration of the gravitational wave detector, complementing
existing techniques such as the photon calibrator [21], [22]
and the Newtonian calibrator [23]. The three methods cover
complementary frequency ranges: the Newtonian calibrator
operates at a few hertz, the photon calibrator at tens to
hundreds of hertz, and the scattered-light method at a few Hz
to a few kHz set by the bender drive.

IX. OUTLOOK

The remaining steps toward an in-situ measurement are:
applying a thin coating (e.g. 100 nm aluminium [20]) or
a spectralon reflector [19] to the bender surface to reduce
absorbed power and increase the scattered-light signal, cali-
brating the bender displacement using an independent sensor
and verifying linearity well below the 370Hz mechanical
resonance, measuring the surface reflectivity at 1064 nm to
determine the scattering parameter f,, and verifying vacuum
compatibility of the full assembly under representative thermal
load before installation on the suspended end bench.

Once installed, a commissioning phase will confirm that
the expected signals are produced and that no excess noise
is introduced into the detector output. The bender can be

retracted when not in use, leaving no residual effect on detector
sensitivity. If the experimental results confirm the sub-percent
accuracy demonstrated by the simulation, the scattered-light
method could become a valuable addition to the calibration
toolkit of current and future gravitational wave observato-
ries [21].
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UIFSFNBJOJOHTUFQTUPXBSEBOJO TJUVNFBTVSFNFOU



"EWBODFE 7

OWFSWJFXBOETDJFOUJODDPOUFYU

"EWBODFE 7JSHP "E7 JTBTFDPOE HFOFSBUJPO MBTFSJOUFSGFSPNFUSJEL
OCTFSWBUPSZ &(0 OFBS $BTDJOB 1JTB *UBMZ *UJTPQFSBUFECZUIF 7JStk
BDSPTT &VSPQF 5PHFUIFS XJUIUIFUXP"EWBODFE -*(0O EFUFDUPSTJO UIF 6
GPSNTUIFDPSFPGUIFDVSSFOUHMPCBMOFUXPSLPGHSPVOE CBTFEHSBW.
PGHSBWJUBUJPOBM XBWF TIHOBMT GSPN DPNQBDU CJOBSZDPBMFTDFODF
EJSFDUEFUFDUJP®S (8 JO <

(SBWJUBUJPOBM XBWFTBSFSIQQMFTJOUIFGBCSIJDPGTQBDFUJNF QSFE]]
HFOFSBUFECZUIFBDDFMFSBUJPOPG NBTTIJWFPCKFDUT NPTUOPUBCMZ C.
CMBDLIPMFTPSOFVUSPOTUBST "TUIFTFPCKFDUTPSCJUFBDIPUIFS UIFZ
TISIJIOLVOUIJMUIFZFWFOUVBMMZDPBMFTDF SIFFNJUUFEXBWFTQSPQBHBU
USBOTWFSTFMZBTUIFZQBTTUISPVHIJU

5lFFGGFDUPGBHSBWJUBUJPOBM XBWFPOBSJOHPG GSFFMZGBMMJOH UF
BMPOHPOFBYJTBOEDPNQSFTTFEBMPOH UIF Q@FBQE CGRIDBGVFEESCEY U T WHEIWP U
FBDIPUIFS BOIFSEOJIJTUIIJTEJGGFSFOUJBM MFOHUIDIBOHFUIBUB .JDIFMTP

5|lF GVOEBNFOUBM QIZTJDBM RVBOUJUZ UIBU "EWBODFKJJEH®PQREEEFT UHIP F I
EJNFOTIJPOMFTT SBUJP PGLUIPEVYGGE EZGUWQIBMINIG & HG BNBODBEFEIPOBM XBWF

2L (1)
L

'PSBTUSPQIZTJDBM TPVSBDBT XZQUMBMM ES G MBEMESEEPY OE )[ DPSSFT
GFSFOUJBM EJTQ M BIDFNFOIF P GNPBEFRSP BSNT BGSBDUJPOPG UIFEJBNFUFS
MFWFM PWFS BEFUFDUJPO CBOE TQBOOJOH SPVHIMZ )[UP TEWFSBM LJMP
FYUSBPSEJOBSZMFWFMT 5IFFOUJSFPQUJDBMBOENFDIBOJDBMEFTJHO P«

5[F DPODFQUVBM CBTJT GPS UIF NFBTVSFNFOUJT UIF .JDIFMTPO JOUFSGF¢
HSBWJUBUJPOBM XBWFQBTTJOHUISPVHIUIFEFUFDUPSEJGGFSFOUJBMMZ
JOUFSGFSFODF QBUUFSOBU UIF PVUQVU QPSU 5IFNBUIFNBUJDBM GPVOEL
JOUFSGFSPNFUFS SFTQPOET UP TVDI @ ©)3SBT B VN3 GCBIE) G BFFQRNBR/HEDREDIG @ U
USBOTMBUFTUIBUGPVOEBUJPOJOUPUIFQIZTIJDBMBOEFOHJOFFSJOH SFB
UIF MBTFS TPVSDF UISPVHI UIF NBJO PQUJDBM TVCTZTUFNT UP UIF 680BM EF
TDBUUFSFEMJHIUNVTUUSBWFSTFBOE XIZHFOFSBUJOHBDMFBO TDBUUFS|
MBZPVUJTTIPXOJOOJHVSF

h(t) =

oQeuUJDBM MBZPVU

.BJOMBTFSBOEQSF TUBCJMJTBUJPO

5lFQSIJNBSZMJHIUTPVSDFPG"EWBODFE7JSHP JT B D-PLG65Y DAV E ¥ M XVB SR [EH: E
PVUQVUQPXFSPG 8BGUFS BIBFIFI HUBCR® XBBUWFINROOTHUBIFSFAFDUT B DPNCJ



015*$"--":065

B QPMBSJ[BUJPO

C QPMBSJ[BUJPO

'JHVSF &GGFDUPGUIFUXPHSBWJUBUJPOBM XBWF @ RQWwB/J$ B | LBIPJ® DU B E
QFSJPEJDBMMZ TUSFUDIFTTQBDFBMPOHPOFUSBOTW RSPTMBESYI]IE XIPNOF OPUW
QSPEVDFTUIFTBNFEFGHRSNEBEUIPO QBUUFSO SPUBUFE CZ

PGIJHI RVBMJUZPQUJDBM DPBUJOHT XJUI FYUSFNFMZ MPXBCTPSQUJPO B
NJSSPSTVCTUSBUFT BOEUIFDPNQBUJCIMJUZ XJUINBUVSFBOE SFMJBCMF

SIFSBXMBTFSPVUQVUDPOUBJOTGSFRVFODZOPJTF JOUFOTJUZOPJTF BO
JGJOKFDUFEEJSFDUMZ JOUP UIFJOUFSGFSPNFUFS 5IFQSF TUBCJMJTBUJ
CFBNFOUFSTUIFIJOCQVUNPEFDMFBOFS <

'SFRVFODZQSF TUBCIJMJTBUJPOJTBDIJFWFECZMPDLJOHUIFMBTFSUPBT
OJRVFEFTDSIJCFEIFOMBHPOIPEOFRVFODZ JT TFSWP DPOUSPMMFE UP USBDL U
GSFRVFODZOPJTFBUUIF1%)FSSPSQPJOUJTGFECBDLUPUIFMBTFS GSFR\
CFMPX <

*OQVUNPEFDMFEBOFS

"GUFSQSF TuUBCJMJTBUJPO UIFCFBNFOUFSTUIFJOQVUNPEFDMFBOFS *.
BQQSPYIJNBUFMZ N S5IF*$TFSWFTUISFFEJTUJODUQVSQPTFTTINVMUBC

4QBUJBM3MDRFHAIGH PSEFS)FSNJUFr(BVTTJBONPEFTQSFTFOUJOUIFJOQVL
VBM QPJOUJOHAVDUVBUJPOT BSFOPUSFTPOBOUJOUIF*.$ "T BHFBIDISJCFE
NPEF mSEFRFTPOBUFTBUB GSFRWAEFOPDIHCGDFEBSBNUILBBHEPNFUSZ UIJT TC
UPUIFDBWJIUZMIGQFXNPEBITBPTOANOBWOIBEMZ USBOTNJUUFE S5IJTFOTVSFTUIBIL
IBTBDMFBO XFMM EF8OFE(BVTTJBOTQBUJBM QSPOMF FT<T+OUJBM GPS UII

'VSUIFS GSFRVFODBIZFTUBLUB IIHBIUICGPTTF DBWJUZBOE UIFSFGPSF QSPWJEF
MBTFSJTMPDLFEUPUIJTDBWJIUZWIBB1%)FSSPSTJHOBM TP UIBUSFTJEV
UIFTJOHMF QPMFDBWJUZ SPMM PGGEFTDSJCFEJOTFDUJPO

*OUFOTJUZBOE QPJOUWIBMRPRIVFMEFEHP DUBBGFRVFODZ MUFSJOH UIF*.$B
OPJTFBUGSFRVFODJMWTBCPWFJUTMIOFXJEUI<

"GUFSUSBOTNJTTJPOUISPVHIUIF*.$ UIFCFBNIBTSFEVDFETQBUJBMNPEF
DPNQBSFEUPUIFQSF TUBCIJMJTFEMBTFS PVUQVW BOEJT SFBEZGPS JOKFI
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"JHVSF 4IJNQMISGFETDIFNBUJDPQUJDBMMBZPVUPGUIF"EWBODFE 7JSHP
DMFBOFS *.$ BOEQPXFSSFDZDMJOHDBWJUZ 13% CFGPSFFOUFSJOHUIF U
SFBEPVUBUUIFBOUJTZNNFUSJD QPSUWJBUIFPPVUQVUNPEFDMFBOFS 0.%

1PXFSSFDZDMJOH NJSSPS

5|lFCFBNUSBOTNJUUFEUISPVHIUIF*.$JTJOKFDUFEJOUPUIFNBJOJOUFSG
POFFOEPGUIFQPXFSSFDZDMJOHDBWJUZ 13%

8IFOUIFJOUFSGFSPNFUFSJTPQFSBUFEBUPSOFBSUIFEBSLGSJOHF NFBO
SBUIFSUIBOUSBOTNJUUFEUPUIFPVUQVUQPSU UIF SFAiFDUFEDBSSJFS D}
SFTPOBOU -JHIUUIBUXPVMEPUIFSXJTFCFMPTUJTUIFSFCZSFEBJSFDUFEC

51F13$JTBUISFF NJSSPSDBWJUZ GPSNFECZUIF13. BOEUIFUXPJOQVU UF
BDUJOHBTQBSUPGUIFSFDZDMJOHDBWJUZTUSVDUVSF 'PS"EWBODFE 7JS
PGBQQSPYIJNBUFMZ SBJTJOHUIFQPXFS BU UIF CHBNJ@QIVSIRBJHEWR SPV MIH
FTTFOUJBMCFDBVTFUIFTIPU OPJTF MINIUPENFGSFTIWB QPREIFPUGSBOE
BSNDBWJUZ<

5|F13$ NVTUCFIFMEPO SFTPOBODF XJUIBDUJWF MFOHUIDPOUSPM BDIJFV
3' TIEFCBOETUIBUBSFSFTPOBOUJOUIF13$CVUOPUJOUIFBSNDBWJUJFT
PGGSFFEPNPGUIFUXPDBWIJUZTZTUFNTBOEBMMPXTJOEFQFOEF+OUTFSWEF

$FOUSBMCFBNTQMJUUEFES

"GUFS FOUFSJOHUIF QPXFS SFDZDMJOH DBWJUZ UIFCFBNBSSIJWFTBU UIF
TQMJUUJOH SBUJPUIBUEJWJEFTUIFJODPNJOH MJHIUSFRVBMMZ JOUP UIF U:

60OEFS QFSGFDUMZBTZNNFUSJD DPOEJUJPOT UIF . JDIFMTPO JOUFSGFSPN|
NFUSJD QPSU SFAFDUJOHJUCBDLUPXBSEUIF13. 51JTJTUIFEBSLGSJOHF

*OQSBDUJDF TNBMMEJGGFSFODFT CFUXFFOUIFUXP BSNTBOE UIFEFMJCF
UJPO NFBOUIBUB TNBMM CVU DPOUSPMMFE BNPVOU PG DBSSJFS QPXFSJT
DBSSJFSMFBLBHFJTDFOUSBMUPUIF %$ SFBEPVUUFDIOJRVF <
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'JHVSF 4DIFNBUJD EJBHSBNPGUIFJOQVUNPEFDMFBOFS *.$ 5IFUSJBO
UIF@ANPEFUPUIFNBJO OUFSGFSPNFUFS <

'‘BCSZr1FSPUBSNDBWJUJFT

&BDIBSNPGUIF"EWBODFE 7JSHPJOUFSGFSPNFUFSDPOUBJOTB'BCSZrl1lFS
&5. 'PSUIFXFTUBSN UIFTFBSFUIF8* XFTUJOQVU BOES8& XFTUFOE NJS!
BSNDBWJUZLBEBBMFEOAHBEUPGNISSPSTBSFTVTQFOEFECZNVMUJ TUBHF TFJT

‘g &5.
5 &o
W s5 Wegs
——- Wo
JOQVU
L=3 LN
'JHVSF ADIFNBUJDPGBTJOHMF"EWBODFE 7JSHP 'BCSZr1l1FSPUBSN DBW

L=3LN S5IFCFBNSBEJJBU UIFW QAU B BVEGPL B DBISBETERBPUIWFMZ <

5lF NJSSPSHFPNFUSZJTEFTJHOFEUPNBYJNJTFUIFCFBNTJ[FPOUIFUFTUT
JOWFSTFMZ XJUI UIF JMMYV SIIFOBLN B BWEB B ZTNUSBBFHST 4 B¥FNSBREJFP G DVSWBL
1683N <> DIPTFOTVDIUIBUUIFDBWJUZJTHFPNFUSIJDBMMZTUBCMFBOEUIFC
EFTIJHO CFBNSBEINNBEE=58 NN < XJUIUIFNFBTVSFE WBM¥FJ3IEVRQIBXGD M JIH
DSJUFSJPOBOECFBNSBEJVTDBMDVMBUJPOBSFEFSIJWFEJOTFDUJPO

SIFDBWJUZHFPNFUSZBMTPEFUFSNJOFTUIFGSFRVFODZTQBDJOH CFUXFF
PSEFS NPEF SFTPOBODF MJFT BhU BIGISF BEPODAPGBIEURSGC BBEFYDFFEJOH
100)[ FOTVSJOHUIBU IJHIFS PSEFS NPEFDPOUSJCVUJPOTBSFTUSPOHMZ
NPEFTUSVDUVSF JT EBFOE MIFFQ PRI NRIBWBRHEOISB @ PN XTIMPOUHFOE NJSSPS .
QFSGFDUMZ g4 AF3D QOWHRXJIUI

5|lFBSNDBWJUJFTNVTUCFIFMEPO SFTPOBODF XJUIXYUSFNF Q®MDJITIPO |
XPVME TIJGU UIFDBWJUZ GSPN SFTPOBODF UP UIFIBMG QPXFS QPJOU "DL
OBOPNFUSFMFWFMVTIJOHUIF1%) FSESPSSRE ODBHOEBAVT DEBHEPEIBUFBPYVIBOH !
NJUUFEUISPVHIUIF13$CVUMJFBCPWFUIFBSNDBWJUZMJOFXJBUI TP UIFZ

SIFBSNDBWJUZSFTPOBODFDPOEJUJPOBMTPTFUTUIFPQFSBUJOH GSFRVF
MFOHUI EFHSFFPGGSFFEPNUISPVHIUIFDPOUSPMIJFSBSDIZEFTDSJCFEJ
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4JHOBM SFDZDMJOH

*OUIFJEFBM .JDIFMTPOJOUFSGFSPNFUFSPQFSBUFEBUUIFEBSLGSJOHF
UIFDFOUSBMCFBNTQMJUUFSBOEFYJUUISPVHIEJGGFSFOUQPSUT S5IF TJH
UIFJOUFSGFSPNFUFS CZBQBTTJOHHSBWJUBUJPOBM XBWF XIJDIUSBOTG
XBWF GSFRVFIGOJIKOBM SFDZDMJOH DBWJUZ 43$%$ JTGPSNFECFUXFFO UIF"
IJHIMZ SFAFDUJWFNJSSPSJOGSPOUPGUIFPVUQVUQIPUPEJPEFJODSFBTF

5|F SFTQPOTF PG UIF 43$JTHPWFSOFECZUIFNJDSPTDPQJD UVOJOH PG UIF
TIEFCBOETJOUIFDBWJUZ BPNQVMUNEVG/FE B UHE B MRBHMBEMIOH NISSPS SF

*OUIFUVOFEDPOOJAHVSBUJPO UIF43%3JTSFTPOBOUGPSUIFDBSSJFS XIJDI
OFBS %$ 5IFSFTVMUJTBABU QMBUFBY PG TIJEFCBOEBNQMJUVEF GSPNWFS
TZTUFN BSNDBWJUZ 43% GPMMPXFECZB SPMMIFE&G BRDIURBBSF®OIHRIVRAWAL
CSPBECBOECVUDPODFO®YSBUFEBUMPXGSFRVFODJFT <

*OUSPEVDJOHBNJDSPTDPQJDPGGTFUUPUIF43.QPTJUJPOEFUVOFTUIFDE
RVA@AZIF TJEFCBOEBNQMJUVEF UIFO F¥EMW J UTEVMFEERSSERFAQIFOCHTW BRU B |

) BOE L)[ "TUIFEFUVOJOHGSFRVFODZJODSFBTFT UIFQFBLOBSSPXTB
QFBLBNQMJUVEFHSPXT "UFYUSFNFEFUVOJOH UIFEFUFDUPS CFDPNFTFT

'JHVSF 4JHOBM TJEFCBOEBNQMJUVEFBUUIFPVUQVUQPSUBTBGVODUJ
XJUITIHOBM SFDZDRVIIOH NIB IS § EMTHDAQAINWISBZUIPO SFE ZJFMET B ABU C¢
%FUVOFE DPOSHVSBUJPOTTIJGU UIF QFBL UP UIF EFUVOJOH GSFRVFODZ
JODSFBTFT <

"GVOEBNFOUBMQSPQFSUZPGUIFTIHOBMSFDZDMJOHUFDIOJRV¥*JTUIBU U
5|lF BSFBT VOEFS UI BBSY¥DPWPTUBOKH\SFHBSEMFTT PG EFUVOJOH 4JHOBM SFI
TFOTJUIJWIUZPGUIFEFUFDUPSJOB GSFRVFODZ BWFSBHFETFOTF 3BUIFS
RVFODJFT XIFSFJUJT OPUOFFEFEUPUIPTF XIFSFJUJT S5IFDIPIJDFPG UVO.
VONPEFMMFEUSBOTJFOUT PSOBSSPXCBOEFOIBODFNFOUUBSHFUFE BU B |

8IFOBSNDBWJUJFTPGWFSZIJHIOOFTTFBSFDPNCJOFEXJUIBTIJHOBMSFDZI
DPOOHVSBUJPOJTLOPXOBT SFTP OB QUL JHIFCEBEGE BYU B/B-DO0BIPEOX BB& I RG UIF
UPUIFCBSFBSNDBWJUJFT TJODFUIFBOUJ SFTPOBOU 43$BMMPXT TJHOBI
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CFUXFFOTJHOBM SFDZDMJOHBOE 34& BDSPTH BIF G YWM\WMIUBELAPRG DU P B 818 \WE
UPFOIBODFUIFDJSDVMBUJOHDBSSJFSQPXFSBOETJHOBM S#¥DZDMJOH UP |

OVUQVUNPEFDMFBOFS

'JHVSF -BZPVU MFGU BOE XPSLJOHQSJ®DJQMF SJHIU PG UI

5/F TJHOBM SFDZDMFE MJHIUUSBOTNJUUFE UISPVHIUIFBOUJTZNNFUSJD Q
UIF# QIPUPEJPEF 5IF0.$JTBGPVS NJSSPSCPX UJFDBWJUZ XJUIBSPVOE
PGBQQSPYJNBUFMZFSW[FT UXP QVSQPTFT

4QBUJBM NP BEHBMBREIIBMHTNIWWNPEOMSBHiFB&IJOH BMM IJHIFS PSEFS TQBUJB
NJSSPS OHVSF FSSPST UIFSNBMEJTUPSUJPOT BOEBVEJP CBOE CFBN KJU
4JODFUIFTFNPEFTDBSSZOPHSBWJUBUJPOBM XBWFTJHOBM USBOTNJUUJ
OBM 5IF0.$UIFSFGPSFJINQSPWFTUIFTIJHOBM UP TIRYAG RETFFBEUFF O ZFFHC
QIPUPE3PEF <

'SFRVFODZB5MWES SENOE USJQ MFOHUIBOESOFTTFBSFDIPTFOTP UIBUOFJ
GFSPNFUFS MFOHUIDPOUSPMOPSUIFBVEJP CBOEBMJHONFOUTJEFCBOET
SBUIFSUIBO LSBOONBWOWFBBEKFS DPOUSJCVUFTUPUIFHSBWJUBUJPOBM XBW|
XJUIPVUBOZMPTTPGTFOTJUIJWJIUZ

"GUFS UIF0.$ UIFHSBWJUBUJPOBM XBWF TIHOBM JT EFUFDUFE CZ UIF # *C
BQIPUPDVSSFOU 5I1JTQIPUPDVSSFOUJTBNQMJOFE EJHJUJTFE BOE QSPC
DBMJCSBUFERYSBIJO UIJNFTFSJFT

4FJTNJDJTPMBUJPO

(SPVOE TFJTNJD OPJTFEJTQMBDFT UIF &BSUINT TVSGBDF CZBNQMJUVEFT |
GSFRVFODJFTCFMPXB GFXIVOESFEIFSU[ 8JUIPVUJTPMBUJPO UIJT NPUJ
HSBWJUBUJPOBM XBWFTJHOBM 5IFTFJTNIJDOPIJTFAPPSTFUTUIFMPXFS M.
UIJTGSFRVFODZ SFTJEVBMTFJTNJDDPV@MJIOHEPNJOBUFTUIFTIHOBMFW

"EWBODFE 7JSHPENQMPZT UIF 4VQFSB NV M\ BIUPBHTFZITAMW K S W B E JCAVDE J/AM3/H\\
("4 3MUFS UPXFS UIBI GERWONBUNPOPGIBRITNID OPJTFBCPWF B GEX IFSU
UJPOTXIFVOEFSMZJOH QSJODJQMF JT UlBYURKG MPXIWQ FNEDVE/NDBBHSF UPOB
JTNFDIBOJDBMMZ EFDPVQMFE GSPNHSPVOEWJCSBUJPOTBOE GFIBWFTBT
UIFTFJTNJD BU UFOD/EBRUAPBDBBTINBEUBHFT QSPWJIJEFT NVMUJ@MIBDBUJIWF BU L
BUIJHIGSFRYFODJFT<

5|FUFTUNBTTFTBSFTVTQFOEFEBTUIF8OBM TUBHF GSPNUIJOGVTFE TJIMJ
XIIJDINJOJIJNJTFT UIFSNBM OPJDBFFGREFPWIG F4AMNJFEEBUJTUPOVBUPS UPXFS JT NP
QMBUGPSNFRVIQQFEXJUIJOFSUJBMTFOTPSTBOEGFFECBDLBDUVBUPSTU
DIBJO =

4AFOTJOHBOEDPOUSPMPGMPOHJUVEJOBMEFHSF
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'JHVSF 4DIFNBUJDPGUIF"EWBODFE 7JSHP 4VQFSBUUFOVBUPS TFJTNJD
UIBC®® BUUFOVBUJPOPGIPSJ[POUBMTFJTNJD OPJTFBCPWFBGFXIFSU[<

%FHSFFTPG GSFFEPN

8JUINVMUJQMF DPVQMFE DBWJUJFT UIF 13% UIFUXPBSNDBWJUJFT BOE L
EFHSFFTPGGSFFEPNUIBUNVTUFBDICFJOEFQFOEFOUMZDPOUSPMMFE 51
PGNJSSPS®QPTJUJPOT K<

g$"3.DPNNPOBSNMFOHUI UIFBWFSBHFPGUIFUXPBSNMFOHUIT DPOU:
5IJTIJTUIFNPTUDSJUJDBMEFHSFFPGGSFFEPNGPSTFOTJUJWJIUZ

g%"3. EJGGFSFOUJBMBSNMFOHUI UIFEJGGFSFODFPGUIFUXPBSN MFOI
XBWFTJHOBMDPVQMFTEJSFDUMZ BOEJUJTUIFSFGPSFUIFQSJIJNBSZTLEL

gl13$QPXFSSFDZDMJOHDBWJUZMFOHUI UIFMFOHUIPGUIFQPXFSSFDZI
q43$TIJHOBM SFDZDMJOHDBWJUZ MFOHUI UIFMFOHUIPGUIFTIJHOBM SF
qg.*$).JDIFMTPOEJGGFSFOUJBM UIFEJGGFSFOUJBM MFOHUIPGUIFTIPS

&BDIEFHSFFPG GSFFEPNNVTUCFIFMEBUJUTPQFSBUJOH QPJOUCZBO JOE
VTJOHUIF 1%) UFDIOJRV FEFIIDEIIEGFESFOUFD TIEGCBOE GSFRVFODJFT UIBU
PGUIFPQUJDBM MBZPVU 51JTTFMFDUJWJUZBMMPXTBDPOUSPMNBUSJY Ul
TJOHMFEFHSFRPG GSFFEPN <

5|1F$"3.MPPQLFFQTUIFBSNDBWJUJFTKPJOUMZSFTPOB®GXRWIBUFMBSSJIF
5|1F %"3. MPPQLFFQTUIFEJGGFSFOUJBMBSN MFOBIF B3sUBRO%RSEFBEPNQ P D
SFDZDMJOHDBWJUJFTPO SFTPOBODF

%% SFBEPVU

"HSBWJUBUJPOBM XBWFEJGGFSFOUJBMMZ NP BUVBWFY JU B B &N RAVB@UHITIZN K
4JODFBQIPUPEJPEFSFTQPOETUPPQUJDBMQPXFS SBUIFSUIBOSFMEBNQM
BUUIFDBSSJFSGSFRVFODZUP QSPEVDFBQIPUPDVSSFOUNPEVMBUJPOBU
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*O0STU HFOFSBUJPO EFUFDUPST UIF-0XBTQSPWJEFECZ3'NPEVMBUJPOT
TDIFNFJOUSPEVDFETFWFSBM QSPCMFNT JODMVEJOHQIBTFOPJTFPOUIFS3
BNQMJUVEFJIJNCBMBODF BOEBEEJUJPOBMTIPUOPJTFBSJTJOHCFDBVTFCP
UIFHSBWJUBUJPOBM XBWFTJHOBM <

*O%$ SFBEPVU BIPNPEZOFEFUFDUJPO TDIFNF " UNBMNEQSBWSIIEGH IBZMUB S

JTJOUSPEVDFEUP MFBLBDPOUSPMMFE GSBDUJPO PG UIFDBSSJFS QPXF S
XBWF TIEFCBOET DP QSPQBHBUF UISPVHIUIFO0.$ UP# XIFSFUIFZQSPEVD
JOUFSGFSPNFUFS PQUJDBM DIBJO JUJTBVUPNBUJDBMMZ NPEF NBUDIFE L
TPVSDFTUIBUDPOUBNJOBUFBO¥*YUFSOBMMZHFOFSBUFE3'TJEFCBOE <

5[FPVUQVUQPXFSBU# JXHDWKOMM ERV¥FBQVMBUJOFEJONPSFEFQUIJODIBQU

T . _ . 4 GL
Pu(t) 7‘1on2 242 ——nh(t) :

YFSFJTUIFFGGFDUJWF QPXFSUSBOTNJTTJEG’GSRNAIP DBBROBWIUPZIOP RDS
SFBEPVWIHGKFBYN DBWIIFBISEBIMF8AB!I 5IFHSBWJUBUJPOBMXEBEWFTTUHOBM
TIPUOPJTEFBNQMIBVWEFTIPU OPJTF MINJUFETJHOBNMIBBSFHINA SBUJP JT JC
UIFSFTJEVBMDBSSJFSMFBLBHFEVFUPDPOUSBTUEFGFDU 5IFPGGTFUUIF
XIJDIOPJTFSFHINFUIFEFUFDUPSPQFSBUFTJO

*GJTUPPTNBMM UIFHSBWJUBUJPOBM XBWFTJHOBMGBMMTCFMPXDMBTTJI
XIJDIDPVQMFUP %"3. INEGFIINOEFGGC MZWPELI UIFSFGPSF SFRVIJSFEUPLFFQ U]

*GJTUPPMBSHF JOUFOTJUZOPJTF BYUXIAVEBSIFQRB 0 DY@ LB BFT BPOS/NIBID B
UP TIJHOBM SBUJPHSPXT MOBEESMZPG W IFI%B GR/FOLURB¥M MDSMHATUBH QIPUP
BOEUIFBEEJUJPOBMDBSSJFSQPXFSFYFSUTHSPXJOH SBEJBTUUPRKBESEPTIFV S
TFUEVSJOHDPNNIJTTIJPOJOHCZCBMBODJOHUIFTFDPNQFUJOHFGGFDUT <

2VBOUVNOPJTFBOETRVFF[JOH

5[FFTFOTJUIJWJUZ PG "EWBODFE 7JSHPJT VMUJNBUFMZ MINJUFE CZ RVBOU\
JFJTFOCFSHVODFSUBJOUZQSJODJQMF 2VBOUVNOPJTFNBOJGFTUTJO UXF
DIJFTBOEJTDBVTFECZUIFTUBUJTUJDBMAVDUVBUJPOTJOQIPUPOBSSJWBNM
BUMPXGSFRVFODJFTBOE SFTVMUT GSPN UIFSBOEPNNPNFOUVN LIDLT JNC
51FTFUXPDPOUSJCVUJPOTDBOOPUCFTINVMUBOFPVTMZNJOJIJNJTFEGPS B
BTUIFTUBOEBSERVBOUVNMJNJU 51 JTTFDUJPOEFTDSJCFTCPUIOPJTF TP\
UFDIOJRVFVTFEJO"EWBODFE 7JSHPUPTVSQBTTUIFTUBOEBSERVBOUVNM

41PUOPJTF

*OUIFRVBOUVNQJDUVSF TIPUOPJTFBSJTFTGSPNWBDVVNAVDUVBUJPOTF
UIFJOUFSGFSPNFUFSJT PQFSBUFEBU UIF EBSLGSJOHF JOQVU MBTFS OPJ
UISPVHIUIFBOUJTZNNFUSJD QPSUSFBDIFTUIFPVY¥QVUQIPUPEJPEFBTUIF

'PSB.JDIFMTPO JOUFSGFSPNFUFS XJUI %$ SFBEPVU UIFTIPU OPJTF QPXF¢
QSPQPSUJPOBMRJR BIF DBSSJFS QPXFS
Sy 2P} o

5|lFOPJTF UP TIHOBM SBUJP /43 FYQSFTTFEBTBOFRVJWBMFOUHSBWJUB
USBOTGF&GYODIRPDUSBIOUPPVUQVUQPXFS 'PSBTINQWIETIDIANMTRO JO I
r

~ 2} 2f h
14@)= Polo TEOL /c)pm'

51F TFOTJUJV\ZI.[]pLPTE JERNSCWIFOHBUOIF MBTFS QPXngFBHWEHTCQJN/IFB'DIH:’NJFGDFUJTFG'PJ
OPUEFQFOEPOUIF%$PGGTFUBOEDBOCFJIJNQSPWFECZJODSFBTJOHUIFM
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SBEJBUJPO QSFTTVSFOPJTF

"UMPX GSFRVFODJFT UIFTFOTJUIJWJUZJTJIJOTUFBE MINJUFE CZ SBEJBUJP
UIFEBSLQPSUFYFSUBTUPDIBTWJbGPSBHEIBQ U PR TQ/STRITFTC/ EFRE EGNB B EREE =N B

POBNJIJSSMSIPGNBTT ()
FsQ= c

"CPWFUIFTVTQFOTJPOSFTPOBODFGSFRVFODJFT UHANJSSIRBICHIBWFTBTE
TPUIFWBDVVN ESJWFO GPSDF QSPENDETFBHFTSFNBMEN PG WOBFPTA O PIBE QP K
BUUIFPVUQVUGPSBTJOHMFTVTQFOEFENJSSPSJT

8} P5'! oks.
M2c2 4 °
51FSTUUFSNJTUIFTIPUOPJTFAPPSBQEUIFTFDPOEJTUIFSBEJBUJPO QSF
HSPXKTBDTUSBJO PS5 FRUIWBBFOBNMZNIWBYEF RQAOU S BMFEABQUIUZ QMPUU
DVSWFTTVD FRITBAMHMSFODSFBTFT XJUIMBTFSQPXFS JOEJSFDUPQQPTJUJPO

NFBOTUIBUOPDIPIDFPGMBTFSQPXFSDBOTIJNVMUBOFPVTMZTVQQSFTTCI
OPJTFLOPXOBTUIFTUBOEBSERVBOUVNMJINJU 42- <

8} .
M@2f )2L2

S():2 PO}!O+

Sh42(f):

SIJT FRVBUJPO TIPXTUIBUUIF4UBOEBSE 2VBOUVN -JNJUEFDSFBTFT XJUIJ
JODSFBTJOHGSFRVFODZ

4RVFFI[FEMJHIUJOKFDUJPO

4IPUOPJTFPSIJHIJOBUFTGSPNWBDVVNAVDUVBUJPOTFOUFSJOHUIFJOUFSC
OPJTFJTEJTUSJCVUFEFRVBMMZCFUXFFOUIFBNQMJUVEFBOEQIBTFRVBE
SFMBUJPO 4RVFF[FETUBUFTPGMJHIUSFEJTUSJCVUFUIJTOPJTFBTZNNFU!
MFWFMBUUIFFYQFOTFPGJODSFBTFEVODFSUBJOUZJOUIFDPOKVHBUF RV

#ZJOKFDUJOHTRVFF[FEWBDVVNTUBUFTJOUPUIFPVUQVUQPSUPGUIFJOU!
DBSSJFSBUUIFCFBNTQMJUUFS *GUIFTRVFF[FERVBESBUVSFJTBMJHOFE
OPJTFBUUIF# QIPUPEJPEFJT SFEVDFE CFMPX UIF %1 BURFPSITE BAFNAPFROM X SUBIL
UIJTUFDIOJRVFJOBOPQFSBUJOHHSBWJUBUJPOBM XBWFPCTFSWBUPSZ X
E#XBTPCTFSWFEJOUIFTIPU ©PJTF MIJNJUFEGSFRVFODZCBOE <

"EWBODFE 7JSHP JOKFDUT TRVFF[FE WBDVVN TUBUFTHFOFSBUFE CZ QBSBII
%VSJOHO GSFRVFODZ EFQFOEFOUTRVFF[JOHJTJIJNQMFNFOUFEVTJOHB
GSFRVFODZ TIJNVMUBOFPVTMZSFEVDJOHTIPUOPJTFBUI»MIGSFRVFODJFT

SIFSNBMOPJTF

*OUIFJOUFSNFEJBUF GSFRVFODZ CBOE CFUXFFOBQQSPYJNBUFMZ )[BOE
AVDUVBUJPO EJTTJQBUJPO UIFPSFN BOZ NFDIBGRMIBMITUZTUWFMNDIG TUUB B NEB NV
AVDUVBUJPOTXIPTFTQFDUSBMEFOTJUZJTEJSFDUMZQSPQPSUJPOBMUPU

5lFNPTUTJHOJODBOUDPOUSJCVUJPOJTDPBUJOH #SPXOJBO OPJTF BSJTJ!
MBZFST 5IFIJHIMZSFAFDUJWFDPBUJOHTPGUIF"EWBODFE7J8GHBBWUFTUNBT
IJHI SFGSBDUJWF JUMEPKYS B&OEBDIWIVDBIBOEFY 5S5IFUBOUBMB MBZFSTEPNJOB
UIFSFGPSFTFUUIF #SPXOUBOJBPEHRFQ JIPRSEEVDFT UIF NFDIBOJDBM MPTT PC
UPUIFVOEPQFPENEBERBSIBWBDFNFOU OPJTFTQFDUSBMEFOTIJUZGSPNDPBUJ
EFUFDUJPOCBOEBOETDBMFTJOWFSTFMZ XJUIUIFCFBNSBEJVTPOUIFNJS.
UIFCFBNTJ[FPOUIPUFTUNBTTFT <
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"TFDPOEDPOUSJCVUIPOJTTVTQFOTIJPOUIFSNBMOPJTF BSJTJOH GSPN NF
TUBHFTVTQBOFEBDEMBDFNFOU OPITFBEGPSBMIMTEV P X UDBMFEBBJOH #SP X
BQQSPYIJNBUFMZ )[GPSUIF"EWBODFE7JSHPDPOOHVSBUJPO <

/IPIJTFCVEHFUBOETFOTJUJWJUZ

'JHVSF /IPJTFCVEHFUPG"EWBODFE 7JSHPEVSJOHUIFGPVSUIPCTFSWJO
UIFJOEJWJEVBM OPJTSF NPEFMDPOUSJCVUJPOT <

5I[FDPNCJOFEFGGFDUPGBMMOPITF TPVgBﬁﬂ)(@l$B’lEEEEG)B1TUIS:BBFEJJB:N)QJM$UF
BGVODUJPOPGGSFRVFODZ "UEFTJHOTFOTJUJWJUZ 2EWBBDFE 7IJSHP BDI
OFBS )] XJUIQFSGPSNBODFEFHSBEJOHUPXBSE MPXFS GSFRVFODJFTEYV
EVFUPTIPUOPJTF

$VSSFOUDBMJCSBUJPO NFUIPET

5|F DPOWFSTJPO PG UIF SBXEFUFDUPSPWFRYUISPUPRP®BDBMMIEEBR EG AXNBH
SFTQPOTFGVODUJPO S5I1JTSFTQPOTFNVTUCFNFBTVSFEJOEFQFOEFOUMZP
DIBSBDUFSJTFEEJTQMBDFNFOUTPGUIFUFTUNBTTFTNVTUCFJOKFDUFE B
NFUIPETBSFDVSSFOUMZFNQMPZFEJOUIFHMPCBMHSBWJUBUJPOBM XBWF
GSPNBOBVYJMJBSZMBTFS BOEUIF/FXUPOJBODBMJCSBUPS XIJDIFYQMP.
EFTDSIJCFECFMPX BTUIFZQSPWIJEFUIFDPOUFYUBHBJOTUXIJDIUIFTDBUL
FWBMVBUFE

1IPUPODBMJCSBUJPO

5I[FFQIPUPODBMJCSBUPS 1$BM JTUIFQSJODJQBM DBMJC SBUFPOFDPE VRWTH-
FYOQOMPJUTUIFSBEJBUJPOQSFTTVSFFYFSUFECZBOBVYJMJIBSZ QPXFS NPE

8IFOBMBTFS PFBNIFOQPAEBEBNBNJSSPS JUPUSBFOFSBSDNBNHGWFN BUB SBU

Fre)e 22 W OPT

C
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XIFSFTUIFBOHMF RGTODRERGPDE B®OEIHTYVMUIOH EJTQMBDFENFOUPGUIFTVT

Fis@y |

X1s@Em= m,

XIFRTUIF NJSSPPSINBIFINPEMBUJPO GSFRVFODZ WBMJEBCPWFUIFTVTQF
CFIBWFTBTBGSFFNBTT <

*O"EWBODFE 7JSHP POF1$BMTZTUFNJTJOTUBMMFEBUFBDIFOETUBUJPO
JTNPEVMBUFEBUTQFDJODDBMJCSBUJPOGSFRVFODJFT EJSFDUFEPOUPUI
SFAiFDUJOHGSPNUIFNJSSPSJTNFBTVSFECZDBMJCSBUFEQIPUPEJPEFT Q
CFBNTBSFVTFE TZNNFUSJDBMMZ EJTQMBDFE BCPVUUIFDFOUSF PG UIF N.
TVTQFOEFEUFTUNBTT BOEUP SFEVDF FSSPST GSP-N M® DBWMBODEEMBIHBDU
MBTFSCFBNJTHFOFSBUFE XJUIBEJPEFMBTFSTPVSDF PG ONBTTIPXOJ
OHVSF

'JHVSF %FUBJMFETDIFNBUJDPGBO"EWBODFE 7JSHP QIPUPOTL

5F1$BMXBTOSTUVTFEBTUIFQSJIJNBSZDBMJCSBUJPO SIFGPSRIPDOF GH & 3 F&HF
NFUIPE XBT UIF GSFF TXJOHJOH .JDIFMTPO UFDIOJRVF JO XIJDIUIF JOUFS(
GSJOHFTBOEUIFLOPXOGSJOHFTQBDIJOHQSPWJEFTUIFEJTQMBDFNFOU DE
7JSHPJOMJOF XJUIUIFDBMJCSBUJPONFUIPEPMPHZVTFECZUIF-*(0OEFUFD!
DPNNPOBCTPMVUFSFGFSFODF 51JTJOUFSDBMJCSBUJPO CBTFEPOBUSBC
QPXFSTFOTPSUIBUJT DJSDVMBUFE CFUXFFO UIF EFUFDUPS TJUFT SFWFB
IBWFCFFOQSFTFOUJO®IF7JSHPDBMJCSBUJPO <

5|lFEPNJOBOUTPVSDFTPG VODFSUBJOUZJOUIF1$BM NFBTVSFNFOUBSF UI|
PGUIFCFBNQPTJUJPOPOUIFNIJSSPSTVSGBDF BOEUIFFMBTUJD EFGPSNB'
SBEJBUJPO QSFTTVSF GPSDF 'PS"EWBODFE 7JSHP EVSJOHO UIFUPUBM\
FTUIJNBUFE BU GPS & BFEQHEF TUBPRERMGAO<C JNQSPWFNFOUTJOUIF QPXF
1$BMVODFSUBJOUZUBPBQQSPYJIJNBUFMZ <

"LFZBEWBOUBHF PG UIF 1$BMJT UIBU JUPQFSBUFT XIJMF UIF EFUFDUPS JT
VPVT DBMJCSBUJPO JOGPSNBUJPO UISPVHIPVU EBUB UBLJOH QFSJPET %F
GSFRVFODJFT BSFJOKFDUFECZUIF1$BMEVSJOH PCTFSWB)PMWRONFS B J(
1$BMnT BDDVSBDZJT GVOEBNFOUBMMZ MINJUFECZ UIF QSFDJTJPO XJUI X1
UJPOBMNFUSPMPHZTUBOEBSE %JTDSFQBODJFTCFUXFFOOBUJPOBMMBTHF
60JUFE4UBUFTBOE 15#JO (FSNBOZ IBWFIJTUPSIJDBMMZCFFOBUUIFMFWF
DBMJCSBUJPOBDDVSBD2BDSPTTUIFHMPCBM OFUXPSL <

/IFXUPOJBODBMJCSBUJPO

5|F/FXUPOJBODBMJCSBUPS /$BM QSPWJEFTBGVOEBNFOUBMMZEJGGFSFC(
SBEJBUJPO QSFTTVSF JUFYQMPJUTUIF/FXUPOJBO HSBWJUBUJPOBM BUU!
JOUFSGFSBNFIURSB8QQSPBDIIBTUIFBEWBOUBHFUIBUUIFJOKFDGBFETJHOBNM
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UIFHFPNFUSZBOENBTTFTPGUIFSPUBUJOHCPEJFT BOEUIFEJTUBODF UP 1
IJHIQSFDJTJPOVTIJOHQVSFMZNFDIBOJDBMBOENFUSPMPHIJDBMUFDIOJRV

5|/FCBTJDDPODFQUPGVTJOHBNPEVMBUFEHSBWJUBUJPOBMAFME GPS DBN
EFWFMPQNFOU 5IF7JSHPIJNQMFNFOUBUJPOVTFTBTFUPGSPUPSBTTFNCM.
&BDISPUPSDPOTJTUTPGBDZMJOEFSEJWIJEFEJOUPUXPTFDUPSTPGEJGGF
CZUXPTFDUPSTPGBMJHIUFSNBUFSJBM DSFBUJOM&S&YWBFHBBBESBQPRIEGBE
POUIFOFBSCZUFTUNBTTJT NP E ViM#LF EpBIFIDB IO WI I SRPABEELB MQOPG1F-FRB/UF DD
UVSo <

5/l[FHSBWJUBUJPOBMBDDFMFSBUJPOJOEVDFECZBTJOHMFSPUPSPOUIFUF
NBTTRVBESVQFRMPBWEBRUFBEOMNBTT UIF BDD&MRSE U0 PQ BANTUINHIOBAME F T DBMH
POUIFEJTUBODF "SFBMJTUJDDBMDVMBUJPONVTUBDDPVOUGPSUIFFYUF
QFSGPSNFEVTJOHCPUIBOBMZUJDBM NPEFMTBOEAOJUF FMFNFOU OVNFSJ
.PEFM GPS"EWBODFE (SBWIJUBUJPOBM&YQFSJIJNFOUT <

'"PSUIFGPVSUIPCTFSWJOH SVO 0 UIF 7JSHP /$BM TZTUFN XBT TJHOJA6DB
DPOOHVSBUJPODPOTIJTUTPGUXPUSIQMFUTPG SPUPS BD Ux BOUWDRFSU SYRTMIFIU |
DBMMFEo'BSp JTQMBDFEBUBQQSPYJNBUFMZ NGSPNUIFNJSSPSBOEVT
BQQSPYIJNBUFMZ NGSPNUIFNJSSPSBOEVTFTQPMZWJOZMDIMPSJEF 17
CZUIFTQJOOJOHNRBBNMMIDGEMEP SORMVEFT SPUPST PO FJUIFSTJEFPGUIF
SPUPS &BTU QMBDFE TZNNFUSJDBMMZ UP UIF/PSUI SPUPS SFMBUJWF UP
NFBTVSFNFOUTBOEBMMPXTUIFNJSSPSQPTJUJPO SFMBUJWFUP UIF SPUP
UIFEPNJOBOUHFPNF®SIJDVODFSUBJOUZ <

"UUIFTUBSUPGO C UIF/$BMDBMJCSBUJPO VODFSUBJOUZ XBTFTUJNBUFE
PG BOEUIF-*(01$BM VODFISUBNOQBPWENFOY NBEF UIF/$BM UIF OFX BCT
UIF 7JSHP EFUFDUPS XJUIUIF1$BM TFSWJOHBTBO JOEFQFOEFOUDSPTT L
VODFSUBJOUJFTBSFEPNJOBUFECZQVSFMZHFPNFUSJD RVBOUJUJFT SPU
IJHIQSFDJTJPO SBUIFSUIBOCZMBTFS QPXFSDBMJCSBUJPO XIJDIJTUIF M
TIPXOJOOHVSF

'JHVSF /[FXUPOJBO DBMJCSBUPS TZTUFN PG UIF 7JSHP JOUFSGFSPNFUF
CFBNEJSFDUJPO /GPS/PSUI UIF/$BMQPTJUJPO SFMBUJWFUP UIFNJSSPS
/|GPS/FBSBOE'GPS'BS 5IFHSFFOSPUPST /FBS BSFNBEFPG17$ XIIJMF U

5|F/$BMIBT UXP QSBDUJDBM MJNJUBUJPOT 'JSTU UIF TIJHOBNBNQMJIUVET
SFRVJSJOH MPOHJOUFHSBUJPO UJNFTUPBDIJFWFTVGODJFOUTJHOBM UP
TQFFE XI1JDIJTUZQJDBMMZTFUUP QSPEVDF TJHOBMT BU GSFRVFODJFT PG
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EFUFDUPSCVUMJINJUFE U Bo® B QI BR G SHFIRFWIONDIUBROPBGE UIF/$BMIBTFTUB
UPPMUIBUJTDPNQMFNFOUBSZUPUIF1$BMBOE QSPWJEFTBGVOEBNFOUBNM



.BUIFNBUJDBM CE

(BVTTIJBOCFBNTBOE )FSNJUFr(BVTTIJBO NPEFT

SIFMBTFSMJHIUVTFEJOHSBWJUBUJPOBM XBWFEFUFDUPSTTVDIBT"EWBO!
UPUIFQBSBYJBM XBWFFRVBUJPO BOBQQSPYIJNBUJPOPGBQSPQBHBUJOHI
QPJOUBMPOHJIJUTQSPQBHBUJPOBYJT 60EFSTUBOEJOHUIFTQBUJBMTUSYV
BOPQUIJDBMDBWJUZBOEGPSRVBOUJGZJOHUIFNPEF NBUDIJOHDPOEJUJP

5IFGVOEBNFOUBM (BVTTJBO CFBN
"NPOPDISPNBUJD MBTFSBMETQBPQB8HBESIJOHBMPOUIFIGBSBYIJBM BQQSPYJ

E(x;y;z;t) = Equ(x;y;z) €t k).

XIF®EyY;z) JTBTMPXMZ WBSZIJ QHMPPO WNFB Sk QUIVFFRNREIFOVE BIDEP S PG U IF QSPQB
5lFTINQMFTUTPMVUJPOJT UL GVOEBNFOUBM (BVTTJBO NPEF 5&.

Wo X2+ y? k(x?+y?) .
wa) T Cwr Y9 TRp M@
5|SFEFQFOEFOURVBOUJUJFTSVMMZ DIBSBDUFSJTF UIF CFBN <

g51EFBN SEAJIJXMDIEFOOFTUIFSBEJBMEJTUBODE BG XWUJDR @ |BWFME BN DRV
S

Uoo(X;y;Z) =

2

w(z)=wy 1+ z
Zr

YF&@FJITUIFCFBN XBJTU EF8OFEBT UIF NJOJN¥-NC FEMNES BE/JVITT CFDPOWF
3BZMFJHI SBOHF UIFQSPQBHBUJPO EJTUBODFPWFS XIJDIUIFCFBNBSF

g5IEBEJVT PGCPBUSIWRBRBWFKESPOU
R(z)=z 1+ 27R

"UUIFXBJTU UIFRKBWFGBSGSBNMWBEXBJTU UIFCFBN SFTFNCMFTBTQIF
q51EPVZ QIBTF

(z)= BSDYBO
Zr

BOBEEJUJPOBM MPOHJUYVEJO B Mk (BSHF@GEHBANNNDBQI BEIREFZUREETHF P S5 P
UIFCFBNQBTTFTUISPVHIUIFGPDBM QPJOU

*UJTDMFBS CZ MPRLIBAHUB B € BS BEBVMBOXK O0FFBN SBEJVTHSPXTMJOFBSMZ XJUI
UIFCFBNFYQBOETMJLFBDPOF 5IFIBMG BOHMFPGUIJTDPOFJTUIFEJWFS

Wo _

ZR  Wgo
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'JHVSF %JBHSBN PG B (BVTTJBwp CFIENC RBAMNIY/BEIEVEE Z Ok UHBFOEBABI N K B WTRLS
HFODFBOHMF

5(1JTBOHMFDIBSBDUFSJTFTIPXSBQJEMZUIFCFBNTQSFBETCFZPOEUIF XBJ
UJHIUMZ G P DV Wg EEQ MWENS HTINTBWIRVBH-SS Bv@) JETMYI FSIFGPSSHFEB/DRBOTUBOU TFU PO M
WJTVBMJTBUJPOPGB (BVTTJBOCFBNJTTIPXOJOOHVSF

"QBSUJDVMBSMZDPNQBDUEFTDSJQUJPO PGB (B)TTIBOCFBNJT QSPWJEFE

. 1 i !
RS Ry w@r

SIJTQBSBNFUFSFODPEFTCPUIUIF XBWFGSPOUDVSWBUVSFBOEUIFCFBN S

5lFQSPQBHBUJPO PG QBSBYJBM SBZTUISPVH2PREYSBRBMSBROFSFS BIBDBODOHT
LOPXOBT"#$3% NBQWSIDFGRSNBMJTN BSBZBUBOZ QMBOFKF GBB NBSIB-DRUFSIOE
BYJTBOEIUWWddEMPROHFQUIJDBM FMFNFOU BMFOT NJSSPS GSFH;;TOBBFQSPQB
UIF PV UWQ:VA WB B

Y2 - A B v

2 C D 1
'PSFYBNQMF GSFF TQBDEQBBYBHBROE® @BR/E8 B ELTYBIMHB UIJO MFOT PG
MFOHRAI=1B=0C= 1f D=1 $BTDBEJOHNVMUJQMFFMFNFOUTJTBDIJFWFEC
PSEFPSXF"#$% GPSNBMJTNFYUFOETOBUVSBMMZUP (BVTTJBOCFBNT SBUII
DPNQMFY CF&2 BBBBNELGE UP

o_ Aq+ B

Cq+ D’
51 QBSBNFUFSJTUIFSFGPSFBQPXFSGVMUPPMGPSEFTJHOJOHPQUJDBM T
VTFEFYUFOTIJWFMZGPSEFTDSJCJOBB®OETIBQJOHTDBUUFSFEMJHIUJOTF

JFESNJUF (BVTTIJBO NPEFT

5|lF5 &NPEFJTUIFMPXFTU PSEFSNFNCFSPGBDPNQMFUF PSUIPHPOBM GBN.
(BVTTJIBO )(mNBEFPE&BJOFECZNVMUJQMZJIOH UIF KR \BTOIE BO B BRVE MP Q F C Z
EJSFDUJPOT>SFTQFDUJWFMZ <

! !
Wo p?x p?y YQX
wiz) " ow(@) " w(z)

2+ y2 -k(X2 + yz) ei(m+ n+1) (z):

Umn (XY 2) = W FYQi R(@)
S5IFJOMBHBSF UIFUSBOTWK BTGFEBREFMPSEFBUIODUPUBM NPEFPSEFS 5ISFF
J(NPEFTBSFQBSUJBDVMBSMZJINQPSUBOU <

q*OUF O TJ W2 RBUWKFEE UZQMBEIET+1) MPCFTBSSBOHFE JQB BFBUBOHWMB S
DFOUSB{ NBHAKB & SI[POUBMM2TIBJBSBBFEMEEFTBBOMMYETUSBUFE JO
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'JHVSF /PSNBMJTEj3 © G RO B NIBILFUESOCTRIB@;N;R,BFFGR f 0;1; 29
.PWJOH SJHIUJODSFBTFX BEUSGBNCN® €5 PNCAFW JOHEP XO JODSFBTFT UIF O
EJSFDAUIMPCFT

q(PVZ QBEBIFI NPEBDOVNVMBUFT BO BEEJUKLP (2B MKOR@FFTTUIB (PR'G QIBTF PC
UIFG&.PEFEFSOFEJAFABPBUJPOQIBTFTIJGUEFQFOETPOUIFNPEFPSEFS
UPUBMQIBTFTVQPOQSPQBHBUJPIQT'MXBEMUIPFEEGSERVF BB ZJ & RBS$BRA P
JOPQUJDBMDBWJUJFT 5IJTFGGFDUJTFYQMPJUFEJOBSNDBWJUZTDBC
< >

qOSUIPHPOBMJUZ BOFE)DRREMFUFOFBEDPNQMFUFPSUIPOPSNBMCBTJT GP!
UIFTBNFCFBNBYJTDBO CFEFDPNQPTFEBTX<
X
E(xy;z) = Cmn Umn (XY;2);

m;n
XIFSFUIFDPFG3DJFOUTBSFHIJWFOCZUIFPWFSMBQJOUFHSBM
zZ
Con = Unn (X Y5 Z2) E(X Y 2) B B

5lFQPXFS GSBDUJRR O®RSSIFIHE TENPENGRTIJUIJPOJTUIFNBUIFNBUJDBM C
NJTNBUDIBOENJTBMJHONFOU BOEJTVTFEJOTFDUJPO

'‘BCSZrl1FSPUDBWJUZ OFMETBOEHBJO

SIFBSNDBWJUJFTPG "EWBODFE 7JSHPBSF'BCSZr1FSPUSFTPOBUPST GPS
CBDLBOEGPSUINBOZUJNFTCFGPSFMFBLJOHPVU 51JTNVMUJ QBTT TUPS
EJTQMBDFNFOUPGUIFNJSSPST XIJDIJTQSFDJTFMZ XIBUNBLFTJOUFSGFS
UIFLFZQBSBNFUFSTPGB'BCSZrl1FSPUDBWJUZUIBUBSFVTFEUISPVHIPVUL

3PVOE USJQOFMEGBDUPSBOEOJOOFTTF

$POTJEFS B MJOFBS DBWJUZ GPSNFE G BOXB OH RPXFSXIZE @ NNGMBIDLE? DA SF i |
T=1 r3 TFQBSBUFIE CDBOGRDWORNST UISPVHIUIFJOQVUNJSA3PXIFGUFS FB
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'JHVSF 8PSLIJOH QSJODJQMF PGB 'BCSZrl1FSPUDBWJUZTIPXJOHUIBU UI
DPOUSJGVUIPOT <

OFMEBDDVNVMBWE/ICBQBEBIFBUUFOVBUFECZUIFSPVOE USJIQBNQMJUVEF G|

rsgrirz 1 BSN

XIFS&sNPEFMTBOZBEEJUJPOBM SPVOE USJQQPXFSMPTT BCTPSQUJPO TD
BMMNVMUJQMZ SFAFDUFE D REPEBNIOWHIEB RBANEFUBEPA FSIHVBIBUBPOWFSHF

it

1 r 5@ 7O

Epsw

)JFSF= pﬁ JTUIFJOQVUNJSSPS BNQMJUVEPH@/B]BJWTNMNSWH:EMBDBM

=2n XIFSFUIFEFOPNJOBUPSIDGNRVBUBRPSBUIJPPGUIFDJSDVMBUJOH Q
EFOOFTUIFQPXFSCVJME VQGBDUPS
B:PDBW_ T1

PiJOs F_T (1 r §6

S5IFTIBSQOFTTPGUIFSFTPOB®D EFd O FESEBDW FSBWFERFGCZCGUFRO@FFFFQFDUSB
MJOFXJEUI GVMM XJEUI>BUIBMG NBYJNVN '8). <

' prs,u
= 43 _ \

g). 1 rsy

5|F GSFF TQFRYU §BIMISBOWHIGSFRVFODZ TQBDJOH CFUXFFO DPOTFDVUJWEF SF
GPSUIF LN7JSHP BSNDBWJUJFT 5IF SFTPOBODF MJORXFEWP GTUWH B BAFRJL
FOIBODFNFOUJTTIPXOJOOAHVSF

'SFRVFODZ EPNBJODBWJUZSFTQPOTF

B8IFOBOFME BYy+2SFRP\GFROTAS EM UIF DBSSJFS SFTPOBODF JTJOKFDUFE JOUF
EFQFOEFOUHBJO 4UBSUJOHGSPNUIFUNBFEBD U DB WR D BEWEBS 2N B MGEHPUEERIH
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